MATH 511 Chapter 1

0.1 Derivation of Finite Difference (FD) Approximations

0.1.1 Centered Difference for «'(z)

A second order finite difference approximation for u'(x) at @ = T is given by

1 1
Dou(Z) = W{U(:f +h) —u(z — h)] (1)
2h
. . . ) ) h# o
with an approximation for the truncation error given by the term E(h) =~ —(,—u (B}
)

Proof.-

Assuming that u is 4th continuously differentiable in a neighborhood of Z, the FD formula (1)
and its truncation error can be obtained from Taylor expansions of u at the points @ + h and
x — h. In fact,

‘ _ i B e B e . BE @)/~ h® )
w(Z —h) = u(i)-—hu(l)+7z (@) - ETh (”L)Jrju (7) —u (B) (2)
2 ! ! 5!
VTN L U
w(@ + h) = u(T) + h'(T) + - U (@) + Tk (Z) + ]u( M) < —5~'u(5)(£) (3)

for 8 € (z — h.x) and € € (Z,Z + h). Then, by subtracting u(Z + h) — u(Z — h), we obtain

he :
W@+ h) —u(® —h) =204 (T) + —;—u”’(f) + O(h°) (4)

L3

Therefore,
2

1 ; h ,
Dyl F) = E[u(z +h) —uw(@—h)] =u(z) + %’u/”(:i’) + O(hY) (5)

0.1.2 Centered Difference for u"(x)
A second order finite difference approximation for u”(z) at x = z is given by

D%u(z) = %[u(f + h) — 2u(Z) + u(z — h)) (6)

. . . He
with a truncation error given by the term E(h) = T;u,(‘“(q.) where v € (T — h,T + h).



Proof.-

Assuming that w is 4th continuously differentiable in a neighborhood of Z, the FD formula (6)
and its truncation error can be obtained by adding the above Taylor expansions (2) and (3) of
u at the points z + h and @ — h. In fact,

}/4 mnt ¢ o\l .
w(Z + h) + w(@ — h) = 2u(Z) + 2" (Z) + i[u”"({) +u""(5)] (7)
Therefore, ,
& wow L h
DPu(z) = —]—ﬁ[u(:i’ +h) = 2u(Z) + u(T — h)] =u"(T) + T)—u"”(v) (8)
In this last step the intermediate value theorem has been used to transform the error term. In
fact, :
h4 "ty ni( r hki ’“"”/<£) + 11'//” (6) }1' n S
TE (B = 33 5 = (%),

where v € (3,€) C (Z — h, T + h).

0.1.3 Non-Symmetric Third Order Approximation for u'(x)

A third order approximation Dzu for u'(x) at ¥ = & using the values of w at the neighbor points
T—2h, T —h, T, and T + h, where h > 0 is given by

1 )
LI ) = 37 [w(® —2h) — 6u(T — h) +3u(T) +2u(T + h)] (9)
. N . . T
with an approximation for the truncation error given by E(h) ~ E“( )(Z)

Proof.-

The method of undetermined coefficients will be employed. This is Dsu(Z) will be represented
as

Dau(T) = c_ou(T — 2h) + c_1uw(T — h) + cou(T) + ¢y w(T + h), (10)
and we will determine the unknown coefficients ¢; i = —2..1 by requiring that
Du(z) = u'(Z) + O(hP), (11)

where p is the highest possible. We will assume that u is 5th continuously differentiable in a
neighborhood of ., then

0 0 B
w(Z — 2h) = uw(T) — 2hu'(T) + 4%1[”(1’7) — 8%11/"(1“) + 16%11/"”(.7‘:) + O (12)
/(= h'2 "= h’3 "=, h’4 "~ 5 \
w(@ — h) =u(@) — h/'(Z) + =u"(z) - Tk (Z) + Tk (Z) + O(h°) (13)
w(Z) = ul{Z) (14)

h’ . ,‘ :
w(@+ h) = uw(@) + b (Z) + =u"(T) + =u"(T) + %u/”’(:f) + O(h°) (15)



Substitution of these Taylor expansions into (10) leads to

Dju(i’)z(c_2+c_1+co+q) T) +h(—2c_g —coq + ) (T) +
h? n3
! (de_g 4+ coy + )’ (i)-#—'—
) 3!
h?
4!

(=8c_y —c_1 +)u"(T) +
—r(16cg +co1 + 1 )u™(Z) + O(h®) (16)

To get an approximation of u/(Z) of O(h*) for the highest possible p, we impose the following 4
conditions for the coefficients:

= .

u()?)'(‘z*(‘lJr('owL('l:O g — (17)

u o h(-22-cata)=1 ‘D/;‘f((x) = W) - (18)

U (X) (dcot+c1+c)=0 "Lﬂ ('/éc;zw,-kc,)x (19)
; 5 , ¥

U"w): f;: PR t¢ M%) 20)

Obviously, this is the best approximation we can obtain when using 4 points (4 unknowns and
4 equations). This leads to the Vandermonde system of equations with matrix

1 L 1 &
—2h  —h 0 h
h he h?
e B 4
-8y —x 0 F
This system has a unique solution given by
. 1 _=H 3 2
e TR an T am Tt 3
Therefore. ([%) y E(}‘)
1 | (%
Dsu(z) = o [W(Z = 2h) = 6u(T — h) + 3u(T) + 2u(T + h)] FERH). (21)
The approximation for the truncation error E (h) can be computed from the last term of (16)
E(h) =~ E(1(’c + o1 + e U () = 1116 — 64 2u"(@) = ou(z 22
)~ 4 (16e-z + e + Ju™(F) = o —[16 — 6 4+ 2]u™(Z) = Tk (@) (22)
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Table 3-1 Differcnce approximations using more than three points

Derivative Finite-difference representation Equation
a’u) " Wpeg = Wyey+ Wiy g~ Uiz "
i = + CU 3.38
-8 = ) (338)
4 u -4y 6y — gyt U . .
é.‘:) - it Y B LT B M e B =2 YL (B39 —2 ﬂééu h g
ax" /iy h .
2 ttpys s ¥ Alpag = Sttpey g 2 H;Z;Cdm
_a‘_;;) - 1+3,] l”'{; 141, Y4 op?) (3-40) y
Ax* /g h
a]“\ ~3ug+4,+l4u“.3;—-24u“,,-+18u,*,,—5u”
B = : : . : o O(h? 3-41
ax® )1',' W3 ot*) ( )
6’u> 2!,(,./""511{_1.[“"411;,,2"'—&;_3_/ 2 sy
guy = + 0k 3.42
axg i’[ h‘] ( ) (
3311) Su”—-lgu,,l,+24u1_2]—14u,_3,~+3u,,,4/ o
oY = - : : : d 4 3.43 ga 5\
i o oy ) i s e oty
wy ~UpegytBUpey = 8Buyy Ly P "2“017 ﬁw
e )l-i = o + Oh*) {3-44)
*u e TN 16&!14.[_]"'30(4;.] + 1614,,,1_1' - Uieq,f 4 M .
e = + 2
i )y T35 ot*) (3-45) W/7 h Z?wae‘ﬂag

Aﬁ/d.“ /:nd C&ntxa( of Z/”/x) M;,j ?—/90/'»47;-

Table 3-2 Difference approximations for mixed partial derivatives

A’(wcmﬁ (hn pr?uﬁ A(;(/lc.

Derivative Finite-difference representation Equation
a&:;y){J _Agx_ (um.i ;;‘Hz,i‘x _ ‘A;x.i—x )+ O(bx, &) ] (3-46)
aiagy),,i _ le“ (u;.n;s; sy m“:-x.n;;"'-"i) + 0(bx, &y) (3-47)
5),- Bt
afé:;)um ﬁ(“m./gy“‘"m.i ,_“u'f‘;y""‘i) + O(Ax, by) (3-49)
ai’gy ),,, - L (“’ e i ‘) +0[ax, (4p)] (3-50)
"'b aiz;ly >u= %‘x_(uf’juz’;;u,f-x _.u:-l,]ﬂz;‘;li-x./-)) +0[ax, (By)] (35})
R (R P
'\_\%ifgylj . 5_‘1_}; (“m.ugy— Hisry M“f"*‘f*:};"“"’) +0[(ax), ay) (3-53)
ai’;y );., = e (“'w ptbdz ek T ) +0[(x)?, o] (3:54)
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Table 3.5, Comparison of formulac to cvaluate dTjdx at x=1.0 fﬁr

N

?[X) =&

LS

dT _

rebraic 4 e Error Leading term
Casc Algebraic lormula [dxl ey
Ixi — 2.7183 o — ‘
};;:}clsym (o1~ Tj-124x 21228 0.4533 x 10:; 0.4531 x io::
FOR DIFF (T,,,-—T)/A\ 2.8588 0.1406 x 10'0 0.1359 % g~u
BACK DIFF (T -—71 .}/d\ 2.5868 —~0.1315 % l()mz ~0.1359x 1 e
3PT ASYM (wlST +”>I),,——0 ﬁ!,,z/‘j\ 2.7085 —-0.9773 % IO_s -~0,?(}(>l>< tg-*
5PT SYM (7, z-—S! ,+81’H-'1,1)/’1’>/i\' 2.7183 -{,9072 % 10 ~--0.9061 x

3.3 Accuracy of the Discretisation Process

s7

Tw =

Table 3.2. Comparison of formulac to evaluate d*T/dx? at x=1.0
: dT? .
Case Algebruic formula 5 Error Leading term
dx* J; in T.E.

Exact -— 2.7183 — -
IPTSYM (7). 2T+ T, )/ 4x? 2.7205 0.2266 x 102 0.2265 % 1072
IPT ASYM (T;—2T;, 4T, )/ds? 3.0067 0.2884 x 10~ ° 0.2718x 10°°
5PTSYM (- ,-,-HGT -—BQT

Ho!,uwl,.l/KM\ 27183 -0.3023x 107° ~0.3020x 10~?

Table 3.3. Truncation error leading term (algebraic): d T/dx

Case Algebraic formula Truncation error

lcading term
IPT SYM (T4~ I , Di2dx ax*T,,./6
FOR DIFF (7‘, T)4x 4xT. 2 /
BACK DIFF (F~T,- ,)/m = 4xT /2 / ?W
3PT ASYM (= 1.5T; 42T, ~0.5T;, 1)/ Ax ~ XT3 . )
SPT SYM (F;. ,~—87l 48T, nrm);xzd.\- C-Ax‘f‘,m,/zo

Table 34, Truncation error leading term (algebraicy: o > Tidx?

goo? R .

Case Algebraic formula Truncation error
leading term

IPT SYM (‘IJ ,—2T +7“,/A\ dx 'T},x,./IZ

IPT ASYM (7--..f_,,,+7,,2//1\ AxT

SPT SYM (— I', 2+ 16T, — 30T,

16T, (=T /1245
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(b) Representations of O(h)*

Fig.3.4 Central difference representations.

(b) Backward difference representations

Fig.3.3 Forward and backward difference representations of @(h).
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