’

6@55/[ I ed

3
3% (\31D
( {33) (‘9,‘)
>
réﬂ’ 7(3’D
("("M\ ) C’”D -1
( QIQ’(m‘)

Aﬂ;ﬁé G auagsian W/ A»ﬁz/i V—Ccéwﬁu/a/
VZM leL M= } 'n ébf/ &LV’G&Z;”;.

B
ﬂ [{q,y)dﬂé/l/: Z’ Z )i G}j r (6:£7f3(>
1/ ,

421
(1.1)

|

Ufgere i (30. G The ods of 17,
Lzﬁe””/" ﬁv/jﬂpml'f/ C&ﬁ/’(’a 2. ( 4‘7(1 = //2,3)

&’u&[ Cg,i /Czlj are f[c Cdr/'o;/'on&#ﬂj &%Z}eﬂf
1&57}75 G 95 /négm@"n.



//

J
De nvalion, af 43 J 66%(//\4531'##5&1&}
A2

L[///?i'(u,«/ Lol
- [//Lé(a,y) 0/96/14

5 3
3 / / (ot
= 2. @] g (ut)dlt = ZQ Zajl P
4:/ 7y - =1 1=
3/ 2/
= Z C3i Caj 9 (i3, 13,5)
g =l !



17[ % %z //87/0/4 Afﬁ an &/éﬁq /"e<72; .

AT
| ///
— .

We nﬂe/ 70L Mmakce G 7,;4n§/9rm4 Zﬁn Z%
4 [0 [11] Pecloueste

() /[(6—&);{+ _/9_/.4 5 ﬂ/x éﬁdu
(V) / [(g{_é)y_{. &/—ij —> ﬂ/(7" dﬁé d{(/




240 CHAPTER 4 w

Figure 4.20
Us iﬁ?/
; g’m/o&?n
3 n my wolwn
but
: n=4
m=2

(n boox nvfafléu

Example 2

Numerical Differentiation and Integration

b
Y :
I 4 2 4 1
1.50 +
4 16 8 16 4
1.25 1
1 4 2 4 1
1.00 +
1.40 1.55 1.70 185 200 X

The approximation is

2 phd .15)(0.25
/ / In(x +2y)dydx ~ w
14 J1o

4 2
Z Z Wi j ln(xi + 2)‘j)

9 i=0 j=0
= 0.4295524387.
We have
o -6 o —-96
—f;x,y)=————4 7 () = 7
ox (x +2y) oy (x +2y)

G 9 s M
and the maximum values of the absolute values of these partial derivatives occur on R ¥/
x = L4 and y = 1.0. So, the error is bounded by 2

(0.5)(0.6) [

|E| < (0.15)* max

e A 4
(xR (X 4 2y)* +(0.25)" max

(x.MinR (x + 2y)*

& ] <472 x @

-

The actual value of the integral to 10 decimal places is

20 LS
/ / In(x + 2y) dy dx = 0.4295545265,
14 J1o

so the approximation is accurate to within 2.1 x 107°.
&
The same techniques can be applied for the approximation of triple integrals as
as higher integrals for functions of more than three variables. The number of funct
evaluations required for the approximation is the product of the number of funct:
evaluations required when the method is applied to each variable.

Gaussian Quadrature for Double Integral Approximation

To reduce the number of functional evaluations, more efficient methods, such as Gaust ‘
quadrature, Romberg integration, or Adaptive quadrature, can be incorporated in place o'
Newton-Cotes formulas. The following example illustrates the use of Gaussian quad
for the integral considered in Example 1.

Use Gaussian quadrature with n = 3 in both dimensions to approximate the integral

20 pLS
/ / In(x +2y)dydx.
14 J1o
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Solution Before employing Gaussian quadrature to approximate this integral, we need to
transform the region of integration

R={(x.v)]|14<x<20,1.0<y <15} into
R={wv|-1su<l-1<v<l}

The linear transformations that accomplish this are

1
== —-1.4-2. - —-1.0-15
2'0_1.4(2x 1.4—-2.0) and v 15__10( ),

or, equivalently, x = 0.3u 4+ 1.7 and y = 0.25v + 1.25. Employing this change of variables
gives an integral on which Gaussian quadrature can be applied:

20 pl 1 pl
/ / In(x +2y)dydx = 0.075 / / In(0.3u + 0.5v + 4.2) dv du.
1.4 J1.0 —1J-=1

The Gaussian quadrature formula for n = 3 in both « and v requires that we use the nodes
uy =0 =r32=0, wup=vy=r3; =—0.7745966692,
and
Uy = va =33 = 0.7745966692.

The associated weights are ¢z 2 = 0.8 and c3; = ¢33 = 0.5. (These are given in Table 4.12
on page 232.) The resulting approximation is

20 pLS 3
//ln(x—f—')\)dxdx 00752263,011111(037‘3,+05r31+47)

i=1 j=1
= 0.4295545313.

Although this result requires @Inine functional evalua@compal red to 15 for the Com-
posite Simpson’s rule considered in Example 1, it is accurate to within 4.8 x 10~9, compared
to 2.1 x 107 accuracy in Example 1.

Nonrectangular Regions

The use of approximation methods for double integrals is not limited to integrals with

rectangular regions of integration. The techniques previously discussed can be modified to
approximate double integrals of the form

b pdix)
/ f(x,y)dydx (4.42)

clx)
or

d  pb(y)
/ f(x,¥y)dxdy. (4.43)

a(y)

In fact, integrals on regions not of this type can also be approximated by performing appro-
priate partitions of the region. (See Exercise 10.)

To describe the technique involved with approximating an integral in the form

b d(x)
/ fx,v)dydx,

c(x)
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: we will use the basic Simpson’s rule to integrate with respect to both variables. The step
B size for the variable x is h = (b — a)/2, but the step size for y varies with x (see Fig
& 4.21) and is written
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g Algorithm 4.4 applies the Composite Simpson’s rule to an integral in the form ’
Integrals in the form (4.43) can, of course, be handled similarly. ‘

+k(a+h)+ fla+h, d(a+h))

k(b)

+ 5 [f 0. cON+ 41 (b, c(b) +k®) + f b, d(b))]}. ’




