Name : Tuon _Mam Math 8202 : Fundmnal, AW&%HS Zﬂ |

ID : 4452248 | Home work # 1

(D) Let X bo a tpelogieal fmear space (TLS) over R, and U de
mcg%wﬁmd of 0 in X We shp P h@tgﬂw&m{ \/gf
0 in X sud that V< U

e map Gug) Frcky and X (A)% = X Are Confrhuous Thag He
Cormprsite map ¢ XxX— X,

CF(’Lg) =%~y V%(g eX
i¢ aley contnuous. Since i 1€0) 0) = O/ T'Ku’c onile an gpen me(gﬁéo{lﬂc[

U op (0,0) i XX ik Bt $(C0) € U We £ngo that U 6 a wnine
o sels op the porm U, x U, where G and U, are gpe in X. Among
Hese sk, there must be one that codams (0,0) Hence, we counld
agome O = Yo XV where Vy aed Y, are opan noighbordsodk of O i X

o
Vo- = ¢(xV) = 4(0) cU

Dt V= VOV whidh s alew an opun neighbarhosd op O m X, Ten

V-V Vi-hau Ld x€ V. Snew xtV i a hogééwﬁow(‘ofx m X,
V)NV £ 8.

This means thare @t g2 €V swch that xty=2. Then 1= vy €

V-V U, We Lave sbawel that V< U,



@ |

@ Dovate by T, (04) My set of M Leéesgxu, peasuably fumnchimg
frona (o) & R. Tt ¢ « Linear space oveor K weth e aperalivng
T4 = )+ g6 Wy ETCQL), o),
€fx) : = cfn) Y16 TC(04), cER, % €(oq)
Define. aw equirelence el on 1,(0) as ol
fAf § & 709 = 40x) for bt every x ECO,4).
Lot 700 be the panaly of ll equindence clisses. Tt & < Lnenr space oer
R with 1 perations
[P1+04) = (fg]  ¥pg € PG00,
clf) = Lef) YEE PG (01), cER.
Here (f] dondes the equclance cliss of f.
Let p€(0t) and depome
[Ga) = T1A1: € 1600, 5¢) = [raitan <=
Than L) « « subsct ¢ Yctat). T e sequel | we view eack equivdenc
clesg as any of ct fefmedmﬁw, witl & convention it fuo Pewching are
conslered o game ¢ fﬁz? diper by @ sebik of mearure zew of (94).

(&) We, 5£mu ‘fbp\,uf: LF&?)({) S ] @ne&r S’f)da over //z .
L@f“ ,((? GU)(O,’I), cER Bofﬁ {{—9 amdl cf are [eéa;/&e, hf\wqu%ﬁ,mcﬁyh&

1

T(4) = Df et ftdx = ' Tp) <oo.



For 4420, we b He n’nquéég Gtl) < o'+l Thon

:

l (ﬁfﬁ) = J ;C(U‘f'j(x)lfd’k < f([f(@f-{—);@,ﬂ)@x <;({f(”)[4’j@vﬁf)jx

Tzwg, ij? and j—(—} 4{:&}«3 to U’(C'( 4).

=30 +5G) <o

() Deme < map d: L@OX OO R, dig) = T,G). First, e
Bow Bt 4 « a mebic o ons

)= T4-f) = 30)
fuppm 6{)@(5):. O for sove fo4 €

— :
——
.

alp@l{). T&Jx F(ﬂ%)-J(i)[Pd’x = 0. 7&2
5

(mi;(,)t‘cs {00 = gon) for almst every 1€,

For {4 €L’(OM>,

1G4.9) = J [#0-g60 e =

Fov f(g 2 éLf(OM)

A
f [g00-f60l" dn = d(5.9).

Wpg)+dGd) = j(;;<x>~g<k P+ 196)~ 4 ) dx

> {([fm-jemHg(%)%(x)l) dx

T SWIAIN

= J(f('&)

Next, we show thel (LPCM), 1) s a cm/;&f( metnic space. The metliod s
he wsed s e Same as e raetlod to show Bt Lq(014),qéfi,6°), g a

%am&(j\ S’({)KCL-



Leb ({n> be a C}ma&% fequence in LCot) . To Low Q,J Converges, ,~,Lg%/,m.
b baw et & Las « Convergence ﬂvé?“]%”\%~ There exats a f’“ék»?“enfe
) sk that 4(f £, ) ST por bl LEN Ry replacing () th
(?fhk,)l We Com af§ume

j(‘gufhﬂ) <2—H ‘V“C'//\/

Degme a map g (04) = (0 o],

Jod= {00+ 2 [AOESAS B
for each m €N, é&;gw, a map g‘m:(o,()-a[a, )

ful)= 00l + 2| fu00-fot0 ] .
In part (4), we Boved Hak I(utv) < Jw) + L) for M <o €01)
T '

B4 € JORD + 2 ZOp=bl) = 3lf) + 227 < T,(¢)+1

T othr voords,

—

L

Becoansc O< )< 40N FOIS- and Gu @) = ) amorom, by The

p - Yy
4423, < T Q)+ Hminl

Mmotme. Cmrcvg)enm T heorem,
. 1
fg(w)”ch = é’rc ng@% <I,féﬁ)+4 <>

Ths phies 460) <o for albesst every 2€EQOA). Than, tle serics

f6) + 2 (fuld= o)
ey
/LLkogdc% cmvuga‘f«f wa eveg 16@14)‘ Dente 'lh& Sunm cf f’g& fenmies



by f). Thom

foo=f9+ ffg 2C€n+¢(x)—ﬁ(m) = éw: h(0) | ae. wd01).
e sequance () coverger dneat evegoloce b f o 5 alho Lebesgue
meararable . We fave

o= 4 B ] < Wt 2 lhat] <.
Bow [pull <’ We bras (gotde <on. Then by the Dommated
Cowergence Theorenn,

f e | = imm f [l < fj’(’»}% <oo.

m= o

fenee, f L0, Moeorr,

'@M ,fm(\b)-f(x) W = 0 fw J’KOS’TL’ €‘Vc’a xé@,'f)/

i -fe ! < (ol + 1l < g+ igeal,
F(g(m% gl ) dx < o= -

B th urainchd oo T,

dom ﬁ)ﬁ(ﬂ'/ﬁ(’“’“d’x =0

%fd%eam, (f) converges B P in 1'Co,1).

(c) Firct, we show st te additin vaap 1704) xL04) — LCGA) , Grg)o

44 (s codinuous. Leb () and (4.) be sequencts in [10,4) 4.+ Converge

to f aud g respecively. Thon



O< NGeg)~(ft9) = A +G-9)
€ dlf-f) +dG-y)

—> O & n-— bo.

Thas, futgy tonds b 19 a0 novoo.

Newt, we hoo tht the sedlar melbylicatim map R xL(04) = [{0,4),
(¢.4) ¢ i Continwong. Lof (c0) be a fequence in R flat Converges B ¢,
and () be 4 fequence in ["(04) 1At Conveges B f- Thon

{ g

}(Cnﬁ%ﬁ) = Sfcn(pcjlfd% < J(c«fn -6 P[P+ /%f-cﬁf) dx

= fcnlm(ﬁ«y,f) +/Cu-cfpl;ff),

Recause () converges, & & bawmded i K. o both stmmands of e
ahive sum Converge b O a5 nee. 74«4, onfon Tends 1 Cp a5 = 69,

We Rure hoed et the mebic d « Cmvxfd\‘M witl . a%émf&
éf:e}fa,'l‘(m; in L'(o 1. TKU‘Q/M, LYDM) with 7& éqfveg& ineluced 43 A i
a 6’%’@7%@ Linear pace -
) Let A be a momemply gpon conven sedict op LO4) Wo sbono that p=Llio)
Toe ang €A Becuie o Jot (), o st A= A 1L] &5 an opesc neighborhos]
of O. Moreocr, A= Lf(m) i and mu% f A= 1N0q) F% r-e{)&(ﬂy A it
A, we cam assione. A Codaine O Han A codains o hall of radius v Cewtered
d O, dended by B, .

Pt A= 251 Sepese By C A o Some § 0. We oo Heat b, <A.



Let AEB, T 4
[ 1P = dG) e

6
g“@{ Mf P infe ((A( .
€ Lasse I S M/ hap ‘F [QQ"’(K/ 4)& j K(U’dx,
1
is codtnuons. Sine @)= 0 and ¢(f)= JM(MPJ"—  {here 6%13CC a € (g1)

such 1Rat ‘ 1
2= [k
Then

) [[d

1
[ucatn- 4 [l b =4 doy)< %,

j%(lﬂfl“m Z, gl%@f, o~ -/Lﬁﬂ’/u} 9%
Bt g=280 Ky el g= 201, b Ty decdts o harcddenche

!(AM(JITUM Cf M < (o, 'f) r/%u« f and 0/{ ane [Jegd,a_c WWQM We £"Wt
5{(0(;() J ﬂ’”"ux = fl 0] % 41 = f’g(ﬂﬁ/x 4 Pl _

d(ag) = fl?m;oh = J,@ K =2 fg(,b),/)dk <z
(ﬁwg fjcgc/} f)\hce A s Cfﬁ’\V@'“v

4: L”Cév, T ﬁx(m) = Lf_rgij 6/%.

Ne bave hoved ot B, <A
AW%“? s ces b for $= 1) §= Ar, s=3r, 5= Yo, Consecuhie )
we gt B CA por every n €. Then
A> U8B, =100

W A

| WLUW) /}: LP(O«f).



() Lt T: LA — R be a codinuous Linear functined . Wy el

thab To 0. Supoie by comtrcdichion thet T#6 1. Thore eniste g €/01)

suc that Tf, £0. ﬁg ref&ang ﬁ wift, “f f recEsary, we can asume

Th=x20. Jut

A= {pclon. T <2<] = T (6=,20).
Then A « open in [F(04) hecamse T s contwons. Ao, A s not emlofy
becwmsc g, €A Ty g €A, teLOD) Than
T(tg +0-tg) =t t(U-T5 < maxiTp Ty} {2<.

This mplles Y +(1-t)g €A Thus, A s convex. By Dartd), A< L(04)

fne TBL)=3Tf =3<224, 34 € [0 \A  Thas s a cobradecton.
(3) Lt X, be Banack paces aver R and T: =) be @ binear maap. Lot
Ny 1 Wy recpecively be e weak woﬁgeics o X, Y. We show That The fwo
qﬂa@Zmn@ dafemens are equivalent.

O T D)= (), 1) € contrnuous.

©@)7 2 Thown — |Crwy) T Aolin et .
Lon ()= (i)

Sigpure T XD = (V1) s contruons . We £nan that T;,ngi,).a(xwy)
¢ o Drear map befween 1wo Wo-@oﬁfcd Ainewy paces. To Loy &«
Confinuons, We mA@d peed B oo it & codmuons af O Let V be an optn

neijl\l?vfﬁoé’&( 6/{ O i O’, w},)_ O’?Q, 6%{! Of het‘ﬁéétréoodf Gf O (h Q// V\/y)



3
s the famc@; |

Zc\/gﬂ it = ﬁ((ili)njz(f'&i?)() /)jh[(a(é)) n€ENg,,. 6, ;;Dj
Hﬂ/\&, fﬂg.ue exst nEM, i1 G G)’ and £20 sucl. fﬁd

-
\/gu}z, 0y 282 \/

Dt fi=g°T for Al (<50 Sinee g €T, [P Then
U= fi ©20) N EGra) 0D 1Ce0)
s an opew neighborhood of O in (Nw). Fov eack 1<j<n
) ¢ T(/}Y@a,a))) = T[‘/_'(g;'((-i/w))) - gf’(’(‘é(ﬁ)‘
Thus,
) ¢ 4 (Ceo) N (Ce0) n.. lCew)=V, <V

Friu e
QGW Gf) S (c‘)
foppose T2 (Xowe) = (V) is Cotinuons. To shao that
T QU0)= 0 & codinua , by e Clned Gmfﬁ earem ) we om/%
need B Show thal (Re grapgh of T
r(r) = f&Jm) - xeX]
i¢ Aoved in (Xx}’, ). Let (u) be a Sequenc in [(T) that
Converges 1o [1‘3,)6 Xu) in The product norrm. Write uma(xh,Txﬁ)_y

772@»» %, =X in (X”-”) and %’Txh ﬂ“; In (Y,//.H)_

Bearuse Y Converges st in nom x) (z) Converges WC@L*% RS



ol
Since. T2 )= (%) 6 cotivans, e @fucnce (P ) Gonerge
we@%} & T Becmpc (T) converges n nom 09, () aley Converges
veally 6y g Thas, y="T~ This implies @ig)= (T € [(T).
B Lot Xy, Xy X, Y he Banach spaces over IR and| M. Kpckowx X~
be & mubbilinear map. We show Hat the fvfgwm} Stafempnls ave equivalent:
() There enits a mumber ¢ 20 such that

(l M (g, ) || € e el el ¥ g0 YEX K x X,

(cc ) M i conlinuous .

(m.\ M k(mmfe% cm'fihuuug ( (€. cm«f’(huou.g in eadd V?m‘aé@),

Foow ()= (&)
G‘WW‘ tg\pfe, @uzis' a humler c Y0 MCA ffim{’ ’

| MGy o) € el Mg ) EX, xox X,
\’Ui §‘£M ﬁ\&e M & Codrnuons . Ld (40“\) be & f(’-v?i«emCe_. (h /QXXz X~~XX

ﬁﬁd Converges to a. !/‘Uﬂ’t(’,

) (m) (m
= (Q1 ) Q’L /) qn )/

o = [621/4?.1-“/ 6(.,\>,
T/w,y\fof 66‘»014 /léJ{n, aJ(."")__.) 4 n )(, &y Moo - (T;Keg{ m feibtemces are
éomm&a’? ) 77/9‘0& ,T&m exals & mumﬁw N>0 such M«:f

[l ¢ N AR, HmERY.
We can pick N gk ot N llall, el e



[ ME&™) =M@ = || MG &,
oM, a8 -
+N(4‘1, (""’

+ M (41 1%

.(..

(M)) M4y, % ,-- L@ )"
M (4,47, ., &)+

- f,m> M (ﬂ/au b3 / )4£M))-f

43("")’_ ) )(4”‘)) M (41 élc{(j / 4{ i /("lﬂ(m>)+

+ /\/{(&1/, Gn-1 ) diw‘)) /V(d" 1 G- "ak))l

= [ M&ea™ &) +

+ /Vl(‘i} ) %_(M)

+ M4, 47 ~45, 44,( )

(m) (m)
6(5 fy 4p‘ ) "l‘

,a”)+

+ }M(éf/"'l Q’\'H 45‘"‘).4;,‘) ”

M=, &7 &M+ IM G,y 6 )

+ 4 MG Gy a" )'4“)”

< el

, n-4 :
L N 4M-al 4V

< Cn l\/h_‘mmc§ Hﬂj('ML 4 I

g Cv] J\)" h’\d%i’l

‘TZiM, Il M(am), M|l

lgeca.fma, each fequente (c;j-m)m Converges b a

NI + ¢ Nall i &-a el - 18]

+ o cllad Mg, Y-

R S VA P

Z’f\{jé’hj.

gl A<y end.,

A

G, L = 0 o



Z]
Lo 1M = M = O.

) 00

Do () = ()
ﬁ*ﬁm M s contrnuons, Fe‘rff, f’m 2, gazzf"@wﬁ agum\/f;. 53 4{,_6)(2)“_

Vs nd

aAex. Consid e maAp MRS Y M E LM 4,4, ) por M €N, |
Let (2) he fejuenct in X, that Connrses to v EX, . Then (2) G- 4 )
(h, by, ) Gn) in Xex—x X, & mooes, 723.- fhe Cofrnncty 5 M,

Mt @1-0a) — My, 4, a0) a5 m—oa.
T oo wrordls, M, (am) = M Go) s mooe. We BLavre Drsedd Bl M,
i conbmuous
Tu care at anctles turly of (n=1) arguments s Aosen f be Preed, we

stll Aol the same way

Jhow ()= ()

) We show éc} inducfia. in n €NV 1%4,& for eadd, s’e/mrzc(e& Cmfinuong
mudb lingar map M )ﬁx--x)(n"" Y, Wore exiils a number ¢ >0 qudd, Wat

I Cey 2y eIl < el ol Wl ¥t ) ENx A, . (1)
/fw. n:,i, (:{_) (§ Cqui VAW' B fﬁ/f M v catinheowe ﬁn(,(_ M%A&g an,é& me
Qrgui%\%vt, ‘[& &‘ey)fu’d‘e Co’!/\finuil% and Co%fl'huu‘ég arg t’ee, Same Tﬁq‘ (,/) 5

true -
ya{’r)m‘{ ({) (5. W flfV forne V\C”//U Lv‘t M : X{X '“)()(n )(‘)C\.H.._) y Ae a

)muﬁﬁﬁ[mr map ‘(Ka,{ i @e{mmfe% C-W\f("huou,g, FOV QQ&A, x, GX(/ Z‘& M"f
M Xox Kxex Xy, 2, Mo, amn) = MO % X0) is nallfibinecr



rd sepisckely codiucns. By thewducton hpless, Hare exsls « pner
¢ = c0x)>0 such Wak

175 Gy e M€ eled Dl D U oy €Xoix X,
"i/ﬁiz means

11 G e € cCOIRl gl Moy %)) EXyx ik, 0)
Puk T =X x Ky N10,0) . For eack (%) €T, 1, map

/wxzr) T+ : X{ — y,
M (’(U'Zz 1) Xn_f()

My o (%) = Vo &
et el -, " Eh

(S j.«'m:w awj C(/%ﬁnwm«& ﬁgecw O,F (2) ; 172{, &/e»

{ sz_,w.,, Ky (j(-,) ‘ (lzz - x?vf/‘) éI} |
5 boanded i ¥ ?fé"”f each 7“‘6)(1- 53 Mz gﬁm&év Steindiaus 1aﬂuyem, t&
%)am(&g %cf conlinuo xﬂiﬂu( hmeps {qu“,,xnﬂ}@vﬂ%ﬁ) él'a L(,Mf'fcrm«ey,
bomw&o{ . TK@{' « ,Tﬁe;{e evuﬂi; @ V\wwéer cf,)() S’ad fﬁaf

el M)i).!"'lxrﬁ't Ol € gl V@:»-;KH,)GI, Yo €k,
Thus I MO - )

o - M M
Tﬁmﬁﬂl WM % e )| € Gl e 1= (o ] For aﬁ"gé}((,kaé,{/
) Ny
(B) Let min €N, pq €01 0) Suppore (27 &) axd (K dy)are onethe,
re tore ensls @ bjedig map ¢ R R such ot

Ceo iyl ¥y -, 2y, )ET, Ho, €X



4,046, 89) = dGg) W¥yel (1)
Fict) we koo m=n. Suppose by condradictioe #at m 4 | B repllces y
b with ¢ necessiry jwe canm agume mn. We nao Bat all noms
in & foite - dimensionel rormed gechs space are equivdedt. Thus, there
ol a number C= Clamnip4)>0 e that
Clall, < Il < Clall, — wuel,
C vy < Mol <Cloll,  Yoer’
T bpobogies ndsced o I by e welris dy and dy ave e same
(ilily, 4, and 4, vdue W gme bpolagy on 10" Thow (1) imphes
4,(0, ¢lp) < C Ay ()1 ) :c{,,(ng)<ciuxg) Vag €l @)
Becasse ¢ (D), ¢ & cafinuons, (1) alivs onplie
4G y) = 4 (60, 6'p) Yrg el
whlich milies & s cotimuons. Thus, ¢ is a Zomow%wm Tn padtialar,
b a Borel-measurahl map.
Since M u, W Can View R” as a subiet of K vie T injeddine

(\%"(;1"/;("" ‘/lnﬂ)[ I__—> (]‘";’-17—«’ ""rm" 01"”"0)/ '

Leb B he Y‘?«ﬂz open wnt ball centered af (O in UJZM, dz)‘ ’/"Kw 43(5) s
k" |t j he I%L usuel [eéccgo»e, measure. in IR 7"4%

Gpon n

p(8)= O Bytbedepontionsf For eath £0, we can cover B by bl



?

%1 / gl / 53, h (//27‘( 4!7,) /ead\. C@Mfﬁf&«{ da{" a /70114,{,' in ”ZM/ ch&
that

g

5 () <e. Beesse B (OB = O (RN

=
I

Weé\,&u\l‘& . o .
W) #(JBIRT)) < O 4(BIK). @)
LJ aﬁ,élzw‘ é’{ Ufg Cew‘/uf ch 6& 4’4&”/( n >O Zﬁ "{3 Ww&“*& FGY CQ(,ZL
4 6&(&01’2M), wale y = $() for Some e By R Sine %, 4 C-WZT

-4, IIGK,V,/”J’L) = | vb@llw, ) <

Than )
o’PL(iSQt)/ 45(41&,)) sz(fz ‘%) C lk ’%l I(I) (C ..
¢
'//Ifus-; d gc&“/as* b T Gl caddered at $(a) with moliug C'lfk tn KV\.

Dencte (s ball by By . We Rave laved et $(B MR C B Moronr,
w(8) = Cp(B)
by G), eB)< gcp(ﬁﬁ nR") Cigﬁi T,
w(#B)) < gﬂ(ﬁz) - " 2/«(‘5&) <s CF
Becuse. & S0 wias ason arbitrnly, « ($R]))= 0. Thus s « cobmolictine
Becruse $IB) € a mmew@ gpen Subiet of K" We Lave sLoved m=n.
Now asume n72 We sbow Bat p=q. T map ¥:(@)d)—

(4 dg), F()= ¢~ ¢lo) i @JCJWE and ©onetc. %a/&aﬂ? b ot



[¢)

¥, we can assume $(0)=0. Supre 5&1 contradection Wat p#9.
'ﬁ,@ ref&a% 47 with, 4,“ [q[ Mc@mvg,we Can  aggune /féq <f <oo,
Considler o Cases | p=o and p<ee.

@»p:’oo .

We seel codradaton from the facl tat the wit bl in 4 )

i dh‘d% covere wlhile P wnit Gll o (ZQ", Ao ) & not. Take
w=(10,.,0 CEIk,
4= (H,%,0-.,0) ER', O

Thon Ul =l = P52 =1

N
Pt wu= ¢6) and v, = B(4x). Ton « # 0 wrd
ﬂk”? =, = {,
Iolg =gl =1,
”u;m// 4
Thon “ullq + vl <= (lu- Ux” Becuus. g<{%, u andl =0, are pamM

Wrte u= ¢ % ,For?m & K. Becruse //ullqzﬂy((f,i =1, ll= 1. T,
W= 7. @ec«wﬁc ‘4%‘“&, U MM'[L& @qw:,étb—(v& TKZA/\ Vg = % ;%’
ol %6 €(01). 75«{4; s a cofrnolechon Recouge Yo 3 Yp for x#£.



@

We oo #.t ¢ 8 < Lirear map. FI@#/M oo cﬁ(—x}:—-ﬂh)’&r

Afﬁ X.é:m’\. (F‘f)L % é/ﬂ" \{0; QN( /'“/t - (ﬁ(%)_/_ 4>(~79) ‘ rl-;fu‘/
' 2

dolo0f0) = lo—sll, = E8lg ool
(5,60) = Iv—¢tual], - .

=ll7d}?, ),

Ay (51 8(0) = llor— 0, = M(’L)-cﬁ(%)/lq _ -l
1 (01469) = lr- g0, S e

Recausc $ i« byedve |y = H) por ome ER". Then
Ay (v ¢00) = dy (80 469)) = 4 (w2)
4‘?7 (‘71 4’(‘3)) = 47 [4’(4), cﬁ(—x)) = Jf(u, —-L) .
By (@ and (), dylun)= d(w=x) = Il
dp (s + 4 (w) = le=ull, thutrf, > ) w2,
T, &]Mﬁg must Lobd. Becuse p<oo, x—u and utx are mwﬂé
cedrs Thew wand x are o ﬁ@ffcﬂm. geaum, r#0, uz= ot for

some C ER
J(er)=llex =xll, = Te=] Il

| AF(U\,“I): ”C% -{-%”,9 = IC‘f"” h’”f
VZM, lc—ﬂfk:fcﬂ': 1. //KG »X‘WRM M@ zj ¢=0. Thon wu=0. We get
Hx)s $(-2) = Zr= 24(u) = 0.
7 , wt X, (1
Ned, por Y er”, we R Hat 4,(_%2) _ f(7fja)~



,Z\e mwp ﬂq d ) —> (/K d?) 49(%)_, 4> Q._’L}_;i%) qb[w)
S &Ju’hve isomefrie, and 4’(0) 0. (% Tze prevoug r(ﬁ!w(%
‘P(“)&; = = 47(}37&) )

WM hecung 1
0= 9(252) =~ (49- 4 (222))

Tarepare,
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