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Name jTDLOW\ .P.”KWW\ [\4 “J[& Yéf'ﬂ Tfkewa o/f lyroéti/ﬁ&‘fy,
TD: 4652248 Homeword #4

(D Deolom §, Frictedt - Gray , page 29.
Ld X be o fvalued randon variuble and R =R, FoJ)= L(X<x)
be the diloibulion punclion of X For aLER | a<b, we defermmed
PlacX<h), D(acx<b), D(a<X<h), R(aSK<h) and L(X=x) i fermg
of T
Dlecxel)= 2(X(1D) = BOX(EmtNX (Coie1)
= 2(X (b)) = 2K (i)
= P(X<E) - P(X <)
= Fi) - Fla). (1)
P (K=x) = 2(X0) = (X (1))
= lon 2(X((x-40)) oy the cotuty 1 2)

= dm ."’f(ﬁ-’{()(i’L)
Dy (F)- FO)
= R - ), )

whare Flx-) = ﬁh;';?:(g)' This Lerait encsls beawse F i (ncreasing cnd
bownded.
PCech<t) = 1K am) = 2OCC DN X (18D)
= (X () - 2(xaw)
= Pla<x<h) - 2(X=4)



W) F4)- Hs) ~ (FG)- F4-))
= fl-) - Fa). (3)
2ack<t) = PLacX<b) F 2(X=a)
B8 Fi-)-Ke) + Ra)= Ka)
= Ab-)-Fla-)- 4)
PlasX<h) = 1(asx<h) +P(X=4)

LY L) F(ar) + FB) - FG-)
= F0) - e, (5)
A cde ronark i« Hat g Fis codinuos in Rt Fx-) = (W Ay) = i)
for cll R This @) implics tht #e eveuds feo: X(w)=2] ahe il
evenls .
(D) Peoblom 19, Fristedt- Gray, page 50.
L () be w sequesc op [00n]- valed vavdom variallls . We shoo tat
E(2%) = 2 EOR),
witl G wderstanding Cut bith siles codd be inprity. Put
f(w)= g o), f)= Z Koo,
por all WD and o €N (the probibiliy :,m), Then(f) is an inCreasing
Sequenw § nonnggdive randonn veridlls . Tn addting () Gaverges o £ pordwie in Al

ﬁ% e Monstome Gavergence Teorem
[t W) P(dw) = [4(0) P(dw).
b o) 20s) = [HEG)



This,  fom 5 j)g@ 2(ho) = tﬂp

n-=Hoo L:(

@) Addidmmak poklm A
Lot & be a br\oh/\(ﬁ,% Astibded vandon vasiglly, Thad o, Here are n &/

ard pECOA) cuck hed P(rot)= )f(,Jf(%-,ﬁ PRTTITN
0 otlerwise

Foc @ nawber 290 e pundion £ER = 25€R is caddinuows. Thus ¥l s

aléo a vandom varichle .~ We waut o cmpute E 5%

Becanse & canm assume m% ,(‘mffe? kg values, (b & a simple random
el . Write  $(w)= 7 &1, (“’) Jwlere Ay = 1w Slo)= =2 (. Becaure
A By A ave paitwiee ozaWJ, 2 “i #I,(0). Thus, 27 is a smpke
random varichl, - 75 d Jc(rkﬁm ) the enpedalion of i

£ - | f%a)w) S 42(A) = j Ap(s=t)

~

Fhue, Ex5 =Cpri-p).

Now Lol £ be o nownegative ulegev. et A= \o(f) where @0)=x(x=1)-(x-£),
Becanse p:R=K s & Comlinuous ;M_ﬁdfm , X & & random vercadl . We want
fo compule EX - Tp £27 Hen N(w)= O por ll @GIL becasue 5() €10,1,,x. |

IV\ ‘f&.(s‘ casl ) ‘[ﬁk 'e'y.,)e[fkf(lﬂ/v?f )( g O. C)\«f’(‘“&&f f&,cajﬁ 0{12{1«\..1 _



i |
Becawse A, ,4,,.., A, are digjoint, Alw)= p(¥() = /_ ?Q)T ().
gﬂa, Aeaem{(m‘ '(@z @vﬁe«d—éﬂ &,fed @f/"m 5}9 X (<
FX = f X&) 1) = 7 0G)2(n, - S > [G0-G-)(] )¢ (p)?
)"x, " J‘ TOL% "llfe f@ﬁ[lﬂ’ ({mvdmc

L)

We Lraw 1, fwmﬂa (n-tg)
witf, respect To o (B fimes, we 3&
J~4~1

n(h=1)-(n-£ (H-g) = _ J() ) (- f;)
j:o
/\&ughfegm{] 13,0 fl{ S’-ﬂ&f 49 "W; e M

1 ) nt~{ g, " ‘“_
nGon) o) (reg) R = 2 5G)Go) A g
J=

.J'

Q)

Jwe Can rewnte 1) as

£t
E3G-0-3C-1) = n(n-1)- (-&)p""" 3)
Nofe that 1 fomu& alss wclades 1, Caze £yn. Now we wani b Conepute

Apbyng @) por 1= P and 9=

Efl. &L;ﬁdc% 1=0 and. L= 1 ) (3)/ we ?bf
Efzhf/ ES(x-1) = n(n~1)/>7f
TK«&F@/Q, FE - E(E+5G-0) = Ef +ES(5-1) = wp -+ n(n-1)p

@ Addctianad ﬁfbl'&w )
[ ot az | lZor n A EN, e nov\wzﬁ"/a’h‘l/c numbers f‘yﬂfﬁ‘o
a‘é¢£<afg—.ﬂ and ﬁn;\ J{k = 4, oo

(/VQ S’ﬁow fgat /& % - Z @‘ )
el = £=1

Ve WML-[ T érmg ﬂD\L j)mé@m b« ﬁ“tﬁaft‘m wgem fgz MDK01W Cm A 2ars



Bl

Theoem @n be applied. e set N=142,3, - witl the ¢ pebd JON)
§ o weasarahl space. We introduce « weasure , so called tle conut neagure
#rB) = #A ¥ AN,
for ek n €IV e define & pundlan fi2 N= R, £(£)= 4L 20 Recup
evevy gubset of IN s measwrable | S S meagurably 7;5 £, gw,oﬂﬁem)
L SPRIC[UNC - for Al £EN. Depine p: IN = R, fl8) = 4 oo
fonfot) = fL) for B REN . By e Monotome Coniergenc. Thesrem,

h=ywe

Jim | £ alL) < j}f(fz),«(pho~ (1)
N N
We now C’W;)ud-e eadd (‘Ma;mﬁ, For eadh m €N, ‘&f‘m . (t)= f(fi)jg%”mz(é). |

Hhen 0< g (R)< o (k) Cgk)< - and b Guk) = k) por <M £EIN. 733

tﬁz [onslome Cmveva"emcq Tf\ eolem,
o ,{ () = [ f)uCR) @)
| N

-3

Because gm(ﬂ): i f()’)I%J-jCﬁ ) | wﬁa/& 3 4 C(Mv& ,?--uu(jm\ ; e Lave
J=

[ 4.0t~ D fG)ulif}) = 2 ),
IN J=1 J=

Thos, Q) hecomes 3 f0) = § J) u(dh).
e N
Li [ewi&é,) i »'ﬁ\ (}) = ffh(k)/“(¢{£) ’
J=1 N, ,

"’/'ZUA (i) becomes Jef\m\ i '(Z\ (J) = i f(“”) /
J=1

"""”’j{

1)

Addedwndd problen C .




[ef (4, "F,/‘) he a measure space Gnd (Ay) be a Sejuente of measr<dle (ol
Duk Az fom An = {x€8 T, €N s thet €Ay ¥ nn, .

fist we oo A= O [0 Dauste th Cater st by B For e i
Hare s n, EIN sach tBaf xEA, ,fﬁwfﬂ wIn . Ton xgiiAﬁ <R 71%/
ACY. For ecadh w€B thure § n EIN o That x € AL T mecws ch
for sl A7 This % EA e Base ooed that BE A Thorgure, A=
A a cmsequence ; AEF. Nod, we shno tat %If*n =T, Tade x €A
There s v &N sicck Wat < EAw por bl nyny - Thas, T, 0= L fpor allnyn, .
Lo T, (0= @MTAh(%) = £=1,0).
Now fake x €ANA . o « ¢ QAL por L nEN . Tl means for each nGN
Hore enists £ yn sach that x & A, - Beaase ook = 0, & Lay an
Ineasing subsequenc - B} eonscdlering, s 5""44576?‘&@\& instead of (1) dhely, we
can aSsume Hhat (4,) s (nereasing. e Bave IALH(’C)t O for M EIN. Since
L0920 gor all weny,
Lo IAH(L) = Lim Iﬁ»\(x): 0,

n— e N>

which s equl to L) . Therefore, bom T, 1) = T(x) for bl xEA
Necl, we show that w(h)< f‘?“; w(A). For a Refence of nonneg ilhe
measueally fudions @), Fatods Cemma sletes et
Ji s (Inle) € Lo [ fOAGH).
Pplyng ths Lo for fu= T, ) we gob

Jl&“‘“j’*‘f pldy) < fm ;[/ Tults,).
1w



Tha goves ulh) < b p(B)).
Additeonad probbenn D.
Lot (L F) be a measarnble spase X be @ sek and €04 be « map.
i F={bcX: ) 6/:/§ - We chow t‘ﬁf»tg 5 & O-pebd of sdbidy X
Hetis b check ¢ $€8, tlat g s Aoned wnder complones, and #af 7
losed  weder conidable wnions .
Becanse E(p)= ¢€F, ¢ €4. Fr A€,
El00A) = Toel: ¥ow) eX\A Y= L\ {06 X eA]
INAR SR

T E(X\A)EF. Henee s XNAET. €F
Lt () be  Sequans 0 § aoed A = OAn Thers

)< fwest z(w)euM = Q{meﬂsf(w)em = Q f:(/]{:;.) EF
¢

Thus A € 7.
@ Addcdioed problon E. ‘
Lk (L F o p) be a measurable fpaw and £:J0— R he « measardl funcff%
Jugpese tHhat /A(Fég) = w(=f €B) por M Bored sct BcR | aud Wif[w)”‘(‘{'}) |

ewsts. We sbloo fﬂfw)/«&fw) =0.
fut g=. T&W Jgnay) ensts j ) () = — f L) uldo),
Let Fand G be tha ditribudins of f and g fﬁ&ped?"m% TAZJ are neafures ov\(lzﬁ)‘
FB)=n(PEB),  G(B)=,(5€8) = .(ER) WREB. |
by 18 Aypotbesss, F(8)= () por <M B €F - Thus, F= . The clasge-op-



varsdle Hoovenn sales ot for Beecy measurabli Pun dang X: 2> R qud
0: R— K,

o) wha) = | o0 Fr) (1)
provided MZI- i leasl one mﬁm@’ém < AW(%, ing R recdb pc p(u=x
wnd X=§we ged J1on = <riy @)
Poplying (4) for o) =1 aud N=g, we get
J 460w Qo) < [ GCx). )
v IR

gfcouxg«la, F=G& ,fﬂm Q) and (3) we gat
J 1) o) = [ go) o) = ~ [ f65) p (o).
J s /R

Tf‘”%ﬁe) fﬁ(w)/k(o(u)) =0 .



