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(D) Dende L= fx= (e, ):ny €€, ZJM"O»} We £os Mhat 0 &
o Basch space with o Il =(Z 1) Leb () be & bownked
equence of Compler numbers. Define « map T {—¢"
Ty ) = (Aox, Are, -
Firct) we shaw that Tis a lnear continusus operler - Pt M= gep [ <oe.
For % = (e, ) €4
élmﬁ: 2 Il € M3l (o )
Thus, Te) €€ and T 6 well - dpined . For x = Cure) ) 9= (i, ) €Lt
wd ¢ €C,

T[cwcg) = Tlerctyy C'Xl{'??lr")

—

= (leyt9) , Ml ts,), - )

= C(zﬂﬂ )ﬂ‘u"' ) t (34(71 ) ngjz/ )
= T+ Tly).
Hene, T 5 « Dnear map. e {ke«(uﬁt‘éz (1) in\V@'&s
T M el
Hena , T s codinuons and (T 200 <M

Next, we describe ﬁﬁz spedrum cf T. To ds 5o , we (ﬁm’f *md /e @i&mva/m
c;FT . LJ Aé ( Ae am e«‘gu«\mj'«@ Of T 7{1 c@rfwhm of ‘-’6{3,%%.[%5’ mg § éfwf



Here uicts = (. ) €0\0Y such that To= %@ s equlim s

GlIwi\flvM tb

Sina ’51'75 0 for Some J‘G/N A= 2 .TKIS (mplics ﬁfe, erg,mva/uz,s of T are amm?
Q‘{I')z(%;r' Fo'/ {MJC//\/ e f“/’e 'L (030 /0/'(10/’—" )?{"0 T%@M/

W=T(0-040--)=(0,..0%,0...) = 2.2,

l 7 J

J J :

w&z& (MV&CS 2 S @ ergn value %T e concbude fﬁq,(/ t& et (;f M ejen vl
g T Dinen) | |
Dew’ft % G(T) 1‘& Fptdfﬂw« Of Becamje, An e(gew\vd% (s @(750 a 5'/>e¢fruﬂ,
vadie d T, {2 neNF Ce(T) We by Lupo tlak 6(T) i clred o T |

A= o meN] < e
We w1t Y twp sebs aw acf% equal | Tt & t oo 1 i poreacl,
AEC\A, T-2Tdp has a dinear colinuous nvese . A s Coupeck becruge
4 6 bownded and cbied i €. For AECA , At () A)= §5p. Thew
(M-0]% §  WLEN

e Cequnemce i—;’% 4 Joe 6 bonded in € Ac'w/a&hj to %, fl‘rrl‘

art o our ,,mm T A, T, Vo/M ., X
P 6’f prhir 470 ) T(lmxé, ) é4‘> 21_’2 )
(S well- A?ejinea( / Linear and  cadmuons.
?a (T- gfﬁlev)(:b): T(Tw—)x,) :’T((E ’))”‘L», ;(ﬁz'))h,)
:(5‘1'75&1-“— )




T-234)0T6) = Ty - 29 = (Al BV, )
=¥ x
= (@1—)) ‘ /caz-xﬁ—”——/—f—)
A't.*) N
= (11:7(2./' )

= L.

/gmfef?afe, T ’t& (nverse of T=2 la(

(D) Let &AM, CO)- T can ke viewed as « binear operitor op € sohine
méix resdddiog w e danded bus (et 2) & A Becwse €
!@mh-o&‘mmgm@@, e specral vadus of A are lso the egonuidues, Phus | TH)
¢ exadly the s op ol of The Baredenste polynomicd 2(3)= det (IT, —A)
lidh & « pmite seb

Lat R 5 [Allpny and ¥ be thy clsed path TH)=R e 0<t<2n Al
tgenvelics ¢ A Rave modills Les fhom o equal to 11 Allygry | S0 They are

enclosed in T We ¢bow that

| Yy
1 A= L [ G- wzata. .
AN oy
. O)K 2 Tﬁﬁrd'sfq) 5t shou ﬂidgwgg(fl =R
brom)'= b (ne DAt ) (1)
W&m e Geries @S {ehen with mped b oi(C) nolrm.
A i { IA
4] = ranan < 2 v = ()
J tines

Because i({’%"r (o, ‘Mz Sevies on f{a NZ;’Q{ ﬁw cole of [i) Com verges
J=o
(AV\(FMW% Jor A e¥. Tw pmﬁ‘w&r, bon A — = 0.

M=o A



Denote B= RHS(L) . Wehave
QT -Ab = @M(I_A)(zf f)z*“‘A)

a—y b )

QW\ (T-* ——-—-—~> :Iy\)

m— o ’

"y

2, -4) = Lo L N N [
g (a1, A) o (T, + ) tet —ha-m 5

X A ‘

:»&ﬁ (7 »’“‘“) :'T*\'

Tﬁwfm, B i 2’& mverse of AL —A, T, ec[w»fc‘m 1) Jwﬁfrcd. |
- Ga £~
ﬁgﬂ/\ )i(ﬂk‘fé‘)‘: Z_ A JAJ Becanse th serxs Cowverges mﬁrn«% |

WAGT, |
[ A ~ATD - S f Yy = i[!»“‘“ﬂa)/rf )
J J=° J=o

We fave

v —_— LT L\m i
[aan = Jrrven = (& Rt
¥ > g "
- J VAL

If m= -1 t&n’w y %4082 = c'f:&% = Z'[n' .
¥ )

(mt)E |t=2T
T mtl o  [am,, e -0
f [Fur = R0 5 .
T, 5 T o {zm' ¢ j= L,
¥ O ¢ JFk.

By (1) we gt J»’“(AZMAA 7'A3 = 2 A

Patfoe A= L fﬂ(AJ ~AVAY V=04

o



Nexd, we use Hese deditics o prove C’“y&j‘ Hamilton TK@/@M{ wlal |
fugs et L(A)= 0. Wicke D(3)- 2 w25 €C. Tl

D/ = < al -
Na)= 3 ah = 54l JA‘(AJ;-A)’/{A

L] (%) (47, - A)ld

Y &y
Here G(3)= deb (AT.~A) OL- 4)" § equal b %o s jugate nmanx of
AT~ A. Eack odry o matroe GO) 6 Hs a pelynownl of A This upllcs

& 6 a %}@)M«)'f{)ﬁcl (fuwc}t(m, m ([ TKUW}
P(r)= £ J@c\m - 0.

@ Let X be « complx H&me space and T: X=X he a quasi-Lermetian
perchir. By deginition, T is linear Cobinuows and thare exst o sedp- ot
e G with (Gx,x)>0 for all xEX\f0] ek Wat GT=TE.
(1) Suppore T s also « compect perchr. We oo that all gectl valuas o
T ave real. Pewsde by T the ety map on X Tp atbi, whire ad €K, b0,
s o specdral vabie of T B ¢ 5 & specal value of £T = 31 Tudked,
()T -TEZ' ) & b[3-(4T- $1)] € ITX)
& iJ- (-bi;r-—zii‘) e LX),
T’

Thus, it suppices fo s That ¢ s wot a spedrel value of % [~ T for any



abER b£0. The pertor {-T 5 quast bemmctian (will the same map 4)
and conpack. By consideriny AT insfead of T, we are toshow Mhat ¢ i
mt @ spectral value of T= aT por every @ €R. Fix a €R and put A=T-al.
We don it I-A€ LK), Sogpae T4A € LX) Thon

@I-A)W: (T+4%) (T+47) "= T,

B
RUT-A) = (T+4) (~I-M)(T-4) = (T +A‘)_‘(1“+A’°) =T

Nile thak (D) qud (~iT-A) conmite because @A) and (i1~ A)commude.

Thon B is the coddinurs mverre of I-A Terefore, The cemainnng fusk s b

oy TAA €L T st for X=10). Consider The case X 10}, We Aave
Tia= T +(T-aD)'= (4+4)T — 2T+

= (1) [T- 2 @aT -7‘)] |
1+4
N__._._z/\/
o T
Pt S$=2TI-T. Thew T+A"= (4t4*)J. Supprse tlere el @ number ¢ >0 Scke

that | @+l 2 ¥xeX, Idl= 4. (1)

Then (T8 injedve - Thus, § s also injective. Because T s a Coupact
opertr, 0 ¢ T Thus § s« Fredbobon perctor. One corolliey in he Lecre
o 03/t ggs that Suzmb s soluakle por every LEX ip and oxly ¢
fi= 0 has < Lnique aludine x=0. In our cag, s injedive , so t

§w(}'e4:h‘vt 53 {&I Cofﬁ%fg. Tjw&, CH’AL) (s dfso Su()'edrwi. 7%@, (IfAv)




:

has a Ainear mvese - Because of (1), (T +4)" s conlinuous Tharepoe,
we. on%} need to shao Tt Heve 8 a number ¢ >0 gatspyong (L) Spore
by contradliction that hare o no such ¢ Thow for €ack w €I Thare
ot o €X, Irall= 4 sack Bt [ (248 )l € £ - Them

(TTA'L)%»\ — 0 a8 n—roe.

e Aare . L
(I#AL)%V\ = % +(T- 4I>"h = (’{1’41/)7% 2T, +7T .

Recarse T i Caw\péwﬂ, and (7(41) s 60um&,o() (Tr) “QM 4 CWVWW 5’(445670\%& y,
(70, By sylicing (n) ol (1) we ca essume (D) coneiges b

= 4 (@) +2 Ty 4 T(Tx))
A+ta

/vefo Cammgq &5 h—yoa .
[t )| < M@t )mll @l € I +A%) el 1 G

Tos, Lin (48, ) = 0. We heve
Gh= G(T- D)= G6T- a6 = Thab=(T-aI)c = A (2)

Write dimxg =% - Becanse mll=1 Yu, %l =1,

H{MC@)

(482, Grn) = (i Gxa) + (A Gr) = (@) + (A Al

L () + (M)
>0

7‘@\5 Imy&cj (,(:T‘f/’\t)%/ &7%) P (6'7‘««;7‘44)- (5)

We dave | | | |
M 1))~ Gro ) ) | = [ (G yn=20) + (G =G, %) |

< N Gunll =]l + 1 G =2 [ 1l




G =l + Il =%l

—> 0 @& n-oyee.

T&us, ueévv\ (&u\ ;M) = (G%n%) ' 74‘2[»\3 n—vo (h (5)/ we M 0}(6%,%)(
Thus 1,2 0. Tig contradecls e pa et (ol =1
(ic) Sugpose X s fmite dimensional . We sblowthat T « 7aqs«v-£em6fmw ¢
el mﬂa f X has « basis I whick T i represouted /58 & redd plmg@nd
madvie .

Firt, assume | 1 1%5[-&%@:’. @g@‘u ((117)): = (6%3)%0{% % X
T |

((C‘Ll‘f"lula»: &(C%l % ‘3) = C é’(iﬂ 3) + 4:(7%( g)

= C((Vﬁug)) t ((’cug) ‘\7‘2'4)1&/3 €X, Ye€C
(Zg\x)) = (43,%) = (3,5%) = (Gng) = (vy).

(1) = (Gx,x ) ) 0.

(o) = 0 & Gur)=0E 1=0.
TAM' C) & an inner Pmd‘“‘/f on X. Sina X & fw"fe c{t\menﬁm@(/ (X ((,)‘)))

¢ olio a filled space. We have

(Teg) = (6T, q) = (Taxy) = (64, Ty) = (% Ty)) Yryex
Honee, T & selp ~cdond as an gperatir on (X,(C))1). Beowse X s pone
dimengiondd , T 6 & Conpect operatr. Moreover, Tha spectral values of T are
dyo e eigonyeducs ?? e gectrel Teorem por selp-<djorut conpact peris
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o & Hilheit space , we couchudy Pat X has a basss Consisling of eigenvectors
QFTV Tw ‘Muz hasis ,T (€ repfa%»du( /;? a 6‘{[454}%&@ malvie dléj (3(,31,-..,A1), |

Fad D ¢ an eiganvadic g7, it reel by Parl ().
Newt, 2t T- X X be o Linear operalor Tl s represented by matrc
D= diag Wy D) with Doy Dy EIR in soe basis of X. We dow
tht Tis quas-deomitcan. Lef B be an orthonamil bass of X- Dendle by
[fJp the madmc represedtadam of a Linear ppevalir £ i bass . Tere enisls
o i P ECLOC) such thet [Tly=27PI. We also duso that
(77, = LT3, whare A7 dewdes the complon Conjugate of e trangpose of
i A
Beowse D a real diagmel matrin | D= D. T
[77,= (2'01) = pp@ ) = L2 e = P (PP)

-1

*)
LJ'P: X-—v)( ﬁe ‘t&@ JQMW oyerda{ waose mdﬁk Jef/egefx(ffj(m\, in J/‘S (S f . /)wt
4=FF. o (¢l = [FFlg= [F]J; fﬂ& = 7P fués‘f?"fuft‘»j G]e b @),

e
[T, = L6J T, (6] = [6T67]5.
Hene, T'= GTE™ which gives GT =TG- Becrwse ¢"=(FF) = FF =G,
boes sebp-adjodd.-
(Grx)= (FFx,2) =(FuF) 20 Yrey,

(&x)%): O¢=> Fu=0.,
Fic invertibl hecamse ( FJJS - P an verdibl nealeon. 7%%&, Fx=0 q” Gud



om% g x=0. Wegel
(G = O x= 0

T@m@m, T is quas-bermitian.
@ Lt X be a Ut space and Z(X) be the space of bnear Coitrnuous
operadors on X

0 Lt ACXX). Suppose A das o Lot merse By and « right mverse B,
We sbow et By= B, By deption, §A=AB =T whee T derdles e
dontity map o K. Uting e assocrctivity of map Composition | we get

B.=8T=28(atk)=06AE = T6, = 8,
Cosequodly, 8, s alis gt ovese o A Ths tples A s muertible
() Let AELN). Supose A has a Leff mverse B. Fiest, we shiow thet
A e, Thet © b show £ A = 103 For x€LarA,
= B = B(A~) = B(0)< 0.
Next, we haw that AX) & cloed XL (5,) be a sequena i ACK)
thd coverges B some g, €X. Becarse B s onbinuous,
Lo by, = By, (1)
Wrele o= Axe for Some = € X Becawse Bya= BA% =20 (4) says
hat (6) comverges 1o %= Bgo . Then Linny, = Lo Ax, = Ax, . Ths,
y, = Ax AN,
Newt, we sbow Tha Hhoe exis a namber ¢ 70 such 1haf
[ Axl Pl YxeX, (2)




Ty N = 0], @ e becanse btk sudes arewero Ty X 410§ then @)
5 equivalent to ‘
(Al % ¢ Ya€X lll= 4
Suppore. by codrediction thet Here & o suck ¢ Then for every n €N, Bore
ks v, €X, Inl= L such that ([ Al <A Bovwuse Aram 0 a5 nro,
1. = BAx = B(Aw) = B(0)= 0 « n—ee.
T« a codrediclinn becanse lnll= L por every n€N.
(o) Lt A€ Z(K). e how that A das o bt ouverse f and oly i A7
Hra Mgl)d mverce. For every B € LX),
BAxy)= A 8g) = (L, ABTY)
(Frg) = (5 8 = (Byo) = (., By) ¥y €X
Thut, BA) = A" and (87 =B

T,(. A Das fzﬂ nverge. B o AFB*Z(KA)“:-I*:I) _MM, AT L «

bt merse B Tp A bas & oight mese B o 84 = ST = GB)
= 12T thus, A bu a Legt wverse B

Next, segpose Bt A « ge@ﬁ—@(ﬁ‘amt and Bas a «@e/z‘ mvere B, We
Do that A 1 ivecdibh. As lowed earlier, BT 5 < (gt invere o A"
(e A= A, A has a rght meerie. Beause A bas a j‘ff Inverse and o
(il tmverse , They roudt b the same according b Part (). Thargor, A
mverdible

i)



(iv) Suppose X is fmile dumesnsional . Let AELX) We sbowhd A &
mvedibl @ and Ovt% ¢ A a qu (nverse .

Ip A wveddly, , it bas 8 a Legt nverse % definitron. Now supese A
Ras o Lept mrerie. We dnow by Lo (@) that A 0 injectie . Thus durA=p]
Wekave dimX= dimbrA + dom ACX) = dow AX).

=0

Recause ANX) & a vedw sbspace op X and dom A= dim X Cou ) AKX
Thus, A s surfeclive. Thow A das « binear mverse A Becwuse X e
pide dimensionel, A 5 dlio continons. Tfﬁereforc A s invedehl w LX)
@ L X be a complo Banach space and T: X=X be Linear cadinuous
gecclor The depmition op Ries ponts and Liesa apendors are given in The
idoment op Tre profbomn T Fre poltoong, we wite "2 =TT por fre maap
Y idy-T.
() Lk D and po be two destinct Riesy povide of T By the clepuition of
Ries pounts,
X=Ve2 =) 062
where DR A T ivartant gl spaces of X/
Z, and 2, are fmite dimensiond
(=D, and (A-T), are wilpsdent operdlors
Q‘“T)'};’\ and (N *T)]); are Levenr ffamofpﬁim ol Y and ),

I 68[€«6ﬁ’ve%, .

We clow that Zﬂ C ]’A_




al
Suppose by condraciclion Rat there enits x €2\ ), Beawse X=h &2, i
Tyt for some ¢ € 1, €2, 2+ 0 We fnoo Wt Hore are mn EN
ek et O ‘T)M'z), =0 and (&), =0 Sne x€2Z, (D=0,

72\“’5'/ , n n ,
@-Ty + (-T)z= 0 (L)

Becasse. Y, 6 muaricnt wder T, it s alio wriant under o~ T. The
sane 15 tre for 2, Thus, TV € ) and (-TV'2 €3, Tho (1)
iglies (-1 €2,01), = {o] Thus, (-T2 = 0.
On te e band, (3-T)" = 0 hecamse 2 €2, We bupo 1k
(It) i a principel eufie ring . Tn s ring , (u-t)" and (A=) are
m&f{v&g prime hecuuse They Rave no common  root By property of
princpal. entire rings (Lang ‘Algebea", Druposctin S A page 442), Here
eucs 1), g€ C1E) sk that ) (u-t)'+ gO)(A)"= £ Thew
b= [fT)(T) + gMO-TV ]
= 2 (D2 +5(T)(A—T)M*e
- 0.
Th c a conbradiction.
Ned, we oo K= 2 @20 (50 ).). Tt sprees 1o sl 1het
Y, = 2. ®(50%). Beamse 2C ), Zet (h0Y.) € % - For eadk
€)X, nmyre prsme g €N wd €T Sha B CY B E Y, T



gor-v € Then y €501 Then
1= 4 rx E(WNL) 2.

NN

chny, €2,
Hemee ) ); =2, ‘f‘(?g AY/W). Tn additon, ?ﬂﬂ(&(”;)( Zf*[)X% :{Of‘

T’iﬁw( the sam Z,;‘f()/)ﬁ ‘/ﬁ) i & direct sun .
@3) Sﬁu[)pose, TM T cc/mpac,'t oiemfar pir some ™ €IIN - We Sjww 1£ai T a

Riesy operdlor.

A oo about e spedim of o compact gpertir on a conglex
Banack spac was meutinged in class on 4040/ 2044 Tf szf(es Hod a
Coapack operalor & o Ries @Iwm’(w. Thus, T™ ic a Kiest operator. We pirt
oo That

Ye R(TY)  ¥AER(T). @)
fuﬂzow f&Z g not true, 02 thore ersts A€ £(T) such At 27T €Z0()

Then
O-T) (X4 A T+ TN e O (T TS d,,

~

B
8 (1=TT'0 ) = Or=T)'8 (3-1) = 6T YOr-1" =iy

N sfe TM B and (X “Th)ﬂ commude becawe B awd C?f =T ) Commute .

s, BOT) s & cadtiuons imvese of A-T. This & a contecictine
becarse D € 6CT). We bave proved Q).

Nodt, &t AECTNOY. We sl that A is am soldded poict op (T)
fupese ofberwise. Than thare is a fequene (An) in OCT)N A Lot Converges



8

o A Thanks b0 @) A€ TT") and 20 € 07) por ll n €N Fecuuse
N0, it is an solded pouct of A7), Becarse Lom X' = 27 The fequen

n—) oo

(), epy R b be cmstat affer gme nder . Write
A= C ¥noN.

T 2, belogs 4 i of math ol o Crobichis o puitesel
There s at lesst me wm'H root o C et s gquad o Ao for inprkely may
N Thus, O ks @ canstanct subsequena sy (A ). Teause (3y)
aonverges B A Ay = A por all Lepy. Thi is a codmdiction becanse A 4
Jor bl nEIN.

Next, we find two subgpaces / wnd 2 of X cuche Whak

X=)eZ, 5
Y i cloed v X, Z 15 fnite dinessional,  (4)
Yand 7 are ivariant wnder T, ()
@ “ﬂ’y ¢ '(Y), )
(A-T), % rilpotent . o)

Conditon §) & equivalent to tM Yand 2 are invaricd wnder =T

For each polynomial  fE) = a’kf with oo coegiiods, we dewste

o= 2@7 Lo 7(X) witl the covvedme T'= dy. We observe that
#1) 4(T) = ngm‘) g(M)pm)  ¥pg€CH.

V‘V‘\/

Carmprschinn of s mu%h,o@uﬁm
m LK) of W‘O%wrds




but p(t)= -t gt/ = N A= T N e T
Thew 4(H)= plE)44).
Becanse )15 & spectral vakue of e Conpack opevator T there s
REN ek ok for U= Tmg"(T) | V= e g"(T),
= UsV,
U s cloed in X, Vi poncte dimensional, |
Uand V are mvarant wderg (T ),
g, € L)
We o that U and V are iwvariant wnder f(T). Once Ths rc proved,
L and Vare also ivvarant ander T. Forw €U, w= g'(T)u! for sma
W EX . Than
YT = 20 4" M = MM €U
Thus, U s imvariant wnder g(T). Fr v €V, "Mz 0. Thew
7T = P@) 4" (Tw= po=0
This means  p@)w € Ler ?’"(T Y= V. Thu, Vis mvariant wnder fCT).
We see that g(E) has o wallpl root becasse g(t) and ")) Aas o
Common ot Lot Midy ) Dus b tle mnls of glt) besid 3. Because
F = ATV 0T Oy TV vanshes V) Vs decoupised

Eh(\) ’/: invmmwf cuﬁsyoacw‘.

V= w & b [(4-T)|,] ¢ - © AV[(AM;T)/\L] -2

Z I




Then = UpV= UsZ'@Z.
Smw Vs pncte oﬁfwszwfyf w0 are 2 and 2" Kecouse U s dored X
and 25 & ponite dinengmdl abpac o X, Y= UOZ 55 losed m X.
Thus propecty was faught o ess oo 3/7/2014 . Becnse U and 2" arc
mvariad wder PT), o ic Y. Witk the ot of Y and Z chove , we get
6),(4),(5) By e depuctn of 2,
(;\.,T)[;% = (;\-—7)1;% = 0 ¥2€Z2.
Thas, (3-T)[, & wilpatent. We g 3). To get (¢), we fust assunme
(7)), €XCU) and fT)], € I°(2). Depre a mmap T oy,
Fus g0 20t D] %
et 1ot W E U % €2 Tn a dier watchw, T= ) OO,
Ao o Brewr wap ;T & the mvenc of f(T)Iy o sbos T i coddmuos,
we tebe o Gegrene (g) Y that converges ta O onel show thet (Ts.)
ovesges B 0 Wrle go =+ 2%, itk w €U ad 4, € 2" Mo
Cflgn = Tu, +T% = fCT)l,; 4, +f(‘f)l;, 2 - (9)
The dired som J=U®2' gves ws 4 brerr pryjedmn 1+ Y= 27 Tts
ange 15 fonite chimensional and ds Leend i U, whik 5 ced in Y
by a reult i cluss o0 I/16/2014, s Coctmuoss Ths,
Lmma! = O lly) < 0,



lim t, = Lo (ga=2L) = 0-0= 0.
@g (5) we gt Lo ’T/g,\ = 0. Thoepwe, it remains B sbos [T, € L'(U)
wd 4D, €L @)

By 14 decongosition (3), ll esgeuvelies o S, are 2=, K=y
At =2+ Mone of Hom s wero. Thus, ﬁwj(f)‘;/ = {0} . Because 2l
Pite divenimel | 2N i a Liear Gonorphism. /Zy e Same reason,
PN s codirs. Thus, S, € @),

Ned, we o #T)] o €X(U). Becuac ) & o polynasil of degrec 4,
M) & a plynoncd op £G). We proved eardier et U o mvanand wder £7),
Than it 6 alio nvariant wnder 4(T) . Becwmec gy wnd 4T, comnucde,
40 and KOy aloo commdte. o

FO, AT, DL = g(Dhe DL < dy,

5O ) = gl el = 9Ol 9Ok, <
Thergore, P, das an tnverse v X(U)
) Let X(X) c2r) be the pac o L comped sperctirs o K- We gy

fad " T
T a Riesy qpemfw = At { ﬂl(’ff(Tl Z(X))i = 0,

-0

v\rawe T‘é\-c distance 5 takon in The novrmed Space X(X) Fffﬁlf, we prove Z%a
({o%wing Yevama -



IE]

i Ld Té ZQO and Au )L,_../Aw\ he OLfng(/t nonzen RT('SV% [)Oﬂdf gf 6(7)

Than
¥=20-62 00000 ) Gy
1 "\—"_'V-‘\——“A/

!
Let D XX be the Dinear prjedion an Y. Thew

6 (T.1) \ios < E(T)\{Ad/"“/AM%

We ¢Roo (0) ﬁ% inducdon o m €. For m=4, (10) & true ég e
Mmﬁm of Reesy pomnts. For m=2, (A0) &5 True A'(? Parct (a). Suppese (10)
i¢ frue ng ” é///\)} m 72 . Considor m+l dshincd noven Kiesr /707'1\1‘5

>) )W) )Mﬂ &ﬁ €(T> 733 T&_ (hduc’f{?fw ﬁ%aﬁfﬂzs} X = 2 @» @ 7 @y
\J\r‘Qﬁf‘Q Y: YA/\{\ﬂ);M I'f ?ﬂ;ffr(ﬁ& t f&(ﬂ'\) )/2 ) & (Yn)/

o )‘M—H

For each A< iCm jwe aply Dait () for 32X and po= Dugy. Then |
2, 0T 2 C 00 =Y T el oo s G+ 0] )t
for each §€V, y vty for sme v €2 and 7€ V1 Zw Since
2, Y €Y Thun gl =g €7 T o €YNY, | Thon
y€2, + (Y)Y ). Wegeh
Y- ZM + (7N YM), |
Morearer, 2, 0 (N ym) cz \/»w < Sof Thus, e gam & «

]

Aired som .
We f&m«) (H) olfrccf{g, Voﬁ&mlf— C(Si‘“hﬁ tmduwelioe o ma Zezf’ 266\(73?()\{0}\



- O ok €Z,
To P)= ng rff x € )’,
{/\)&J;f& 2 - /2)4 ®---® Z'AM . Téuu/v

A If ’lsz)
(=T o)= f A-Tf‘r ey (12)

(e Ad 0T o 3 -T 1 mvertb oo L) Ton A= Tol bas
“gp

a Q{W (h rvie

-1
P o

T’}L“<A (%)‘ f/ [—9!# ’
(A-T)x ¢ €Y.

Lot Q:X= X he the Linear projection on Z Thon dy= QL and
T=3'Q +(A—T)'1o(':dx-&).

T Drewr pfedinn. Q> K= 2 Ras fuite dinensiredd range and closed

Lnek, wheck s Y . Thus, @, s cadmnons . The mclusan mup G20k

¢ o cotinwons. Thus, (= @ o0y 5 Codinums. 716%4%& T v Gt

Thi means N -Tol das 4 codinuons mverse - Ths © a cadredictioo

becrre D€ CTeD). e Lave Roved A€6(T),

(uppote by Cotradictoon Fhat D EN D] Wecon asume A=Ay .
Becwse Ay & « Reesw point o €(T), Ro= (AT, L)), we buay
yeY,. Thew according & (12) , ) =ToP Ras a Lbuowr inveorse

T = { g k€2,
Rx f €Y.
The hewr projedine B, 2 ) ¥ (5 Conranss fecause = Pr= -G



8
ﬁmaﬂ ‘)LGX —r& f'VLC“é‘&Y(M wmap P : &@X 15 &&o Co\dmuo%g Wclwm ‘

—

T= Gt hoR:P,
mﬁaﬂt A c.x\dmwoug fémffbm«— . Mus § «a CM’YAc&d{m because 95‘ ((T"?)

[/U.z ‘E&Ut proml i’& &mma.

hehurn o te oﬂfbwm
(»——- f poge_ ~ s 4 Riesx 0f€,m+0‘f Qui {A(Sf (T K()( )3
We wid o Sﬁ,ow ,&MJ,; = 0. C(Mf/ju/ fgrce, #%@Jwg, cages .

s £(T)=10}
Te gpedead cadius of T 15 pT)=0. By Gelpauds porncla,
0= ¢(T) = f_&": "
D additom,

0< dst (T RKO) < IT-0l = IT ¥wéN,
whl, m«&cs 0<f ”7( ijs, fzmcr = 0.
p C0)41{0) and & %fmftw
W((“lm 6\(7—)\{(); = gaw’“/ AM ‘i g@&’u&k T(’S A Qﬂ&%’ éfemjbf/ 64%
%; S « chs%» pm‘wf G:f Qﬁ') %3' —Cﬁc &mma/
N=26-02 o) 0.0 )
—_— S —— _
z Y
Lot 02K X be o Luewr projedion on V. Thon
C(ToP)\ 03 C €T\ WA, D] < 10]-




Thus, 0(7-P)=16{ and ;(T-T)={o]. Let @ X= Z be Tl projedivn
m T, G290 X b the ncluson map and Q= Q0= di=P. fia
Vi e tbersedion of claed sels of X, ot 5 alieo clored . Beause dn2e
od A G =Y s chued 0 X, Go 5 Contmwms. Becarse G  finite -
tank, it & campact Thug, Q 5 capact. Lot A=TA=T-ToF
o A s a compad operator. |
We koo by rductinas w €N (Rt (T-A)'=T'=A, , whire
Ar € K(K). For n=t, A= A ERQ). Suppuse e a5 e fr
Sme n EN . Tow |
(T-A)"'= =AY (T-A) = (T= A (T-A)

EKWX
T, e cbaom 15 b tre forntl Thon )

At (7", K (X)) < NT=AN =1 (T=A) = 1P
s inaplees § < 1 (ToP) " [cﬁzhg nos and aling &6/{"“‘”{5 formls

we gt

Lo H<&m Neiila =p(T-?)=

==

M&fe(fm, dind, = 0.
p R(T) s infite

Recamse £(T) s bownded , it bas ot feut o accumubatipn point . Fecavs
eah gt i FONGO) 5 am isolided pont op 6(T) , C(T) 5 Canslelle.




Recause B(T) & closed e accumidatme pont of ¢ (T) #eém% to O(T).
T point cadl m&% be 0. Hemte, we can wnte 0CT)= {0, %, %, 3
wﬁm’/ (AV\> € q Sequena o;f ditree decdinct nonzero Cew«..pcw humhrg M
Convergus o 0. For each w ENN 53, He Lomma e Heove
-t 002 800 Y).
—
Z %

./.lot PM-‘ X"?X he f& @‘r\emf ﬂmjﬁd(’éw on YM and @m L/\/—a Xée %c

Linear projedmn on ... 7% fhe bomma,
PPN < PN ) =10 A A |

Q "T’Zu.»&, 6\(7"&\) - {AMT“ Amﬂ/--»j . % Z(%L ff(ZVCW Cafe, 7"@:4 = 7_

To VM K th«pwf ayerdgr. M&o/
(T‘Ta&M )h = Th" Am,n

‘M%We, Ammékf)()~ H%CL,
Ast (T° x) < 1T Al = 1(T-T4)l| = (T2.)).

s

Ths ”‘“4&“ § <I(T-P.,) H Ldfm? ntos  Amd usig @J/cawl § fomw&

we gek

bk < Al @IV = (T2 = sp I

Becams 1 s 5 Pone for M €, we can Take Té, bonait of bt sitkes a5 msa.

’(CVV\‘(; < “@LMMf ]A,(l = 0

n—yde

fince Lom Y= 0. Therepore, Limdy =




(<:—> Fird we pove Th fowowmﬁ Gewma..

- Lowmad Lot ABELR), §= T-A-B, whire T diiles o cdudty
map o X Sgpose A 15 conpect and IB1< S Thonn Thore are subspacs
Yand Z of X sudk that

X= Y87, |
Y is elsed m X, 2 & pute dinongoned,
Y ad 2 are inveriant wederS,

Sl e£)

I, s nclpotet.

Our poof requires severd. sleps follne.
() LerS s poite dimensamal |
(@) SOX) 15 closed and Ponite co-dimompional.
(W) Tp Lerf=10] thon £:X S5K) has a cadmuas inverse. |
v) Thore exsly n € 1 sudh that £rS™ = £er S 2 S 0=5"10.
) Dt 2= §™ aud V= SX) where n s the wunder pound ac
s{ep (iv) - Thon Y and 7 s’aﬁzf% the cbam, ofz% Lewmma .
As a vedw subgpaw of X, ker § 0 a normed ypae . Tt i finite
dansionsd (p aud only o the clsed it ball B(0)=TxCherl - Ml<tf
¢ campach. Lot (1) be o gequona in Bi(0). We by thet (1) hes a



Bl
Convergent subtequence . Teciuse 0= Sta =t Av=Br,, An, —n—Bu,.
Because (t) i boundd and A & compact  (Ar) has @ Covorgent
thsegente (A ). By replhaang () otk (), we can assime (Aa)
eonvergas . For cach £ 50, Thare aats NG EN sudr that ([ Ar—Ax, ks

pov ol win > NG&) - Thas,
(5= | = [ A=A, +BC—)ll < | A% = Al + 18 (e =) [l
< e F MBI -2l
<&t Ml W )M
Henee ; 1m0, 1 <25 for ll mn > M) This inaplies (tn) is @ Canchy
fequonce . Becamse fur$= S(101) and S5 cotunns, ber S s closed i

Y- gé%qs«g X S a @&ih@& S‘P;Lu_/ o & ﬁ/.( T%L{Sl Zﬁ Gau,% m?ﬂlelCL

(xm) Converges (n 'Eoff

Lt (g) be o sequonee e in SO) Rel covverges b g, €X' We

how Yo ESON). Consider two foﬂm‘»ﬁ cases.

® There © a hounded sequence (tn) s Thad gu = S

T ew (A) fas & covergont subrequence ( A, ). B, mf()qc{p? () witl
(), e Cun assume (A) (onverges. o by the soma argument as in
the prof op (), we con oo theb (u) Coreoges o X Wrike fmv =%,
Bocuwse §is codruuons, Limgy = LmSn = % Thus, (4,) corverges &

=S5y ESTX)-



B Fvery sequente () i X sedh thak §,= St 5 unbocnded

We dhow thet this case cannt Reppon . Sippore torwite. Lt () 8 be suck
o sequence Dot V= FerS . For each w €N | we can fade T = %= n for
any Va €V and gt a sequence (%) Safifymg 9o =I5 A Fad #at
(u) connot he replaced by a bounded  Geguonce implies that e Sepucnce
dickGon, V) 8 anbounded . By raf&mﬂ Gu) with a swilabl o fequenc,
we cau assame digt (o V)= 0o as e

P, o Y _ A yamr . _d,f(,y |
dalm T T dtll V)= A (e V)U,;é: v)) 1

At (2, V)
Put [ = dv . gecm;c - d d tGx - /
" st pogy and distlo, V)=, 410

Becusse At U) 15« bomded sequenct, we con fid @ bonedd sequence
68 ) i X such, thet S = §2f . Nie Hhat & = 2= vy for Some v, €/
Houwr, dat(al V)= ditGf,V)=1 . Thow go'= Sl =2/~ Al —Bx].

S @) s bownded ; B) has a covergent subsequence (A ).
By replacing G ) with (dly ), we can aseone (Al) Gonverges s,

')(,,,// — ng = 3"/ + /ﬂﬂj cm vtf%eg.

1=l £ 1 Gul= Bt )= (o= B 4 11 BCo' =% )]
<4 il

Henee, flun =%l <21 (ol =Bl )= (el =B ). Thes inaplies Ce ) is
“Cﬂadwg fequene in X. ﬁ?\uf, (u!) Converges to KM%GX 7%‘4/



'{% = &mf’x,y’\’ = ([W\g"‘(: 0. T‘K(«Q, Xo EV. On f’gx o%u’vytww(/
digt(no V) = {m det(e, V) = 1,

which ZM{)&CS wd /. T s a conbadition . We A ave howed ot

SO0 5 closed n )(

Next ) we gﬁm Rat SX) ic fincte- codimenseomdd . ). QWM othermize.
Tl tHare are o’m; dimmemsionil subspaces Uy, Un Uy, of X such 18t
we Lave a dived sam SOX) & (guk) c X Dt Vy=S5(X) and
Vo 2V © U forll w3 1. Because S(X) s cAssed and Las pmite
Codimensin, 0V, 5, Ve i alio cLosed 0 X- This property was wendied
n class on ﬁ/f/m%

For each n 6/\/ nd < €QA)  we b e {here eusbe x, LEV,
o et |ll= 1 and deb (%, M> o X fuf/fm s is wol rue for
e wEN, € €0A) - Led W €U, be a anib vedor Eack « € V. &
o o a=vton whie v €V €€ Beanse Vi chred
in X and w & Vo, dat(« Vo) 20 Tecke

'
>0
Aist(u, V, )

Tl for every rué\/h L
ﬁ{féf (Wf-ec‘u, ;v"“> G&'Sl[,(cu \/yL 4) = Calid[u, V,A_i) = X

Thus, Noscll +3 for ol w€ Y,y The map vE\[_ > ot ER

o
=2y




S Colihuons H{mu,, ”vﬂu”}i F{yf@&qré\/“‘i, or “Wbﬁ&“(i V@W'
@ﬂ 'Dévr\q,- @QC&ML

[lv ol Y vl - [cwll 2 = as v—re0,

we Rave (loecill > 1 por all v€ Y, . Replacing v by ¢ we 4ot

cllotull >4 ¥ré\f, .
% 1< cz% lvtull = ¢ dect (u, Viod) = X T{ig 5 a cotradedim.,

We Lave Boved Hat por each w €N and M‘ tlere ousts %, €|/
duch that |4 ol = 1 and dst(ru V)7

Now {ake & =IBIl+1 €(011) and desole 2,0 by x, . Because
() is & bounded sequente , () Ras o Cowvergent sebiequence (A, ).
@13 mfl?acf»\é () with Gu ), ( V,) with ( Vnp)/ we can asgune (A, )
Couverges. Note ot s time V., © still coctaimed mm Uy bt may
ot Dave codinonsamn. 4 o Vi We Lare

Aot By = 2 = S
Thus,  Anry =~ A%, + B (%, - —) = Tyt =% = @;‘:};) ,
C\{H, el ESX)cV,

Honce , [ Axy = AxtB Gty 0| > dist (s ) V) > &

Than (|A%0= Arall > &= 1BCom=2)l S K= IB] 1) %y 30
e
21B]

0(
_ 1
=7 - “B” >O



Ths codradicts e pect that Lov (Ar—Ar) =0

Cuppose. Lo §= M Lt () be a sequence in SCX) that converges 1o
4 ESX). We sﬁwﬁat %, = 84 coveges f % =Y FirsT we dow
that (1) s boundid. Segpoic ofberwive. B pplhcony (x) wtl a suctuble
fbsquence (o con aswne [l noo Tf 1= 22 T )

¢l g o, (o) B et b )
By rplacay () with (), ve can asswume (hz) coverges. We Kave

o b= St A= Tf%u tAn
o

Because by =4, and (=, (50 Thus, x/=Bn Coegges.
1= xell = 1l Gl ~Baf )~ (3 BL) 4 B =2,
(- B) - (=B | **@ -l
Hence, (=1l < 2N (a8 ) - (=B .TZZS/W&@ () is « (@j?
sequence. Thes, () converges o %'EX. Thon
Sn/= Lim §x, = @‘mg[ =0,

e $is injedive, W= 0. Otle o Rand, 106/l = b Ikl = 4. Tl
5 a codradiction. (Ve Rese showed Cat () & bonnded.

Suppse by adradicdion Bt () does nat amvenge b % Thew thore



S

ab-
enist & wumber £ 70 and 1/?, ence (1) fuch Hat (I, =2 15
q@waﬁi LEN. Pt 4= x, TFew § See= S, = §n 2 =5, a Lo
geczmye, é%) S lycumju( / (A %,L) ﬁag a é?mvergmf fqéquuce, (A%im )
by rplocing () wth Ca,,), e con assame. (hy) converges
2, — Bz = Sy + Az |
— ~—

Converges Converges
T%us (7% %% Conperges.

(2 -2l = [(3-B2,) = Gu=B2 ) BGa -2l
\< ” (%k‘ %%{g) (”bm“ Bim)' + ( s lik'zm,(

<

-

(\Bl

s, (lop-sll €21G~Ba) =GumBoll. Ths inaplies () (5 o Cancly
feqrence . Honw, G ) Gurges o ome % EX- Thon Comlimg §o = 4250
Tus, 5=1, . We gel Lz =% Ths (otedicts Fhe pack thak (5-%l)s

for £ EN.

Proof of (w)
E({[K f&v’tf (% f& 9%6«'{&%4%(7 an éc pmvw( % us’fhg ‘Me, fo%wi% «&mmép

Lemma 3 Lat F he « nomed space ad E, E#fo) E#F be o cloed
subspace of Fuith fmite Codimensiom . Fov eack x €(01) , there ensstc % €F,
Il 4 suck that dist (xE) 2 K.

The proop golluws by the stne metliod which we wsed 1 tle bothme Aol
of page 21 and the top LQ of page 28. Lueed ) Scppose Lemma 3 & wot




Bl
true for some x€(0:4) Tade 36!:\5, lell=1. Recaws, F Cfo;@( w F |
det(y 810 Put B2 EoCy «nd .

= -
distly B)

For each 1 €F | dst (st cy B) = dst(¢y, B) = cdst (4 )= K. T

ﬂ%‘ccz\‘#:1 fw%@@ +CE . T& ymap 2€E > ﬂ%—rcy | ER & Conlinuons .TZMS,

eitfer ety 1> 1 por b 2€E or el <1 for 2l 2 € E. We fcve

2 0.

l2ecyll 2l = Hegh =lel-c 50 a5 2o
Thas, Tty 1 gor <ll =€, Replicing = with ce pwe gt cllegll 74
por ll 2 €E . Henee

{<cinf oyl = cdit(yB) = <.
Thic 15 a codredidine . We Lave poved Lewma 3.

Relum fo e provp o (i) - For each w €IV, we put 2, = for S and

Y = S'(X). Rew Z CZCZ,C-n CX and J D% DK Do
Firel, we $how by induding o n €N that eadd Z, i finite dimensional
By Durk (), 2 6 fode disssned. Soe 2,2V, s pinite dovosind
for Some €I - Fupoe by cadredicdon ek Z,y = W s infinde |
Jiwensioncl. Then ere exit nowvers fimite dinensioned sbspaces U, U,
Uyre of W sk ot e have @ died s Y@ (f U)cw.

Pt V, = \/i-( &5 uk for {vev?ru{é//’\}‘
Because V4 s Juncte dinansined it s Aosed o V. Lt x= {[73”5’, ) |



By Lemme 3, thoe exsts n €V, Ill=1, dit (o Vi, ) 24, Beegue

(m,b) 5 a bounded qucu (A%) has 4 Couucw gdse?u,eucc. /% rcpﬂ&a‘?
(1)) with & suddle shgpace | we can assume (A &V)C«quc;.
Ar +Bry = % — Sz

Thus, Ame - Ar B — B = =%~ S(a—1). |
gecMg,(, xt—e(-xi éVkC’W = £U’ Sﬂ\‘ti} we 20/6 S’(zﬁ_er'?%) €£€/ f”: VOCM. |
Thas, i
[ Ay~ A%, 482, =B | ) dist (g V) > %
P e —hally <~ 1Bt % <= 181 (g

€7

> X~ 2Kl

~(IBI Y0  Vien.

=4

L
TKCK Catredicts 4. fda{' that &M(/’(T&ﬂ-/ﬂ(%) =0 We Rave g&w&{
Bt eadd 7. piite inensined .

/\/Cxt/ we S’anu 7%% T%//c %‘C"és "y C’//\/ Scuju f%@é zy‘( = Z{{_{_i .
{'um)m /”0 contradictonn ftfaj: f&m 5 no sach ny . %b\, Z QZLQ 2;4
Recause each ZM iS fmﬁ[e_. dimensonal & @ chw( m 2, . E? Jenma 3,
Mﬂ‘e enste w €2, [ ll= 4, dit (xa, Vn-4) 2« =UKN+:’£ . Kecawse () i
éwndbd) (A%l) 'k% G Cmchgeuf (méiefiw,w@ : Zg fefpw*«; (x1) W('M a !m‘l%%

Quéguimu,, We Can aslume (Axu\) Cvverges



A% '”5%,‘ :..y-f'xh.

T

“,

Ate= A+ B = B = g = 2= S (g = ).
RBecawse. LS GZEé@ffh, we & ave S ~1a ) € Lor§ = 2, T{ug,
“ Aim—»\ "A?(n + B%ﬂ - TSOC,\ ” P2 ”&Sf (lm—(—; )\/n) >/ A.

€T
> <=2ZUB

= 4Bl S0 e

Ths codradicly the ped thak Ao (Aruu=Az) = O,

Next, we show by mducdion on w 6Nt T cosed ad s fmibe
codonsivn i X - By Part () | the clemn s tre for n=d. Sppose &
Hoed £ ond Ras gucte codimension m X for some n EN - Tp o A
hied and das finite codonension i K, it sfprs b bow [y 5 closed

and Las foude codimensiow Yy The provf i 14, fo%wmg 5 Gmitar to T
proof Oif Part () -
| & (HL) he a sequenct (h };H th ot Converges to , €7, We ¢4 ow

(2"’6 7&-(-1 - (Mf(&[@f ‘fWO foéé(}wl‘ng cases.
& Tfeﬂe N a hounded fequenc (xb) [n )’y\ guch M@{ gk:‘f%“

TK@M (A")LL) k&s 178 C(waa%bd GuL&e7ueuce_ gy reféacmg (Tg,) wfﬂi a gw‘t&é&



SuéSefuenCa( Wl Can ASSume CA?%) Converges .

L = §H+ A + B, =4t Az, + Bx, -

Tgxus, g =z ll < (fgkégml' 4 A — Axall + (1B G|l
< 4 “n*‘lw\l(

TRen M-l € 21y -y |+ 2DAx - A Il Thes mplees (o) & « G“Jg
sequence tn Y, Nole thet Y 5 a Banceh space becanse b 5 cloed inf.
Thew (4) Cowverges o some %0 € . Then

g, = by = Lom Sa = Sx €Y,
@ Every Cequence (1) m Y, such i g = Sn 0 unbpunded .
We o thet e case camnit Aappon. Let @) he sech « sequonce. Pul

2, = bSl,) < Tx€): S 0.

For 0ach L.EIN | we can Tk % = - for Ay % € 2, ,and gt
fequence. (3, ) sabsfying 4 = 5% T fad Bal (i) cannol be replaced
by @ bowadid sequoa inglies that the sepence § st Z)iepy s
wnbvunded . By af;{aauﬁ b) uith « cuctable absequnce, we can assume

ofth ;%:n - a5 & & PCJ:

st ) > T 4§ kD 71:_27‘{!. _ and ;L: gL{ v .

Then At (%QL./—Z): it (-, 2) =1. Sma % and J“{(l"’z)ﬁmf
dt'it(ﬂlzw,m)

‘645-30 a5 Lo

Recause {X«cf(’%’ ,“Z)}MW 8 a bounded fequente, We Cak fﬂw/ @



Bl

boondul sequence ()i f sed et S2l= S Mot that 24=%-%

for same 2 €2, Hon, dst(xf, 2. ) = At (=, Z )= 1. We Lave
= Jx' = 2= Ax' - By

(e () is bonded  (AT) Bas & cowergant sudsequace - By replicany

) with & seitabl) Suéseﬁwa,we. an assme (ARG ) comverges, Thus

1y =Bl =yl + Agl coverges
[ =2t 1] = [l =B )= G =Bi) T I8 G =)
< L=l |

Hente, 12 =21l <€ 21(x/ =By )= (nf = BrON . This tmplies G ) 15
« Cancly sequese in Y, Thus, (1) Gouverges to some % €1, Tew
fa, = Lo $2l, = ﬂ‘ma[ =0,

Tus, % €T On the obbechad, dst(xo )= Aip dst(< 7)1,
ik inaglies 0 & 3 s s« coledicion. We have looed el |,
i cloted Y,
N, we oo fhat Jouy s fonte codmonsin i Y, Spse oenute
Thon Here are nonzern fincte- dimensiondd sbspaces Uy, Uy, U, of ),
ok thct we Reve a dired s Yo ©C(BU) €Y, Pt V= Y,
and V= Vi @ Uy for <Ml LEN . Beawse V, s closed in X and 4as
oite odinension o Vi, Vi s alio closed o X Thus, Vi o cled .
By Lemma 3, thore excsts 5, €V, llxll= 4, At (%l ) 3« =B+
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,Befch (*L) 19 /)'U['LLL,M7 @’%) %43 a CMng«Cm:t ﬁaL!a(kaL. 82 fep&ah?
@u) w(ML “ Su(f&ly@ faé&’cz/wu& , Welen @ffme (A?q‘,) Cm berges.
An+ By = 2%~ S
7&“5/ AM.M - AM ‘FB(’ﬁu,~%> = Neq "ﬁ:‘f(kkﬂ "7%)
U ey
77 n ’
€SO =Yy =V, C Y
7%"5/ I A'Lkﬂ—~ Ay T(E(Hﬂ“ﬁ,)” 7/ J{K{' (iHU Vk) 7/”(

Taw [ Arg= A ll Y &= IBGr )l % <= B2~ 2l

<2
> <=2l
= 4Rl >0 WEeN.

Thi cadtradeds the Jad tRaf fom e — i) i 0.

e fare showed Wt ), Aas prcte cdtmanstion i %, . Therehy e dive
doved Bt V. & chised and bas puite codimension in X por every
n EN -

Now we show et Yore ensts n, N such that ¥, = Yoy Sppore
by Contrddcion et Bore s ho sk ny Fow Yy PY, PY P beause
eack Yoar 1 closed n 53 Leniun 3 There euists %, € ), lhall =4,
Jisk G, VYo %= IBI 44 Becansc (%) s bonnded, (Ar) Las
Convergent sabsequene. Ka m(?p&cing Gu) by « cectadl ald Fequena, we Con

A3sume (Alh) Converges.

A'km -1‘81,,. = ’Xh—th .




Tg\“g; Axy\_u - A%n "("B(x“ﬂ ‘1"‘) = Ln-M — I, 'wt-".g’({livﬂ — ) ~
é);/\‘f'l 65()/1«) = }{’H-”
T&V\ ({ A’iy\ﬂ"A%, '1'8(1“("1«\)” 7 d(’{f (x“/ yn-H) ? .

T ' 0 wea s \ i n@ il (- N
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2 X=2lBlf

= d-mi >o.
M(,S (,avﬂtfaljid( ‘(J& fﬁd T\Qb‘t g"‘-« (Alnﬂ_A'?Lﬂ) = 0.
TKM’C{(N&, we M “1(“1 é/f\/ Eau( \L&J Z"/\‘H = {%h’l am(/ Z:L-“: \/nl-
Tho 2, =2, fo O R for By, Z e
0(2((\/\,{{(0'4 Cf Z,‘ and \/W Take n, = ”’\ﬂi’"u?"zi_ e ﬁ&f

Zn:Zqoi 714':)/)10 Vu2n,.

Pk 222, = b S™ wed Y= Yy = 8 K) - Acorliog s T poof of
e (i), 2 15 focle dimessionst sl V5 clicl e X withe e comenin.
e bow 1t Z and ¥ are owvariad wder S For 2 € 2= Ler§™ " ‘
2o T, SS2)= 0 Thes mglies o €4er ™= 2 Thus, S(Z)CZ
Fory €7 = §™(X), thore s weX sk thet o= Sx. Then £y = 5(5™%)=
= (e SNK) =Y. Ths, S(Y)C Y.

Next, we show X= Yo 2. For ek x€X, % €S0 =y=5"10)

TAM; f&w\z «C%Cgfg ’x,' é)( S‘«JL f{d .f%’k_,: SZY\OI(. T&w fmo(l—— SN‘)C")::’. 0



ow Y= fho')@'é y snd %:‘%'—y. (We ;o{ S,%‘-Z :0, - €. %éflff%:z
Hewee, X= 142 Take acy 2 €YAE . Smce % €Y= S(K), %= §1

%W §orme %(éX- Becamse x €2, S’%‘L: 0. T@ug/ 5’2“"%’:0. /%u,g/
%é{,wf = 2= Ler§™ TKU« §x'= 0, co.x=0. Heuer, )//lz?,{oj

and we 3»‘( a diced sum )(: Y&/
Eecamc Z ==£eff"°, KK"(Z):{oﬁ. TAe/cfole_/ f(% s & m‘fpof‘e«f
(7pem‘fov. Wz now S’XO»\) T%Qf g[y 6 [X(Y) Ft'rgf, we. 5"&0\4) f/y (S MJ’th{l‘Vf.

L&’f ‘LC\/ /M Cucju 16«/{ )ﬁ%:O‘ f‘b\(,e, xé y: S)%O()/ 'f&dﬁ 6‘1(‘3'6& %IGX

ek that «= S Thew O= $az §°(Sx) This implies $2' €2

Bow 1o $™(6) € S URVCZ. Thas € YOZ=1{0]. Noxt, e
yﬁw 5! i)/-a s Swjedl‘lfe. For ew& )6 )’: V(}W(X), ’[&ﬂ ensls w€X

fcw&f&wf Y= ng o ot = 57%%6\/_ Tf.u« §%f:g»
Ned, we fﬁw theod ﬂy Qay a Condinusng invere [d(gh) he a Sequente

in Y +hat Converges to O. We ffww that = (S’(Y)-'gy, Converges b O. leﬁ
we S’QW f£d (xh) s bounoéeo(. ﬁ«fpoﬁ—& 516 Cmfmd(aft% {X@‘t‘, (’7%\) 3 (AMW.
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Pujf 'L:‘ ‘%“ f‘uce (’M,) (s Q%MJ&J k?uewcﬂ, (A >K% & C«me
{gd,je?wnce,. % rcpfaa‘kg 6,,) WI’M a s“u‘fé,Mc S’aékfuut&,, We Cant aSfume

(AM) Comverges . P uit %’h = W‘fﬁ"_ 7&/»\ 3&—9 9) Aem% $u— O cond ol =00
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O tle ofler Bend, Bl ll= Dom sl | = £ . Ths 5 @ cadradiclion. We Lave
Dooed et (i) s bownded.

Sipetc by codvadictive Bt () does ol corerge o 0. Thon There exst
a nuwnber 570 and @ subsequence (%) cech .4 Mz M1 >s por Ml
LEW.- Dk 2= . Thom So = 5% = 4 —0 a5 Loos. Becasc
() & bouaeded , (An,) bes @ convergud sbsequoncn . By mplacng @) witl

a S’.emlawc !’aéfq’u@km, we Can.  affune QA}L) Camm/g&ﬁ . 7‘%&5 , %L -—ng -

= St t+ Az cwverges @ o .
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| < é N2 -2l
Thas, lse=2nll € 20 C-Bo) = (=Bl - This omplies (3) is « Carechey

g‘uzweuu in Y Hfhce., C%‘L) Cmmrga To Some b é\/ 7401/»., f’z‘:b = w&M fa =0,
YMC@ f’y iy "’\/jﬁoﬁ\/t, t,= 0. We M vgim%iz O. 7/».43 cmfra,pllzﬂ t{& fd
thet lllve por B LEN. Thus, we fmih the proof of Lomma 2. o
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den to ﬁz [)mpf 0?(&) (n ,ch‘f (C) S&f/)m T€E Z()() cdnffcs
. " _ 4
gg‘; {‘&St (T( K(X))Zn:: O. We g&w f@d T a Kiesy @fewjor,
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Dot ousls m e sech thet £ dist (T7 KOOV < LU Thow e
euds A€ KOKX) sk ek T ANEC DL g B/ 7 A Tl
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P (T a2 (2= 3R
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Sl e £Cw),
(s nlpotent.
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From now  we can gel Y and 2 salnfyig () by e'md'% the same agumads
as mn Dart (), pages (6=17 . Tn Tart (), we g1 " andt 0 320 g
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Next, we shoo But A 6 e @obeled pont n TDNIO], Pt
7= Tl € L. Then 2 ¢ 60, . Becase ¢(Ty) is clued in €, there
ewste o nuder 290 sed that the dol DV 2) < C & disjord witll
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O if meEn
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