NOU’V\Q : T(/LOWL P&am Ma‘w\ XQS—ZTK&)% of ?mém/meltg Zﬂ

_ oogbenir | ek a2
@ Lt X he a [050)-valued random variable o (U F, L) and ¢:(0,69 - R

K= B Yauc@w)

be ibs moment generaling punction.

Firdt we show that ¢« conftnuons on (0w) . Take > 0 and det
(1) be a sequente i (0i) converging to v Pet ) = X
)= N By w6l

.
- ¢ Nwrelo),

hl)= g O o X(w) = o
SN ek,
Yol = { O ¢ X(w) = o=
Thus, ﬂgm Y (w) = Y(w) for all w€JIL. Moreover, 0& Yl <1 pov &
NN ;\;w € L. }Z? #e Dominaled C(mvergence TZ@W«, fc_’n&‘E Y, = EY.
This means é?fa $loaw = ¢ (w). We Kave owel ’fé% i cadtnuons

n (Ol °°)-
Nexl, a&f'\m $(0):= L - Agume ,17()(<<>o> =4 We dao that ¢

i Covilinmous « O ACCNJCVLE} to ’(Xa czfrump'&‘a»» ) e et
A: fwéﬂzi /((W) = ‘5"7}
B of hesswre yero. Lt (W) he a fequente in (Qoa)cfmve?(’bj b O. We



Ghow &m 47(%) = 1. For each w€Q\A,

- Uy, X('-O/) -0. X(w) .
- e = 1.

ZMV(@ = v@vv: e

h=yoe

Hence A { alonst €Vef(7w&ne/ i SL_ e @&«o éam. O N (w) <f1ﬁ,
M w EIN and w € SL\A - %B the Dy raanated Cowvwgcmcz T&o{m/ {fm EY,

Nn=I100

S B2 Tu oles sy, (o) =

@ l_ef X{,XL, Xsl_., be an iwxzyeuw and m@wﬁcqﬂ[% J“MM&Z %@“%@.

Qﬁ ram&m Vmab@;. prpm ’[KJ ﬁe% ave [bloa],Vaf«eJ and f&a,{« 20&)0)')0.

We S’@cw éxkzoo &-S.
Md&&oo{ ( ( Mﬁ’c‘vxg gwfv Ca»de@&"ﬁ few\mm)

fwedl: w0 = | v ZweJL Ko) > L]
= w————/
/h(/éasdaj fequen 2% evends

Thas, 2(K0)= L LU>E) . Becanse T(H>0) >0, Fure exsils n, e/
s that 20N> L) 70 Zut £= 2 . For each nEN, we put

A= fwCdl: X (w)) g}.
fecarse X K, &, 15 aw mdependent sequeate e eves Ay Ao by, . are
ndpended Teamsse K, X, X, are idestically detrbided 2R, ) = (A )0
for M EN. Thus,

é{.f(/w - h%: 2A) = .
By Borel - Cantellis Lowma, 2 (O A )= 1. Forech o€ lmh,, oth,
for mfmle% g 26, wlak mples X, (w) Dy for m{zm‘e% Py Ls Thus




i )C,‘(u)) = b0 -
n={
T/\Lfefaf&/ é_ Ny =0 As-
Metbood 2 ( using homert ge.mmfrhﬁ JZMNM )
L%t ‘{’ (ch)"? R e f& Commen VM@W gaerdfhé f‘MMjl?}Vu ef waz, }é/..,.

47(!4,): E € 'Vb(. 7/ O
deﬁ the covendam thut ‘6'0-“: ’i)' Becomse OF ‘ebu)af 4 ) O< $lu)< 4

;?o*f J w0, We 5&0\0 ’Céuvf 47(«) (4 ﬂmf M wy 0. Qf/m 4? Cotradedin

Bt blu) = 4 for some wa Y0 Then
E(1- M) = 1 - £ < 4= d(w) =0
20

Thas, 4_6'%2(1 -0 «s. Tzeﬁcnj u&;m'f%m bt sides Qﬁ’T& e‘f““{m"/

e“&;X{: 1,\.«}6 qe/f %/(4'_“ O as. .QT’LCQ, U :{:O) X‘»{: O as. Tzif C«W{ﬂ’&&ét‘cjf

e pact that L(X50) 0.
f(/\«t -fp:: 2 X&_ Ql'w( 5)-:-.[%_ Xﬁ . 7&-21/\ Cﬁq) CUW(/??C; /90ik’/(,)(’7€ fb g,

=1
(A ivm[re(af @.) Conevees b i dabrbetion. Kecause KoKy oooo Xn ave
fkyﬂp&xaol—ut, IL& momewt gﬁﬂem’f (n 2 fw« o 0? jy\? (s
f()= HAH) ) = ¢

N {ines

for w20, Lo ule) = Lona $C)" = O hecanse ¢()E [0, 4). 7;,3@7%, it
B puct thad B,0) =4 por ol n EN, we geb |
Jim 4.(u) = ZCO  wEO=),

n—y0 1 i u= 0.




Dende g gunction by (). By Theorm H21, mzw.%j pige 20

Uu) is e moment generating {chﬂ%of (. Bt Sl L)t

Hen EeS = €)= 0. Thus, €20 as This gl S=on acs
(D) Let X, 4, 5y be e dperdedt and bl ditibted sequence
of Lo, ]~ valued vandorn yariabbes - Let N be e {o 4253 F-valued vandm
variable whed s independent of e sequence Ao, ko, K, Tubrodua «

map S - (0], T = N(‘”) X, ()

/L (

ﬁr{f we f&)\u fgaf S i a ramﬁawu v&maﬁ& W//fc
(.((W) = Z_Xg\(“ﬂ ‘I&QN(@\)
=1

—————
}2(@)
YQ = JNAGW,{,KM,N{) K a mn@éo'v»\ \mﬂK%' %7 S: %X,{ Yﬁ_ (< a,égo
& {&cMQOW\ Uﬁi-*fiaéf&-

Ll 6: 00,59 [0  be e common moment geuem‘ma Panclion o
XX, X, and g l00)= [04) be the fméa&‘@‘@ generding punclive of
N, and 4 (002> [04] be the nawed generdng puction g & We sa
Bt b= prh. Tor w€ @),

- - o _wd SN
i/(w): LEe = J!e ,’IN@Q 2(5(7(4)) «tje ujj/u;w _P@(w)

S
R 123

T 10050) 50 then 2 Xi = as by Lol D Tl



w2 )
{lk :f[ € —-[/uzw -/?(4&0) = JO-JN:‘)_.?G&«)): O.
.f}i f()@)O): @) Tﬁu« P2x.>0)= OWM W EN. o

fw: 2 %) o) = O fu: Al >0}
=

b~
‘V\«Ulee 'Cl/&n,'f
€ a vw,@@ eveul - % Z X = O as. [Bun

- JQ_RZ-,& T Mle) = J:;/.Imwﬂ(dw): 2=+

Comém(‘wg the fwn cases, we geb
O 20({ >0) >0,
{“Zg B {E(N:M) (f _/? ()(OO) =0.

613 Probblons @ (Metbsd 2) if 2(0,50) >0 ten (i)(%)é[o,{)/{zw M o)
T case JX;>0)=0 we Lave X =20 as. and

4)(“) _ E €-u)(1 _ E{—u-o _ VMG(O(M),
Tus, L6010 ¢ and ady ¢ () € 00D We get

o F H€ [o.1),
% = {f(N:w) g =1

l/\/\a “Q\M ¢
{{% - J) ‘e‘u‘ Z IN " 2[‘[@)
Ny t=1
_ i e_u&«uxz— - wXg I/U‘:i;f(jw) (43 Monptme
=1 N (auwrgchce Tbﬂxw/em)
= f E(eﬁ& -’uXL' b“&j/vr:t)
£=y



(S’(VLC& N/ X:( /)Q('-», )(L aNe mdzapedmt)

= D ) 2(N-t)

f=¢

We cau nao rewate () o foézw;
Ylu) = ﬁ H) P(n-t) + {O if ¢(«)eloy),
. L=w) ¢ $le)=1.
= P(¢(w)
Pasegore, ¥ =P
Wert, we campede ES and Var § b terms of the meaws aucd variance
of K and V- |
20 - —¢lo)= — ¢ (8(2)) 9'0) = ') EX,.
By Theorem A3, Frstedt-Gray pege T
Mu)= E {T’ (N-r)) Y EIN.
Thus, ¢U) = EN. We obfan ES = EMI(EXY) -
B0 o) = £ (60)) 4@ £ £T40) )
= 1) (BXO  pU) EXS
_ E(Nw-n) EX) + EN)EX-
Vo § = ES—ESF = E=N) EX) T EMEXT ~EM'(EX)"
- (En EWY) Ex,)" +EN) (EX=EXY))
= Varv) €X)" + EN) Var Xq -

@ Lt @w) be @ fe«fwmcugf /roéaéd%g a&zﬁw‘éodnm on [0,0) and 4;:[0/%)’*[@ 1]

& (w) = “MQ (Ax)

[0‘ sq)




A

be the momed feneraling funclion o G Finst | suppose (Gn) Converges o o
dickohcdion @ n [0,) whase momand geneabing functrn, s ¢ - bea) = 19,4).
B the depindtion of convergence of dtrbedions,

Jonn f {6) Q) = f{(z} Q)

n— O° m w‘) [aw)
;rW zvew?f O(ﬂ/\-hlxtmg awnd éo’uw&g( fuw(j[zw f [‘0} w)—ﬁ//Z For w 6’[0( (>~), e
£ aﬁ ﬁfk) = T \I\rgféﬁ. S C.mﬁkum < amé éuwwéw(? (n [ 0 60)» TK@K

b | Q) = | GG

-a .
e (o) (0 s)

Thus , fim G0 = @) for every « €000). Leb A b « (00)-valued redne
il e detibitin ¢ Q. Thew §e) 5 1o womond fenercthy P
o K. B Problon @, ¢ & codiions o [0ea).

Now we sbow the convese . Suse (4,) Converges portiote o a frucction
0 :0)-04) wld & codinveg at O We Baw et (6,) coverges B
Jebisctine @ on (00s) whose ramed goncraling fucton ¢ ¢,

Assume we could show a wealer shatenent mw«% everg Sbequence o
(8.) bes « cownpd sbieuence Lt @) be o subeguence op (@) Tt
Conerges B0 o dabeibibion Qoo [00). By e it pact, Yo romerdt goneratng
pusctin of G 15 e poodonc bt op (4,), hich 6 ¢ Thus, #e bt
of ey nvegud cbsguene of (@) 5 Qo Soppse by codudito. Ut (4),)



does ndt coverse B &, Tew Hore ewsts @ codeons aud boundod oo
2 o) R goch that

(f)f(%)@@w) -2 rf[%)&j@w) a5 k=09

040 [b{w)
Thse 0t £50 aud @ sdiuance @) (@) seck et

{ f {06, (&) —~ j 169 (4 / >s  YLen

(D)
We naw that ( ka ) las « subsequence Comvergang o &, towever, e afove

inequally focbds tat fron %aﬂnm‘n;. We got a cobadidon. Thus, &)
Convages o (.

The Vemaining tak & b Lo that every fkék?(«eu(k of (@, )4as a Cmvergent
bsequent T pact, we acly need b Roo Wat (@) has @ Convergent
(b equencr (ie. w«é@; refdv%n maﬁ% compact ) Onee t g dove , we can qf/,,/?
W recdt b eadh sidsequence op Gh). Tt uppices b Los €at (@) 5 tgdt.

Tale £20 - We are 1 ﬂml a nunder KO0 swch #hat &, ((,Q,oa)) e P 4

nEIN .
F(;\r wé((),w), we *RQW;
‘ ~u ‘ _uff-«
b= [ Q) = [ | e T, Q)
lo oo) ) M) 1) °")
New Fubont (S f&wem (4 a[/‘/?OICQMv kc’amc féc (kfcgmm( (5 MM"égaﬁVt.

blo= | | w1, qu0d = [wetGue)at

(0,00) [ ““) ) )
_ Ja M{\ut&lt N J7 “ Q‘Wtcp% ((6,00)) dt .,
roﬂ") Lq “)
-

=4




For each Ké(o(w))
—ut

b [« Qe > [wetQ T, Ol
(o) (0e0) l

> (K ) J qe"‘tlwéfué = - )Q, ().
(o ‘>°)

Tws,
6. (R, w) < 1= "’A(X Y uREOG), Yu CIV.
1-&

gei' u= % - WQ. gef
. 1- &, (/%) 2(1_ .1 Pu EIN ¥R €O, 0o
Q) s THE < 2(-4(F) 3

1—¢

Stnce @ & Continuens o O, Bere erals £, D0 sud et (- 4’(%) <Z£ -

fecause {‘Z‘; $n [k{) = ¢ ( %1) p there enate NEN such that
4u(4)- o) <% #nON.
Because Lona .00 = £ for every 1SLEN, Have exits R DR, Such Bt
10 i

1-0 (1)< £ wistenw

For {<n<N,
" / @J&uw)gZO—a(%D<&§:a

FOY ”l7N) ’ /
én((zu‘*’)) < GZ‘ ((Kub“)) < '2 ((‘ 4)“ (_@ ))

== ¢(G)) +2(#Z) -4 (%)
,<‘2“Zg +Z-f =£. |

Tﬁif€WC) &n((<7,/f7°))<2 ,ﬁtff K»M n EN .




