The first additional problem of Math 8302, Manifolds and Topology II posted
on April 29, 2013 by Tyler Lawson.

Solution

According to the assignment, M may not be path-connected. Thus we de-
compose M into path-connected components. Since M is locally Euclidean, the
path-connected components are the same as the connected components and are
open subspaces of M. Thus each component itself is a smooth manifold. Then
we will solve the problem on each of them separately but with the same method.
This means we can assume from the beginning that M is connected.

Our claim is that w satisfies the conditions stated in the problem if and only if
w(t) is independent of t and w is an exact 1-form on M. In other words, there is
a smooth map 1 : M — R such that w = dn.

We will break our proof into 3 steps, namely M = R, M = R™ and M arbitrary.

Step 1. M =R

Then w(t) = f(x,t)dr, where f : R x (a,b) — R is a smooth function. The
property of w can be restated as follow:

For any [c,d] C (a,b), for any smooth maps 1,22 : [¢,d] — R such that
x1(c) = z2(c) and z1(d) = x2(d), we have

/f x1(t), t)z (t)dt = /f xo(t "(t)dt

By taking x5 to be a constant function, the right hand side vanishes. Then the
above property can be restated as follow:
For any [¢,d] C (a,b), for any smooth maps  : [¢, d] — R such that z(c) = z(d),

we have .
/ F(a(t). )2 (£)dt = 0 1)

Now fix an interval [c,d] C (a,b). We will show that f(z,t) is independent of t.
Take xy € R arbitrarily. We will show that the map ¢ € [¢,d] — f(zo,t) € R is

constant. Put
t—c

T=T

Vt € [c,d],

—c
g:[0,7] = R, g(r)= f(xo,1) :f(aro,d;67+c).

For each € > 0, n € N, we define the maps

t _
Tep @ e, d] > R, xc,(t) = 20+ €sin (mrd C) ,
Yer 2 [0,7] = R, yen(T) = 220 (t) = 20 + £sin (n7) .
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Then ., is smooth and z.,(c) = z.,(d) = zo. Equivalently, y.,, is smooth and
Yen(0) = Ye (1) = 9. With = 2., Eq. (1) becomes

™

™

0= [ £t e Ot = [ Fua(r), e (7) 5™

0

Thus,

/f (zo + esin (n7), - “ry c) cos(nt)dr =0 (2)

(0

Because this is true for all € > 0, we can take the limit as ¢ — 0 on both sides of
Eq. (2). Note that f is smooth, so we can bring the limit into the integral sign.
Then Eq. (2) gives

™

d—
/f (IEO, ‘r + c) cos(nt)dr = 0,
7T

0

which means

/g (1) cos(nT)dr =0 VnéeN
0
We know that g has a Fourier Cosine series on [0, 7] and

g(1) = % + nz; a, cos(nt)

where a, = 2 [ g (7) cos(n7)dr. By what we have just proved, a,, = 0 foralln € N.
0

Thus ¢(7) is a constant function. Therefore, f(zo,t) is constant, i.e. f(z,t) does
not depend on t. We can write f(x,t) = f(x). Then w(t) = w = f(z)dt. This is
always an exact 1-form because f(x) has an antiderivative on R. Conversely, with

w = f(x)dt, we have
z(d)

jmwmmmz/me
c 2(c)

which depends only on the values of x at the starting and ending points. Thus,
such an w satisfies the property stated in the problem.

Step 2. M =R"
Then



n

where each f; : R" X (a,b) — R is smooth. The property of w can be restated as
follow:

For any [c,d] C (a,b), for any smooth maps 71,7 : [¢,d] — R" such that
m(c) = 72(c) and 7i(d) = 12(d), written as 1 (t) = (z'(?),...,2"(t)) and yo(t) =
(y*(t),...,y"(t)) we have

;/fk(xl(t),...,x"(t) —dt /fk BRI )%dt

By taking 7, to be a constant path, the right hand side vanishes. Then we can
restate the above property as follow:

For any [c,d] C (a,b), for any smooth maps v : [¢,d] — R" such that v(c) =
v(d), written as y(t) = (x'(t),...,2"(t)), we have

kz:;/fk($1(t),...,xn(t) )dditdt_o

We can restate the above property as follow:
For any [c,d] C (a,b), for any smooth maps z',...,z" : [¢,d] — R such that
2k (c) = 2¥(d) for every k = 1,2,...,n, we have

Z/fk(:cl(t),...,x"(t) )dditdt_o (3)

Fix an interval [c,d] C [a,b]. We will show that each fi.(z!,..., 2" ) does not
depend on t. By symmetry, it suffices to prove this is true for fi(x!,... 2" ).

Take py = (z}, ..., x) € R™ arbitrarily. We will show that the map ¢ € [c, d] —
f(po,t) € R is constant. Choose z*(t) = zf for all k = 2,...,n. Then Eq. (3)
becomes

d
1
/fl(ml(t),xg,...,xg,t)%dt:0

for all smooth map x' : [c,d] — R such that z'(c) = z'(d) = z{. Put g :
R x (a,b) = R, g(z',t) = fi(z',22,... 23, t). Then

d

da!
1
x (t),t)—dt =0
[ot0.0%;
for all smooth map ' : [c,d] — R such that z'(c) = 2'(d) = z}. Now we return
to the case M = R, where we proved that ¢ is independent of ¢ via Fourier Cosine
series. Therefore, f; is also independent of t. We can write fy(x!,... 2" t) =

fu(zt, ... a™) for all k =1,...,n. Then

wt)=w= ka(xl,...,a:”)dxk
k=1



We know that [w depends only on the starting and ending points of the path.
0!
Fix po = (0,0,...,0) € R™. For each point p = (a',...,a") € R", we define a map

F:R" >R,
d
= da*
= = Yt), .., 2" () ——dt
[« ;/m(), (),
¥ c

where v : [¢,d] — R" is any smooth path from py to p. We will show that
IE (p) = fu(p) for every k =1,...,n. It suffices to show that this is true for k = 1.
Choose 7y to be a path from py to p such that 2*(t) = a* for all (c+d)/2 <t < d,
for all k =2,...,n and 2'((c+d)/2) = 0. Then

F(p)—F(p(c+d)) / fu(z(t),d?, .., ”)dd—ajdt

(c+d)/2

Thus,

Thus, 25 (p) = fi(a',a?,...,a") = fi(p). Therefore,

"\ OF |

w= — (2t ... ™) da”.
ok
k=1

which is an exact 1-form on R”. Conversely, if w = dF' then

/ o= / JF = / Lt = F(y(d) — F(y(c)),

which depends only on the starting and ending points of 4. Thus, such an w sat-
isfies the desired property.

Step 3. M is an arbitrary smooth connected n-manifold.



Pick any smooth chart (U, ¢ : U — R™) on M. On U, w has the form
w(t) = Z fo(zt, ... 2" t)da”
k=1

Since w satisfies the property stated in the problem for (z!,..., 2" t) € M x (a,b),
it must satisfy the same property for (z',..., 2", t) € U X (a,b). Now we return to
the case M = R"™. We conclude that, on U, w is independent of ¢ and there exists
a smooth map Fyy : U — R such that w|y = dFy. Since w(t) is independent of ¢
on every chart U, it is so on M. Thus, w(t) = w is simply a 1-form on M.

Fix a € M. For each p € M, there is a path v from a to p. Since M is a smooth
manifold, there is at least such a piecewise smooth path ~. Since fww depends
only on the ending point of v, we can define a map

7WM%R7MMZ/W
.

We will show that 7 is smooth and dn = w. On each chart (U, (z')), we fix a point
pu- Then for any point p € U, p can be connected from py by a smooth path A in
U. Then

o) = o) = [ w

A
We know that w|y = dFy. Thus

n(p) — 1(p) = / w = Fy(p) — Fr(po)

Then we get
n(p) = Fu(p) +n(pv) — Fu(pu) (4)

Since Fy is smooth, 7 is also smooth on U. Hence 7 is smooth on M. By the local
property of the exterior derivative, Eq. (4) gives us dn = dFy = w. Therefore w is
an exact 1-form.

Conversely, suppose that w(t) = w = dn. Let v : [¢,d] — M be a smooth path.
Since ([c,d]) is compact, it can be covered by finitely many coordinate charts
Uy,...,U, on M, each of which is diffeomorphic to R™. Moreover, we can even
assume that there are ¢ =ty < t; < ... < t, = d such that y([t;_1,%;]) C U; for
1=1,...,r. Then

Je=> [ @ = Y6 - a0t
y RET(aeR)

=1
tio1,ti]

= n(v(t)) —n(v(to)) = n(v(d)) —n(y(c))

This means the integral depends only on the starting and ending point of ~.



The second additional problem of Math 8302, Manifolds and Topology II posted
on April 29, 2013 by Tyler Lawson.

Solution

First, we define an equivalence relation on C**! as follows

(20, 215+« 2n) ~ (20, 215 ooy 20) & INEC 2 (20,21, -+ -, 2n) = N20y 215 - -+ 20).

rvn

Denote by [z9 : 21 : ... : z,] the equivalence class of (zg, z1,...,2,). Then CP" is
defined to be the set of the equivalence classes. For each 0 < k < n, we put

Us={[20:21:...: 2]|2 # 0}

There is a bijective map ¢ : Uy — C" given by

¢k([zo;zlz...;zn]):(@,...,5—;,... ﬁ)

2k 2k ’ 2k

On the other hand, we can identify C™ with R?" via the bijection (z1+iyy, ..., 2T, +
iYn) = (T1,91, .., Tn,Yn). Thus we can think of ¢, as a bijection from Uy to R*".
The cover {(Uy, ¢x)|k = 0,1,..,n} defines a smooth structure on CP" and makes
it a 2n-manifold.

CP' can be viewed as a submanifold of CP" via the inclusion i : [z : 2] +
[20:21:0:...:0]. Given that H2,(CP") ~ R, we will find a generator for this
group. This is equivalent to finding a nonzero element in H3,(CP"). We know
that CP' ~ S2, which has no boundary. This means CP' is a 2-cycle in CP".
By de Rham theorem, it suffices to find a closed 2-form on CP" whose integral
over CP! is nonzero. We break the solution into two steps, namely n = 1 and n > 2.

Stepl. n=1
First we will construct a diffeomorphism from CP' to S?. This gives a group
isomorphism from H2,(S?) to H2,(CP') given by the pullbacks. Then we will find
a generator of H2,(S?), which gives a generator of H2,(CP'). Then we express
that 2-form in coordinates.
By definition,
CP' = {[20 : 21]||20]* + |21]* # 0}

has an atlas consisting of two charts (U,, ¢) and (U_, ¢_) defined as follows.
Uy = {[20 : z][z1 # 0},

U_ = {[20 : z1]|20 # 0},
¢+ Uy = C, ¢i([20: 21]) = ?7

1
Z1

¢-:U-=C, ¢_([z0:2])= %



The inverse maps are ¢;'(2) = [z : 1] and ¢_'(z) = [1 : z]. By definition, the
sphere
S* ={(a,b,0)|la® + >+ =1}

has an atlas consisting of two charts (V. ,4,) and (V_,_) defined as follows.
Vi = {(a,b,c) € S?lc # 1},
Vo ={(a,b,c) € S?lc # -1},

b

Ui Vi 5 € dilabe) = 2
a— b

Vo= C, ¥_(a,bc)= o

The inverse maps are obtained by computation as

(20,29,2% + o — 1)

-1 .
¢+ (xvy)_ $2+y2+1

)

(21‘7 _23/7 1— xQ - y2)

-1 .
¢— (l’,y)— 5(72+y2+1

Define a function f : CP' — S?

(2Re(2021), 2Im(2021)7 |ZO|2 - |Zl|2)
|20]% + |21]?

f(lz0: 21]) =

Then f is bijective with f(U,) = V, and f(U_) = V_. We can check that the
transtion maps fi = ¢4 o f o ¢1' : R? — R? are the identity. This means the
coordinate representations of any differential form of S? on V. are the same as the
representations of its pullback on U..

Consider a 2-form on S? given by p = a dbAdc+b dcAda+c daAdb. Since S?
is a 2-manifold, p is closed. Moreover, we can compute the integral of p over S?
via spherical parametrization (the computation was done as an example in class

on April 10, 2013). Here we only give the result [ p = —4m # 0. Thus [p] is a
S2

nonzero element in H25(S?). Tts pullback [] = f*[p] is also a nonzero element in

H?2,(CP"). This is the 2-form we are looking for. We will express it in coordinate

charts. In the chart V.,

(2, 2y, 2% +y* — 1)

<a7ba C) = ¢;1($,y) =

$2+y2+1
Thus,
[ (0c_obocy (00w ocon\ | (oadh dwdb\],
p= Ordy Oyox Oxrdy Oyox Ordy Oyox Y
4
= _—(x2+y2+1)2d:c/\dy



Similarly, we also obtain the representation of p in V_, which turns out to be of
the same formula as in V. Therefore, the representations of 7 in the U, are

n= —mday A dy. (1)
Step 2. n > 2

The idea is as follows. We will define a 2-form w in R?" and then pull it back
to a 2-form in each Uy, via the coordinate chart ¢ : Uy — R?". Then we get (n+1)
different 2-forms in Uy, Uy, ...,U,. To say that these are just the restrictions of a
single 2-form in CP", we have to make sure that they are consistent on the overlaps.
Thus w is supposed to be invariant under the transition maps ¢y o qu_l. With this
constraint in mind, we will define w in R** = {(z1,y1,. .., Tn, yn)|2;,y; € R} which
is symmetric in sense that (z;,y;) and (zy, yx) can commute without changing w.
Then we say it suffices to check that w is invariant under ¢ = ¢; o ¢5'. Put

S=1+4ai+yi+.+z +y.
We claim that

1 n
<) {Z (S — af —yj)dw; Ady; + Z [(y; — wjy)day A daj—

| 1<j<i<n
— (zjz + yy)de; A dy — (z20 + yy)de A dy; + (2y; — z5u)dy A dy; ]}
(2)

is such a 2-form. Put U = {(wy,..,w,) € C":w; # 0}. Then ¢o(Up N U;) =
1 (UgNU;) =U. Then ¢ : U — U and

1 w W,
gb(wl,wg,...,wn): (— —2 .—),

wl’wl’ .'LUl

where wy, = x + iyg. If we write ¢p(wy, ..., w,) = (w),...,w)) then
7 = L1 y/ _ —U
Poay T a gy
;_ TiTL+ Yt ; YiT — T ,
A AR =7 =
The pullback of w in U by ¢ is thus
1 n
P'w = s {Z (S — .7};-2 - y}z)dx; A dyf; + Z [(:vgyg — ahy;)dxy A da—
j=1 1<j<I<n

() + Yoy daly A dyy — (2x) + Yy day A dy); + (xjy; — <5y dyy A dyy |}
(3)
;2

where ' =1+ 2> +¢)° + ... + a:ilz + y;lz. We are going to show that ¢*w = w.
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Technically, we can use the chain rule to express dx;-, dy; in terms of dzg, dys
and then use the antisymmetry property of exterior product to simplify the big
expression. However, actual work shows that the calculation is too much and that
the corresponding components of ¢*w and w are equal is not easy to prove (since
their formulae are too long!) Instead, we will use a casual manipulation as follows.
With the identification of R?" and C" mentioned above, we define the notations

We then assume that all laws of exterior derivatives (bilinearity, antisymmetry and
the chain rule) work for this notation. For example, we allow ourselves to write

dwk VAN dU_Jl == (dl’k + Zdyk) VAN (dl‘l - Zdyl)
= (dl’k VAN dl‘l) + z(dyk A dl’l) — ’L(dl‘k AN dyl) + (dyk VAN dyl)
This looks like we are pulling back a ”differential form” in C" to the one in R?".

Then Eq. (2) can be written as

n

_ |2
—2ieo =3 F O gy iy YD i )

5’2

j=1 1<l#j<n
The pullback version of Eq. (4) is

5" — Jus ?

—2ip'w = Z ——gy - A dw > dw) A dw) (5)
j=1 1<i#j<n
= A+B-C-D-—-F, (6)
where
A= Sl N, B S Il pda
qr2 - Z qr2 w; w;
=2
wl / */ w/w;
—/ _ ] / —/
C= Z G dwi A diy, D = Z o —Ldwi Ndw), E= Y —2otdw) A di)
2<i#j<n
We have
1 1
S,:l /12 - /2: d/:__d d_/:——d_
+|w1’ + +|wn| |w1’2> w1 w% Wi, w1 U_)% wy,
T 1 T
dw!. =d (w_) = —dw, — w—2dw1, V2<r<n
w1 w1 w1

0, 1 Oy . _
dit'. = (w—) = —dw, — —dwy, Y2<r<n

Using these identities, we obtain A, B,C, D, E in terms of w;, w; as follows.

1 S—

’U)1|2 S2

dw1 N dwl,

4



. |2
(dw] A diy — Y dw, A di; — S dw, A diy + ||w3||
w1 w1 w1

n 1 2
C=> = (—w—dw, A divy + " 1|’2dw1 A dwl)
=2

n 1 W - | |2
D= Z o (_w_idwl A dw; + | ]|2dw1 A dwl)
=2

1 B ~ wil2w. ) w. 2@ . w12l
E= Z ?(ijldwl/\d’wj—| ! 2]dw1/\dwz—| il ldwl/\dw1+’ i|*wi

|w | ’ Wy |wy |2

2<i#j<n

Now we check that A+B—C—D—FE equals RHS(4) by comparing the coefficients
of dwy, N dws,.

Coefficients of dw; A dwy.
That of RHS(4) is

—|w1\2
52
That of A+ B—C —-D — E is

1 S—1 &S—|wl|w? &1 jw <1 |w? Jwi[*|w; |
5 > w Tl 2 P

w2 52 2 w2 < 52 |w1|2/ “ S [y |2 T 2|y |2
Jrom A fro;,n B fT;Tg C fro‘rrn D fro;rn E
1 n
- (71 ) -2 - 3 |wl|2\wj\2)
1 =2 2<I£j<n
=t S+ S(5 — i~ ) 1+Z|w 5
‘w1’252 J
— | [?
52
Thus the coefficients are equal.
Coefficients of dwy A dw; where j > 2.
That of RHS(4) is
ijl
—

That of A+ B—-C —-D —Fis

S—fwil® (w1 wi\ _ilwﬂ?wj
52 w1 82101 —2 521111

from B from D N 7J
~
from E

del VAN d’U_J1> >

2
| dw1 A dw1>



_ Yy 2 - 2
=gy | il =S +1+ 2wl = oo <S+1+Z|wl|>

1=2
I#j
2 —
—wjlwi]® _ wywy
S2w1 SQ

Thus the coefficients are equal.
Coeflicients of dw; A dw; where [ > 2.
That of RHS(4) is

w1y Wy

5'2

That of A+ B—C —-D — FEis

S—fwl (@ _(_ 1@ _ _ilwz\%
52 Wy S2 1w, S,

TV TV
from B from C N _

_ W 2 - 2| _ W 2
= g | —S+1+ ) |wl = Fa. ( S+1+lej|)

j=2 j=2
J#l
— 2 —
_wju]® o
S2, S2

Thus the coefficients are equal.
Coefficients of dw; A dw; where j > 2.

That of RHS(4) is 2= |w]‘ . That of A+ B—C — D — Eis 2= I 7' (from B). Thus
the coefficients are equal
Coefficients of dw; A dw; where j, 1 > 2 and j # .

That of RHS(4) is —wﬂw’ That f A+ B—-C—-D - FEi
the coefficients are equal

Therefore we have proved that A+ B—C — D — E = RHS(4), i.e. ¢*w = w.
This means w is invariant under the transition map ¢; o ¢y *. Since the formula
of w at Eq. (2) is symmetric, w is also invariant under any other transition map
O © gbj_l Therefore, the pullbacks of w to Uy, Uy, ..., U, give rise to a differential
2-form on CP". We will still denote it by w.

Next we will show that w is closed. Again, we could compute dw by Eq. (2),
but the expression would be very complicated. Instead, we will compute dw by
Eq. (4). First we can separate the difference in the first sum of RHS(4) to get

2 (from E). Thus

. 1 — B W;W B
—2iw = g Z dw; N dw; — Z ég Ldwy A dw; (7)
j=1

al



Now take the d both sides.

1< 2 dwy, + wydw;
~2ide = — 5 Y dS Adw; Ayt g5 Y wyidw A dib—y Wi T WS 4 A dun
75l

SQ
(8)

Jj=1 gl

We know that

dsS =d (1 +) wku_)k> = (wydiby, + wpdwy)

k=1 k=1

Then Eq. (8) becomes

. 1 _ _ _
—2idw = % (wgdwy, + wdwy) A dw; A dw;
gk

J/

A

2 _ _ _ _ _
+§ (wjwywgdwy, A dwy A dj + w;wwgdwy A dw; A dw;)

Gk
B
1
e Z (wjdw; A dwy A dw; + wydw; A dwy A dwy)

al

c

We have
A= " wpdwy A dw; A diw; + Y pdwy A dw; A di;
Jk gk
Renaming the indices (j, k) in the first sum by ([, 7), and renaming the indices
(7, k) in the second sum by (j,[), we get A = —C". Also,

B = Z wju_)lwkdu_)k VAN dwl A dU_)j + Z ’lUjU_Jl’U_JkdU)k N dwl A d’u_Jj
j?l)k j7l7k

The first sum is zero because when we interchange the indices (k, j), the sign of
the sum switches due to antisymmetry of wedge product. The second sum is also
zero because when we interchange the indices (k, (), the sign of the sum switches.
Thus B = 0. Therefore,
. 1 2 1

Thus dw = 0, and w is a closed form.

Next we will show that w is not exact. To do so, we need to show that the
integral of w over some 2-cycle is nonzero. Recall that CP' can be viewed as a
submanifold of CP" by the inclusion map

i:CP' — CP", [20:z1]>[20:20:0:...:0]

7



Thus i(CP') is a 2-cycle in CP" and is contained in Uy U U;. We will show that
the integral of w over i(CP') is nonzero. On U, U Uy, we can define a projection
map

proj : UgUU; — CP', [20:21: ... 25] ¥ [20: 21]
We have proj oi = idepi. Recall that we have a 2-form in CP' given by Eq. (1).
It can be written in the following form

i 1
—— = ——————dz Ndy.
4 (22 +y?+1)2 Ly
We will show that wl;cp1y is the pullback of —n/4 by proj. The coordinates
in Uy are (wy,..,w,) = (21/20,22/20,- -+, 2n/20). In Uy Ni(CPY), (wy,..,w,) =
(21/20,0,...,0). Therefore, only the coordinates z; and y; in the formula of w
given by Eq. (2) can be nonzero. Thus,

| S S
w i(CPY) — €T
e R )l

Similarly, the coordinates in Uy are (wy,..,w,) = (20/21,22/21,-..,20/21). In
Ui Ni(CPY), (w1, .., wn) = (21/20,0,...,0). Therefore, only the coordinates z; and
y1 in the formula of w given by Eq. (2) can be nonzero. Thus,

1

— dxis Nd
@2+t

W|Umz‘(<czp>1) =

This means wl;cpry is the pullback of —n/4 by proj. Then
n 1
— _—— = —— - O
/ ¢ / 17 / (i
i(CP1) Cp? CP!
Therefore, w is a 2-form in CP" that we were looking for.

Case for the Grassmannian. We remind the definition of the complex
Grassmannian

Gre(2,4) == {< u,v >: u,v € C* linearly independent}
Also we define
A%(C*) := {set of alternating 2-tensors onC*}

Now A%(C?) is a vector space over C of dimension 6. If we choose a canonical base
{e1,e9,e3,e4} of C, then A2(C*Y) =< ey Aeg,e1 Aes, e Aeyg,ea Aes, ea Aey, ez Ney >
and this can be identified with C® where this ordered base maps to the canonical

{(17070707070)7 ) (anaoa 0707 1)}



We will exhibit a smooth embedding

Gre(2,4) — A?(CH =C° — CP°
2,1 4 4,3

— i,J J oy 1,2 . <03
<p,v3 > —< v Avg > = E (viv) —vivg)e; A ej — (Vg5 — ViUy & -+ - L U U, — VTS
1<i<j<4

The function is well defined: If < A\jv; + Agva, vy + povy >=< vy, v9 > then
< (A1v1 4+ Agve) A (p1vg + pove) >=< (Agpz — Aoptg)vr A vy > which is the same
(complex) subspace of C% since (Ajpia — Agt1) # 0 and thus defines the same point
in CP°. It is obviously smooth and it is easy to see that it is an embedding since
the subspace < vy, vy > is exactly the set of vectors w such that w A (v1 Avg) =0

It is well known that this embedding of Gr¢(2,4) can be given as the zero set
of the following polynomial in CIP®.

Gre(2,4) ={[z0: 21 : 201 231 24 1 25) € CP° | 2124 — 2025 — 2223 = 0}

where 2 corresponds to e; A ey etc. We notice here that although the polynomial
is defined in CS its zero set makes sense (is well defined) in CP® because it is
homogeneous.

Now CP! is also embedded in CPP® in an obvious way, that is, projection to the
first two homogeneous coordinates. If we express this CP! as the zero set of the
system of the following (again homogeneous) equations.

CP'={[20:21:2:23:24:25) €ECP® | 29 = 23 = 24 = 25 = 0}

we observe that zo = 23 = 24 = 25 = 0 implies z124 — 2025 — 2923 = 0 which
means that this way CP! is embedded in CP® as a subset (actually submanifold)
of Gr (C(2, 4)

We consider the inclusions CP! <% Gre(2,4) and the inclusion Gre(2,4) <5
CP5 and their composition i o j = X. It is important that X is actually the
projection on the first two variables which is exactly the inclusion that we used in
the first part of the problem.

The next part of the proof proceeds as follows. We have a 2—form w on
CP®. The pullback i*w is a 2—form on Gr¢(2,4). We claim i*w is a generator of
H2o(Gre(2,4)) (given that H3p(Gre(2,4)) = R).

Indeed, since w is closed dw = 0 = i*(dw) = 0 = d(i*w) = 0 = i*w is a closed
2—form on Gre(2,4). It is only left to show that i*w is not exact.

Since CP' is a 2—cycle in Gre(2, 4) it is enough to show that [, i*w 7# 0 where
the inclusion of CP! is given by j. By the very definition of integrating a k—form
defined on a greater-dimension manifold M over an immersed k—dimensional sub-

manifold we have
/ w= / Nw 9)
Cp! CPl

| e[ e (10)
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and



We know though that j* o t* = (i 0 j)* = A\*, so from Eq. (9) and Eq. (10) we get

/ ifw = / w # 0 by the first part of the problem.
cp Cp1

Finally, we will describe how one can give an explicit expression for i*w. Strictly
speaking we need only describe ¢ in local coordinates but we will do a bit more.
The fact that we have expressed Gre(2,4) as a submanifold of CP? is very useful
here because we can consider local coordinates induced by the ambient space as
opposed to the classical ones.

CP® has 6 coordinate charts {(U;, ¢;) : j = 0,---,5}. Then {U;NGrc(2,4)} 0. 5
is an open cover of Gre(2,4). These will give us coordinate charts on Gre(2,4).

In Uy the local coordinates of CP® are

Z1 Z9 Z5
wy = wg =2 wy =2
20 20 20
In Uy N Gre(2,4) the extra relation zyz4 — 2025 — 2223 = 0 holds. This in local
coordinates means (divide by z3).

WiwWy — Wy — Wows = 0 <= w5 = WiW4 — WalW3
Then we have the diffeomorphism
w : C4 — Uo N GTC
(ula T ,U4) — (wla' T ,U)5)
where (wy, wy, w3, wy) = (uy, Uz, ug, ug) and ws = uyus—ugug. This diffeomorphism
actually describes the inclusion j of the grassmannian in the complex projective
space in local coordinates for Gre(2,4) induced by the ambient local coordinates
of CP°. The inclusion map is similarly described in the other 5 charts. We will

moreover describe the pullback i*w on Uy N Gre(2,4).
By the first part of the problem, we have a 2-form on CP° given in Eq. (7).

5 _
-1 11 _ W; Wy _
wzg Eg dwj/\dwj— E é,Q dwl/\dwj
j=1

1<j,1<5

Now i*w in Uy N Gre(2,4) will be given by

4 _ g [ R I
- —-1:1 Z _ (U4dU1 + UldU4 — UgdUQ — UQdUg) A (U4dU1 + U]dU4 — UgdUQ — UgdUg)

- Z uﬂ;l du; A duj — Z = (UIU4S2_ ) (ugduy + urdug — ugduy — uadugz) A dis;

1<5,l<4 1<j<4

-y (it _532“3>ul duy A (tigdity + 1y dity — tipdity — tpdity)
1<i<4
|U1U4 - U2U3|2
52
Note that S = 1+|w;|*+. . .+|ws|? = 1+|ug|?+|uz)?+|us)?+|ua]*+|usug —ugus)?.

(u4du1 + UldU4 — UgdUQ - UgdUg) VAN (?leUTl + 1171d1[4 - UgdUTQ — 1I2d1[3):|
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