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162 Chapter 5. Sturm-Liouville Eigenvalue Problems

3. Vibrations of a nonuniform string: ZZ"(;%il-’zﬁ‘Z + a¢ + Apo¢ = 0; in which case,

‘ =
p = T, (constant), ¢ = a,0 = pyg (see Exercise 5.3.1).
d (d
4. Circularly symmetric heat flow: F <'r Zi%) + Ar¢ = 0, here the independent

variable z = r and p(z) = z,¢(z) = 0,0(z) = z.

Many interesting results are known concerning any equation in the form (5.3.1).
Equation (5.3.1) is known as a Sturm-Liouville differential equation, named
after two famous mathematicians active in the mid-1800s who studied it.

Boundary conditions. The linear homogeneous boundary conditions that
we have studied are of the form to follow. We also introduce some mathematical
terminology:

Heat flow Vibrating string Mathematical
terminology
¢=0 Fixed (zero) Fixed (zero) First kind or
temperature displacement Dirichlet condition
& =0 _ Insulated Free Second kind or
dz .
: Neumann condition
d
32 = *+h¢ (Homogeneous)  (Homogeneous) Third kind or Robin
> Newton’s law of elastic boundary condition
+left end cooling 0° condition
—right end outside h==k/To, h>0
temperature, (physical)
h = H/Ky;
h > 0 (physical)
¢(—L) = ¢(L) Perfect thermal — Periodicity condition
do d¢ . contact (example of
E(_L) = H—;(L) mixed type)
|9(0)] < o0 Bounded — Singularity
temperature condition

5.3.2 Regular Sturm-Liouville Eigenvalue Problem

A regular Sturm-Liouville eigenvalue problem consists of the Sturm-Liouville dif-
ferential equation,

d

o < (w)%) +q(z)p+ Ao(z)p =0 gEa<h, (5.3.2)
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subject to the boundary conditions that we have discussed (excluding periodic and
singular cases):
e

B16(a) + B2 (a)

|
(=]

(5.3.3)
/33¢’(b)+;34 (b) = 0,

where [3; are real. In addition, to be called regular, the coefficients p,q, and o
must be real and continuous everywhere (including the end points) and p > 0 and
o > 0 everywhere (also including the endpoints). For the regular Sturm-Liouville
eigenvalue problem, many important general theorems exist. In Sec. 5.5 we will
prove these results, and in Secs. 5.7 and 5.8 we will develop some more interesting
examples that illustrate the significance of the general theorems.

Statement of theorems. At first let us just state (in one place) all the
theorems we will discuss more fully later (and in some cases prove). For any regular
Sturm-Liouville problem, all of the following theorems are valid:

1. All the eigenvalues A are real.
2. There exist an infinite number of eigenvalues:
AM<A<...< <A1 <0
a. There is a smallest eigenvalue, usually denoted A;.
b. There is not a largest eigenvalue and A, — 00 as n - cc.

3. Corresponding to each eigenvalue A\, there is an eigenfunction,
denoted ¢, (z) (which is unique to within an arbitrary multiplicative
constant). ¢,(z) has exactly n — 1 zeros for a < z < b.

4. The eigenfunctions ¢,(z) form a “complete” set, meaning that
any plecewise smooth function f(z) can be represented by a generalized
Fourier series of the exgenfunctlons

fz) ~ Zan%(x)'

n=1
Furthermore, this infinite series converges to [f(z+) + f(z—)]/2
for a < = < b (if the coefficients a, are properly chosen).
5. Eigenfunctions belonging to different eigenvalues are orthogonal

relative to the weight function o(z). In other words,
b

On(2)dm(z)o(z) dz =0 if Ay # A
6. Any eigenvalug can be related to its eigenfunction by the
Rayleigh quotient:
~p¢ dg/dal’ + [;Ip(de/ dw — q¢°] dz
f ¢%0 dz

where the boundary conditions may somewhat simplify this expression.

.
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