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5.3. Sturm-Liouville Eigenvalue Problems 163

subject to the boundary conditions that we have discussed (excluding periodic and
singular cases):

do
Brp(a) + Ba——(a) = 0
: “do (5.3.3)

Bad(6) + B2 (B) = O,

where (3; are real. In addition, to be called regular, the coefficients p,g, and o
must be real and continuous everywhere (including the end points) and p > 0 and
o > 0 everywhere (also including the endpoints). For the regular Sturm-Liouville
eigenvalue problem, many important general theorems exist. In Sec. 5.5 we will
prove these results, and in Secs. 5.7 and 5.8 we will develop some more interesting
examples that illustrate the significance of the general theorems.

Statement of theorems. At first let us just state (in one place) all the
theorems we will discuss more fully later (and in some cases prove). For any regular
Sturm-Liouville problem, all of the following theorems are valid:

=

All the eigenvalues A are real.
9. There exist an infinite number of eigenvalues:
B Xaveran ket Ao g,
a. There is a smallest eigenvalue, usually denoted A;.
b. There is not a largest eigenvalue and A, — oo as n — 0.

3. Corresponding to each eigenvalue A, there is an eigenfunction,
denoted ¢, (z) (which is unique to within an arbitrary multiplicative
constant). ¢,(z) has exactly n — 1 zeros for a <z < b.

4. The eigenfunctions ¢,(z) form a “complete” set, meaning that

any piecewise smooth function f(z) can be represented by a generalized

Fourier series of the eigenfunctions:

f(m) S Zﬁn¢n(1f)-
n=1

Furthermore, this infinite series converges to [f(z+) + f(z—)]/2
for a < z < b (if the coefficients a,, are properly chosen).
5. Bigenfunctions belonging to different eigenvalues are orthogonal

relative to the weight function o(z). In other words,
b

/ O (T)pm(2)o(z) de =0 if Ap 7# Am.
6. Any eigennia.hu;z can be related to its eigenfunction by the
Rayleigh quotient: '
| _ —pb dd/dele + [;[p(do/dv)® — a8] do

f; ¢%c dx
where the boundary conditions may somewhat simplify this expression.
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where p, ¢ and o are functions of =, y, and z. This eigenvalue problem [with
boundary condition (7.4.2)] is directly analogous to the one-dimensional regular
Sturm-Liouville eigenvalue problem. We prefer to deal with a somewhat simpler
case, (7.4.1), corresponding to p = ¢ = 1 and ¢ = 0. We will state and prove results
for (7.4.1). We leave the discussion of (7.4.3) to some exercises (in Sec. 7.5).

Only for very simple geometries (for example, rectangles, see Sec. 7.3, or circles,
see Sec. 7.7) can (7.4.1) be solved explicitly. In other situations, we may have to
rely on numerical treatments. However, certain general properties of (7.4.1) are
quite useful, all analogous to results we understand for the one-dimensional Sturm-
Liouville problem. The reasons for the analogy will be discussed in the next section.
We begin by simply stating the theorems for the two-dimensional case of (7.4.1) and
(7.4.2):

1. All the eigenvalues are real.

2. There exists an infinite number of eigenvalues. There is a smallest eigen-
value, but no largest one.

3. Corresponding to an eigenvalue, there may be many eigenfunctions (unlike
regular Sturm-Liouville eigenvalue problems).

4. The eigenfunctions ¢(z,y) form a “complete” set, meaning that any piece-
wise smooth function f(z,y) can be represented by a generalized Fourier
series of the eigenfunctions:

f(:r,'y) & ZGA¢A($syJ' (744)
A

Here )", axéy means a linear combination of all the eigenfunctions. The
series converges in the mean if the coefficients a, are chosen correctly.

5. Eigenfunctions belonging to different eigenvalues (A; and \;) are orthog-

" onal relative to the weight o(c = 1) over the entire region R. Mathemat-
ically, A

[[onordzay=0 it n#x, (7.45)

R .
where [[, dx dy represents an integral over the entire region R. Fur-
thermore, different eigenfunctions belonging to the same eigenvalue can
be made orthogonal by the Gram-Schmidt process (see Sec. 7.5). Thus,
we may assume that (7.4.5) is valid even if A\; = Xy as long as ¢,, is
independent of ¢,,.

6. An eigenvalue A can be related to the eigenfunction by the Rayleigh quo-

tient: :
2 —$ Vo 1 dx + Iz Vo] dx dy
I ¢ dx dy '

The boundary conditions often simplify the boundary integral.

A

(7.4.6)
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