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Legendre Polynomials

The technique we have described could be used to determine the nodes and coefficients for
formulas that give exact results for higher-degree polynomials, but an alternative method
obtains them more easily. In Sections 8.2 and 8.3, we will consider various collections of
orthogonal polynomials, functions that have the property that a particular definite integral of
the product of any two of them is 0 .The set that is relevant to our problem is the Legendre

polynomials, a collection {Py(z), Pi(z),...,Pu(z),...,} with the following properties:

(1) Foreach n , P,(z) isamonicpolynomial of degree n .

(2) 1
/ P(z) P,(z) dz =0 whenever P(z) isa polynomial of degree lessthan = .
-1

The first few Legendre polynomials are

g
Po(z)=1, P(z)==2, P(z)=2a-—,
3
3 6 3
Pyz)=2%— —z, and Pyz)=z*— -2+ —.
5 7 35

The roots of these polynomials are distinct, lie in the interval (—1,1) , have a symmetry with

respect to the origin, and, most important, are the correct choice for determining the

parameters that give us the nodes and coefficients for our quadrature method.

The nodes Z1,%2,...,Z, needed to produce an integral approximation formula that gives

exact results for any polynomial of degree less than 2n are the roots of the n th-degree
|



exact results for any polynbmial of degree less than 2n are the roots of the n th-degree

Legendre polynomial. This is established by the following result.

Theorem 4.7.

Suppose that @1, %2,...,Zn are theroots of the n th Legendre polynomial PFP.(z) and

thatforeach ¢=1,2,...,n ,thenumbers ¢ are defined by

1n
x .’Bj
Ci=/ H dz.
-1 Tr; — :Bj
J=1
J#i

If P(z) isany polynomial of degree lessthan 2n ,then

1 n

/Fl Plz) do = ZqP(w,)

i=1

Let us first consider the situation for a polynomial P(z) of degreelessthan = .
Rewrite P(z) intermsof (n—1) stLagrange coefficient polynomials with nodes at
the roots of the =n th Legendre polynomial P,(z) .The error term for this
representation involves the = th derivative of P(z) .Since P(z) isof degree less

than n ,the n thderivativeof P(z) is 0 ,and this representation of is exact. So,



Example 1.

1

T p—— using Gaussian quadrature with n =3

Approximate /

-1

Solution

The entries in Table 4.12 give us

1

/ €® cos z dz = 0.5e%774596692 co5 0.774596692 + 0.8 cos 0 + 0.5¢0-774596692 cog(—(.774596692
<

= 1.9333904.

Integration by parts can be used to show that the true value of the integral is

1.9334214 , so the absolute errorislessthan 3.2 x 10-5



Table 4.12. '

n Roots "n,i Coefficients Cn,i
2 0.5773502692 1.0000000000
-0.5773502692 1.0000000000
3 0.7745966692 0.5555555556
0.0000000000 0.8888888889
-0.7745966692 0.5555555556
4 0.8611363116 0.3478548451
0.3399810436 0.6521451549
-0.3399810436 0.6521451549
-0.8611363116 0.3478548451
5 0.9061798459 0.2369268850
0.5384693101 0.4786286705
0.0000000000 0.5688888889
-0.5384693101 0.4786286705

-0.9061798459 0.2369268850





