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Algebraic Properties of R”
For all u, v, w in R" and all scalars ¢ and d:

Hu+v=v+u (v) cu+v)y=cu+tcy
() @+v)+w=u+(v+w (vi) (c +d)u =cu+du
(i) u+0=0+u=n (vii) c(du) = (cd)(w)
(iv) u+(—u) =—u+u=0, (viii) lu=u

where —u denotes (—1)u

For simplicity of notation, a vector such as u + (—1)v is often written as u—v.
Figure 7 shows u — v as the sum of u and —v.
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R :t(:}..inear Equations in Linear Algebra

DEFINITION

One of the key ideas in linear algebra is to study the set of all vectors that can be

generated or written as a linear combination of a fixed set {vy, ..., Vp} of vectors. _
If v1,...,Vp are in R", then the set of all linear combinations of vi,...,v,

is denoted by Span{vi,...,v,} and is called the subset of R" spanned (or 4
generated) by vi,...,V,. Thatis, Span {v1,...,v,} is the collection of all {78
vectors that can be written in the form 5
Vi + cava 4+ -+ Cp¥p g |

i )

with ¢y, ..., ¢p scalars. )
1

‘1!‘

Asking whether a vector b is in Span {vi,...,Vp} amounts to asking whether the{'i

vector equation
X1V] + XaVa 4 -+ XpVp =D . f

Eeer I

has a solution, or, equivalently, asking whether the linear system with augmented matrix’ §
[vi --- ¥, b]hasasolution. | ]

Note that Span{vi,...,Vp} contains every scalar multiple of v, (for exam- f
ple), since cvy = cvy +0vy + -+ Ov,. In particular, the zero vector must be i §

Span{vy,...,Vp}

il ]
3

A Geometric Description of Span{v} and Span{u, v
§

Let v be a nonzero vector in R3. Then Span {v} is the set of all scalar multiples of v, §

which is the set of points on the line in R? through v and 0. See Fig. 10. 5

If u and v are nonzero vectors in R3, with v not a multiple of u, then Span {u, v} ist§

the plane in R? that contains u, v, and 0. In particular, Span {u, v} contains the line i §

R? through u and 0 and the line through v and 0 . See Fig. 11. 1
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