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1) froblana 3, Fristedt- G‘m,y-, e 13
Let X and J he tws roondom variabls fom a pobdility spece (1, 7, 2)
fy meachle spae (¥,§). Asame Wat e et A= fur X(w) # )
§ an event mem? /mlaérfz[y 0. We by Bt X and Y Rave te same
detribution -
Te dithdon o X i dlgoad s« messe Ghon(X,),
K (B)= 2(X®) vEBEZ
The dighibudin of Y & chfral as a weasre Gy on (£ 7),
By B) = 2(¥7 k) VBEF.
Tele €y We wed o show thal Ol (B)= Coy(B).

Q,6)-a,0) = L(X6)- 2(r®)
By B,

= 2(7\8,) - L8NS ,
For each w EB N, V(o) ¢ B andd X&) ER auwd bene
wEh Ths mglees B\B, <A J’zm;&ré, ENGcA
Becue 2W=0, 2(BAB) = PBNE) = 0. Threpm,
R B)= Qy(B) .
QD Ledlem €, Fristedt- Gy, page 3.




Let (U F), (4,§), (6, ) be messable spaces and Yo 20 &,
V:¥—O k m«&umlaﬁ punchions. We show (Rat 22 VoX: 1= O i aho
& measwable puncon.

Tabe BEH We meed to by 2 (B)e
27 (B)= focft: 2(0) = V(X)) &8
- wa—JL:. X(<) €Y(®) )

= X (YY),
Becouese ¥ is mm‘umég, \/-i(B) € ﬁ : 5&"%& X s Wffﬁ‘ufé«ég/ X -{(‘Y_’(/g)) {F

Tus, 2'G) €F. |
@ foblem 45, Frstedt - Gy, pege 57.

L 4 be o transladion- vt measure i (R, B), wlere B is Tle Borel

b field, cadigying p((00)=1. We sk Wt s e Lebesgre measre a5,
Td 5 b Lo 4 ()= bc for ol ab €R, «<b.

e < fusdhin. p- (o) = Lol 6= u((00) - We weed o shao et
= por ol (70, Becanse p(f)- 0t and u(0.0)=1, £ = 0 and
)= 1. For €,570,

fets)= (Do e+$) = w((0,7) U Lr, 749)

= w0.0)) + m(Ce,res))

= }4([0’_()) Sin M 0§ "fmuslaﬁm\-—(wankd'
= 01RO
Thus, f is fondely aliitiee. For cach wénV,




j(’{): f(%ﬂ'{:"—-{*_&) - ((é\)fﬁ(ﬁ)f‘f'f(jq):“f('g)

]
S‘* s
A
i

e €N, 2)= 4315 143) = A HG) o AG)
m tines _ Mf(‘g[) — _%, )

TZw»s, g =v for dl rEQR, 720 Recause @ ([0s=) dense in (060),

Qach rE[00) is '(& ZM({' of « jecmmma fequente of racneed munbert (‘fr«)(

'Tﬂew (o,r) = g@ (0,4). Beauuse of e codinuiy of messure u P LTAVE

E(W\ /A([f)] fn)) . ,g:v\ o’ﬁufwvmls/

_f(ﬂt Lira p(00) = Loty = v
h=) o n~uve
Tf\bf% / f(\f) = W ‘ ‘jj re Cot V‘) J W‘Aﬁ?é\ mading
wor)) = v ¥ryo (1)

Tke a bER | ach, We went B how u(lad))=b-a Becuse [ad)=becr
[0 ba) and Hd p i Transldoninpaiad, w(ld)) = (04 )L ha
@ Adddiond peoblen A .
Lat i be & mmeasie on « weasuiabl space (UL F ). Depme
T- {RUN. B€eF,d CeF: u()=0 ad NCCJ.
we ono #e publooing stdements.
(t) ¥ ig ac6- ﬁe&(,




(i) Depine 5 - F s (o,2), 7 (BOND= 4 B). Tl 5 &6« messure
on (1, T ) et cowcides ol pon .
Becawse L=JLUG [ NLEF ,u($)=0, we gt DL EF. Take A€F
Wede A= BUN where B€F and NCC por some CEF, plC)=0. o
O \A= QN\RUN) = (D\B) 1 (2\N)
- (@\BYNn [(\C) uCewWy)
_awa@a)] v lene) 8]
= %, U Ny
fecamse B, C €F, B €F . Becsuse Ny C and A= BUN,, we

conclode ot SNACF.
Lo (A;«) be & Rqwna in . Wewand IQJM Hid A= QAn 6/27

Wide A = B.UN, whare B, €F ad NS G, for come GEF, w(G)=0

T 4l S ®yuny= (UB) U(OM).
n=| \V‘;’W\/ ~

| i A/
e Fis o epield, BEF . Pt C= JGEF . Taw NCC deconre
Mo CG CC o e GIN. By Dollemn @ of Honeworl #2,

ae) €3 . (0) 0.
=

TKM ,u(C):() Be.c:ows(, A: BON ( KGF,N cC ﬁm( /,((C):()/ wc Cw,dqa("},
tut ACF.



F\‘r‘(f,we. S{UM’ {”&wf o wfﬁw&f{ml ) fbff/}m ’f&d a et ACIL

wiilen as A=BUN =8 UN Wl BB EF, N CC, NEC fir sime GCEF,
$0=n(()=0. We wed 15 o thak 4 (B)= (8.
Recomse B and :13/ p[m} {he same rote, o soprees B s .t w(BIEu(H)
Tho s Ao ¢ ()= o . Considas We case u(B)<o0.
§ uB)-s(8)= A (B\E)- A(BAR) < 4 (B\E)
we Luwe BAR'C(BUNNR = BUN'JB cw'c(’

Thos, w(8\R) € w(c)=0. Hence, x(B)-p(BV<0.
Net, we shan that ; commcidss witl u on F. Fov exch BEF, B=BU¢.
Thas, BEF and /;'(Té)-;;(&uw = u®), Hus, FEF awd ilz =x.
Now we dlao TM Fois & heasure on F. Sume b EF, wlp)=ul#)=)
Lok (An) be « sequence of digjored sefs i F . wWete An= B ON, where
B CF mud Ny CC, for some CEF, u(C)= 0 We pinked it in Last G)
ok e st A= Uhns g The pom Az BUN wlere B By o
N s cortad in a1t of measae O o F. Thus, 7(8)=p(8)= p(U0,).

‘Becmw g[ 0 Kj < A OAJ = ¢ %mf ($£J (%;\> (S a fequenCe af J(S:}’m‘vd siefg

mF. Tﬁ\m, /A(ngb‘) = Zii /“(Kn) = i/z(ﬁh>

n={ | = =



ngrefwc) wlh) = ;‘; (R
@ A ddcdiond pmé&v: B.
L b€l and B IR, we dewste aBtbi={artl xR 1o B fo
e Borel 0= peedd o (R and X be the Lebesgue ieasure on B Tak
A LER . o $low tlak
O «Bth€BH ¥BER,
() A (aB+b)= lalA(B) WBED.

Iﬁ ©=0 aﬂfé: f¢ ’F b=1¢
{b] s B +¢-

I Qthf'Cov&é p «Btb i a céfw( culbsct of R and bence 5im B
G\fﬂe{v’ fge Case a,# O . De{?m& Q fuwdk’zm @ - @ZI(K)’—) (K,JS)/

%(ﬁ = l-:L 5 ne 9 CMT('VLM@WM, it g ediur QM T/ws , ((9-’(6) 6,8
A .
Jor A BelR.

7(R)= 1xER < ¢p)€BY = fx ER X2 =g @3
= fdtd-(‘-é gé@}
ag +b.

)

ﬂngwe, o+, € B .
Prmg 1 (&)

Dpa= O than A(aBeh)= A4} = im;\([uw) /éml = 0= /Qi;\(s)



2

CUMMI’}M ﬁ?\c cise @fO. Dgr?mz ,I/a@) = AQB"#Q for eacl, BER

|

We t?Wd sl thad p K& 4 masure on (ﬂ(@) Tt is clear Hoad (R )}0‘1(%{

A ReD.
g Aesh) O

[al 4]

[ <t CA,\) he a §rquen 4,;( cli&J’m‘nf gefs in B Lul B,-,l,—:. ah, +5. Tfu,v

B, 0 Bz b for mgn. Tudeed, sgpose here enisls % € 5,01 B Thar

Q—L—}”L' EALNDAL wlid s a coddradicioe . We L ave

a( 6A")*L = {mﬁé L€ 5‘%‘4} - Q{“%fté: L EA] = ,S:/,(;(.Anfé’) = Q& :

=y n={

Tfmx Aamlma t Dart (L'), B eR . 751.%5/

) . o
(). AT X8 2005 A, 5
= T [ :;T [2 "

[l
%‘%Fm, MIS A measure o 072,(8).

becausc of e wnigueness of Lebesjue measure on (R, 5 ), <l we neesf
fo bow reod & Tt ais 4 Lebesgua measure. Deoblom 3 gives us ynetood
t do so. Acordingly , we Bave 1o sbow Bt i Frausletion —invariant and
(o)) =4 For BER and c€R,
a(btc) H=1 ay+5h - y€ Btcy = Tateec)th: 2 €8
= {ar +tac+b ;2 6@}
= alb +ec+b- (1)
Becanse A is sl dine=invariant , A(aB+acts) = A(aB+4). @)



Than

w(Be) = 2](«({81’(()%5) ) )(a?flécﬁé) 2 /(}(;zg,-té) /‘@)

‘TA:‘S Peans po i Fraus (adon -inwns raunl More ever,
dosb= | LA o
(atbp) g a0

s, Aalo)+) = § EB)=b g <>0,
b= (arl) f < <D

= /&(

_Tl\zf?f”m/ /M([bz()) = l(%%l)——té) = 4 .

@ Addi JMJ meQemC.
W 2 :((fg‘{ /q’)»e,&t wﬁud 8 '(owgzzf in Cp ass déb t’d{ '(& S{{f{mj, cfr/ ‘(Zl,\s mé,éM )
WQ d&f'{'aj wft[\ '[z( 06 S(,lfwj (hne %«{ JZQG& x € [0,4) (s Wff{lééw (,(11,*7(46[6. as

— 9 Ay Gy Gy - ('IV\ .é'éfc 2.) |
wheve each « €001} Mfrhi{é% many of whak are O. Te enpres§imn szfé means
a4 G, + 4 43 £ = > A |

. = — + 5
2,4 2. 2 =1 2

Becowsc O;f f& w\,c“7ueus.s Of ymﬁi an euffccsm, we cam 4@@.&/@. f& 6&7,&44[4%

gf each @ MK éz w,q“tf'[yg = @(%)- for n €N a/vw( 0(6{0, 1}/

{‘%efol'{): Gin ('IL)'::D(} = \/ ) {16[0(4) 4{(1):"<1 )y éj“-‘(x):p(;l_{) qh(x):o}
"‘4""/”‘”-461‘%4}
- U/ [7”(f+__ ZX‘ o<+l) @)
oo d 2 R

TZL OLWW Cgn gé,- lj%cf[’:d fh Pﬂé&éﬁ(ﬂf& ‘éfb’«j age a8 M«)\) <. [&t




(ﬂ;uﬂ(i?) = (@' 4))‘$(Eot 1))/ ‘B) AQ 1& Fmé%é‘\g\b rtsdefe fpace m.fﬁ Le'é{%u&
measare - For eacl n CINV c&{"gw, a fum‘f@u w, : SL— (045, w, (W)= a, (W)

:geccmk,o; (i); W, (S & fanfdn/\ Vctff‘«%..

2 4 2o
For o €104, o @z =a]e [ 2 3, 25540 ).

Thus, P (o= o0 wn=ae) = L - @)
Now we return T Mx /;fv.l:&w\. Ld é( (-{L-( < ‘f,,, 5& /)051*1[1\/1 in‘/evfovs and

A - /“h 721 ce b

J=i
(S Gw -ev‘(’,w{ AZCMR, Qa,e,a\ w; ( éa)‘) 5 am «Zw’w\f e va CWPW{Q t’t[S’

,pméaézf(é?,, _}? wt m= é -n 20. -Tf e O ﬂfm fj-:. J {(fr aé( 1<5¢<n. 7&0-;_,

. | : @) 4
(=g ViCje) 5

Consitr 'ﬂZa Case m 24 . Lod 5 <8 <. <5, be f& «e[c.m.»jf of 'fzz st

(12 AN (e, o). Thnn

o 0\.) = q. V’{<—§V‘ — u {w . CGSC(W) = "(c. b "élgw\ ) Z9) (uo" )_.. 78 V,{gj\(” i
w“w_( )““J J ; lS % - J
' E’ 0(}1,,_,,9(,“6‘ 0(

: ' YA
Tzz }Js N ﬂza WM Qe Pairwis opt’ﬁ fm’»\f, Oack Of W jutg proé«;é:é% Zt"

5@0@%&@ o; (Z) Bv T& aa(io@(‘t(Uc‘% uf _/2

"
| = 1 - 2 _ 4t _ 4.
_E (“O = “"J‘ Vféjﬁl’l) = > o ZZ — 2}‘" = ‘24"”" - 2:1

"o "

ﬂwf@po&, w hthe Cases we gt

N\

.‘E(‘W 4 V{éj{m) =



(D Addrtional gesblens D
With e pmzalszl‘{g Pace (20, 5,2) ad ¥, candon varadle w, 5

jerem @ , W d?sz,

[l

VT R G v Z W ()
Xw) = ) o0 ) Y(W)zgz_(_ L

L
59@0(&&( X iS '{Ke @oc‘utwt%) «&M{f (;f a £a7u,u«cc éfmkjmm um‘fcéé;(if 3} 4/&0
n v(/’r)up‘@v.l,.,x/ﬁﬂﬂl)&-« 7& Sam S "[’fu,( f(“'f )/ -Ta& a,l, < d € [O, /(] , a{é{ C<£(

We Bow that L ((%Y) € (b x(edl) = (a)(d~c) .
i, we compde 2O EAx(GN) for f € L) Tp %= o0 =4,

ﬁl)% event {w: (X(w), V) € (I ( ;6,4]} Is ewd;fg ad Hhows Las pmiaéi&% 0.

=y

(onsider o case %4 €(04). Write
x= 0 &y

,5—'"- 8 F{/’z -
uch ot thure  are ik,{?inilLega My x's are O and ib\;{?ﬂu“e«% Indiig Bs are 0.

(in base 2)

The | -
{w: X(W)>v</7(w)>él = MU:' {W: (W)= % VAL Cm Wy (0)= i <,
()25, ) o f

S——
~

A
T£ V(w\:i Wﬁ\:i fﬁw A‘m” ?_@‘ If”(m‘:/’n=0 ‘ffw\/

A = {w: W, . (w)= & W< e¢m ) ng;j_’(io):,gj ‘V'({j(n / L%m(w) =1, “ﬁnq(“’):.{j

1

/AXCc«rmfmj fo fr\oé&h’l @, _Z(A»m) = = ol (Wélhlhg 1{00(}“%{5 ) we ﬁf




P(Am»\) _ v'( —de ) (1~ /n)

;ZV"“W\

We see that A Ay = of Co) #(mint) . Fas,
T4 178) = 2( | v ) = i 2h) = ;‘ (A-%.) (1)

22
M=y i ‘MK—/ 2 ™

= S :(__‘_ﬁ"w A= _ & = :(___/g_n

w%;l(*zm )(2“) (P‘A:{ 2" ) 2 )

- ( %) (27 -25)-G-00
Az_i (;Z 27)=U '
=y =

Tactot, D (fom, Y3g) = (ex)(-8)  vapelod. (L)

Dt A= o KO EGA, Ho)é(a )]
A= fw: X €], Y(s) €Ced]]
Astw: X)€(add, V) €AY
fo= o A €GB, Y EADY
As= fuo M) €(at] Vo) € (D]
Taw A = Ac U (AUks), A N(hoks)= ¢ ad A NA = A4 By )

2A)=(=9)(1-<) ; P(h.)= (400, 2(A)= (1<) (4-d) , 2(4, )= (1-E)({~d)



2]
MW, U= L) +L(A UMY = p(As)+2(h)+2 ()~ (3, ) NAs) -

CA,
Thws, D(Ac)= 2 -R (k) +2(h) - D(K) 4
= (1-)(1=6) = (1=b)(4=¢) + (A=b) (U=dl )= ({-2)(1-d)
= [(FD-(0)U~) + [(-5)-(-4)] ({-d)
= (b~a) (1-¢) +(ab)(1~4)
= (b-<) [(4=¢) ~(1-d)]
~ €-a)(d-c).
Tharegare, 2 (%) €Ceb) x(eid]) =(b-)Cd=c).



