a

M b 3501 - @C{{@mﬁrm@ erwdlions
%( Da.namt‘%@ [¢ g/ff@"’lj

Homewark #4 |

@ First, we koo et i AB=BA then @/Hg: el KZ %‘ﬁ%@wﬁ%

o{ ex/}o;tmfid oA « mafrin,

&/\/ame; Tuan Phem
T0 : 4452248

£ n gt = ¢
n A vB ) o A‘-H3 . @’f‘g)
= Lo Loqrooe f;”‘:%—ﬂ )= rét'lzo 2
= e t=
A, Bh \_’_V\—/

£
Because A= BA, we Bave The tbgud'(‘i} A ﬁ{}){: S &JA’;BZ“
/ k=0

n Lt £ o)
’/-K.u\ == A B s = AR
Ar\%n: -
‘%;" iy % o;é?z £!
ﬂ-‘(‘j-’?L z i
2l L /0 a k-
-S> 4 AR
“‘22‘ T )
Y { . ( . :
g (A8)" = C, .
/=0 L
L-@é n—yo WQ % @W An\(‘&hf\ 73.,,\) = «&hx\ Q" . Ln o‘(’ée/ VJ—U‘/Z[J/
A% AB
¢ e = 2¢ .

Newt, we pwd' oud an e%ccm,w@ in WQJ e“&#z e Consiler
a- (80 8=(5 )
l(}ecmsc A Jiagwuij/ A:<@} o) _ (ﬁ o)

@
¢
, 2 A4 1
B B'= 0, b Z'.‘BT = L +58=(, 1)'

Pt = hip= (L 1) Fon (2T Co C por M 21




o )7

/Vewi, We give an e’mw& in wé(o& e‘ "~ reb and AB #BA. Cnsckes
O A -
) (%)
™ O 98 O |
TO Cavv\pd& ‘CA/ €B/ CA*B Ce)vuu{m‘c»j%, we Pw.e,«e & fﬂeg‘wﬂ? @Lﬁcﬂmjﬁ?}v R A f‘efv( |
Ax2 N‘L{ffx— C Can é‘& Cc%S[ZéLr'W{ a5 &« a)wqifgﬂt— Mdﬁl, f&f/zﬂ{ C £¢x '_r(‘mlpé(

&wr&n Ct‘g@w\mlu $ fv?w() 'fﬁwf ‘fé& are. (ya‘(ﬁaw mw@ﬁ/& %f 'Znn,’ . WE ’ZMM)
that C cam be ﬁbﬁ?ﬁmﬂj(’i{ﬂe % an mvertdl neebee P

Y N
A = (7
Y

>

TZ\M/ .eC: _‘1\, /\/ow we af/;/% fﬁ(ﬁ oékwdrn., ,PLY (:: A,g, A"(’E. Tf&

ergmua‘w (;r A are +2U’(, o;r E are T M—lﬁ'l qf A‘(’B ane i;ZOFL' ﬁ%df
tow are nleger midbples of 261 Thos, &= = P T Tl ihatty

‘(ﬁ‘f&: e"«@ﬁ s Sc’dﬂff&l. fﬁ)mvw

/-Gt 0 _ [P o )
A&..( 0 —(Zw)"') * KA-(o ()]



d

@) Let E be a puite dinensimal vedw pace sver a pebd K wlicd
etler Ror € Lk ¢ RxE = € be a fnear hperblic plow. Thet
c@%(%):e*% whoe tER, %y €E, A € Z(E) such that oMl Conapler egeninlue
L A heve nomeo el pacds. Theorem 134 o Amann “Ordonary p,ﬁ»mw
Equdims " 1950, page 43S, stdes that

() & deampos oo A-mvariant subgpaces B=E @ E,

) AR ol egenvilues of Al Aave negatie real parts

(@) AL conpller eifonvilics of Al Ras pattive veil parts.
Moreover, we can duscrihe B and B, as pollows .
For K= € Lt 1,6)=6-0" (a-2)" ke the claracturate polynonal ¢ A
e Reve to dempositon E= & 5 Lerl(A-XT4P] . Badh stmmand s an
A-nvarict subspace of E. QWM /w{),--., Re OO and Fe () R (D)2

L
T E, = @ Ler[(A- 2 T4 )],

E, = J;@ﬂ fer[ (#-% 10, )]
s Rr K= R: At Bg be the coglupiedn o E. for exangk, E, = d:“%’
E- K. Then E=(Fe) 0 ad £ =),
Reurn b e poblim. We dov thet B« an mvericat set wetlh et
tothe floo ¢ Bewwse F, & A-tmowiad, ACE) CE Beoww B u

CM vedhw S\uésf)m r;F E oand _f ~ 7 2 y W&w
- E

J= J "l

ME)C B por M AER. Tu Mer vomrdls $(E.) <E, pr M tER.



Thus, B 5 an owariant sef . f’éw@/fz,,;o i E. Neut, we oo that B g
as%mpﬁ(c% Al wik reped B the g@w ¢ 7, direct sum - E&E, ?w
ws oo Lirnear prjedon meps Lo ESE ad P . Esg  fut Ac=hol
and A= Ao Than A= A, +A. Beoruse

A(E)=AGED = A(E) < £,

A(E) = AL €) = A(E) CE,,
we have AgAL = AueAc= O
Lot & E-E b the aﬂo{«ohd projed on. puby
B . We dow Tare excls ¢ number (0 g

tHhat
[Ax] € Cl=Gx| ¥xEE.

7o do ¢o, we b et Agx & a funclue Qe

Qﬂmg, Hare are w, % EB sadh that - Q= % =A%, B O= x -2, —

Ai-r) . o 2—n €B Tl A (o) =0, co An =A%, T,
Ay s a funclon of - A x s o an o Quw/_ Write A x=

'T(m—&u) Fmr +EE 77224«/
(A ] < ITI ln— @ | Yr€EE .

_720\;% ,ﬁ:: {'x_eE : o&‘s’é(%, Eu) <_’(} *We,, f&oa) M /{é)wg ‘&Sf(éf(%),Eu) :O
(Fofﬂﬂiéﬁ' Fre % €E . Sne % €, 1 = w41, for one % EF, and n CE,.
Tf\ﬂr\ ‘I‘Ml: lA,c%v{ <C [7‘0 6? "‘0[ C dist ("‘o/": ) <C We g%

§w)= = <Myt = 1, *5; t(w) + 40y (1)



51

&
Becarse: A, = AA=0 and A =0, wekwe Athdy = Ay fur

M A1 T beome ok
M Km(i) @mes 4%(%): xﬁ.% f_gisx, + ¢ (%)
= 6%"‘1 + ¢(z)
= €t4‘7‘1 t 456(79,)

e~
€L, sua v, €E..

wbare Fo=Al, - B=E T,
Jet(860,5) < 15| < 1Ml < 1|

We 9&'»\) e A Q\M{y@x e@a«\mb«es ff 2;: %Wa ne?dwc read pwﬁ_ ﬁryégf/
X;L&: A‘(ES%): Aa:[(f A& 4 c@m_(yQL ‘Ce(j‘ebuﬂ.b‘f/ of /2;: Jidt s by a QL%@L,

eqonnl o K His A40. Lk g e an egonvechr of A asouocke with )
Ton Ay = Ry =Ay €E - T y 6 o cqenvecr o A Loy e E
Haw o)<, Horie oll ol aigonrebas of AL huse negetve veel pudk
by Lomma 8.4, Amann " Ordinssy Dppecsded. Eputins 30, pope (7, Yo
ot « ks x50 sl Bt (6NN < por 420 Ton @)

@)

fives s —xC
O< dad (400 ) < Ce™ Wto

flowce, é‘@ At (4%),E.) = O.
@ Consider _tKL Lotla ~Voltewa model for Cﬂm/’d‘z‘hj Species

W= u ({—u=-bv)
v' = ({-r-au)

W’Kue, 0 a< b ’/z(s 5‘@5“{0\4 Can be wn'{,{&« &g ('fmf)/= f(“: ) W“QUQ,



f(‘h‘ﬂ) = (')L('f-%~ 52» %(4-qu¢)> 39‘7((3 ER.
(L) We ‘finof /4 eazmé([m*a. WO . 7& @?udﬁm f(%, %)=0 & fv&w{ in 4

(ases. ~
3 ) C(O‘;O[ v = 0.

v =0, 1-v-4% =0,
Vo (~wo—bv, =0, v; = .
A-to=bv 20, 4-%-au,=0.
I f/\L Second @Se , uy=0 and =1 T. 1 i ase =1 and v, =0 T

/)

o poudh case s equivalet fo ¢ wthy = 4 ,,
f‘ (*)
aty+v, = 1.

C(Mgtju’ ab ;[: 1. T‘Kw\

| _d, and v, ,41;5 Since we wand uy v, 0
s pair s admissihl, if and m% f O<asb<d or 41<a<8,

(w0s) = (0 4) @ b= 1.

(thyv) = (10) & a=1.
Conshr ab= 1. o () Las solidions 7 and mja it azbad Tn B cuse,

(uo, 0 ) is Gngy pair cued Wt 4, w20, wrn =1

We Cmc—gwfl 59 ] Jm/w,g c»( €7u4«£é[;c\, ct(cwlanj fb 4,!) (0(4 (é)

( @c& 04’ alb | f;&,m‘@bmg (tg,,o, ) with %% 0
0<4<b< 4
or (0,0), Co4),(4,0), >
1<a<) -—4L ,{—da
a=b=41 (0/0), (“o l'("“b) w({[\ O<u, (1
Olarwise (2,0, (0,4), (4,0)




Sequilibix LIS
Vo ""4' ‘C‘iki'é'[mz&,

4Ciu(librm of
lt« i %Mkl/\?

€7w€¢ {4
(ic) . aﬁmﬂ'érm o - anis o V-ans qre (90),(94) axed (4,0) Pt

| g-% [ (A-~hv;) ] %%[%(4—% ~51,))
A= Vﬁ-(“ﬁibe):

@‘ !
,9.;0[1)0({_.%—4%)3 ;% ["%C{""}b ‘4“0)]

_ 1-2u=bv,  ~bu,
-4, 1-2v, - m’c‘) ‘

(robman- Hadman's Yeorgm stedes et g (o) s au eﬁwz‘ff‘lﬁ‘um and A &
a i\?}yuéc&fc matc (ce. 2] Conpln ergowdm Rave novzew read pm‘;) .
He wondoesr oo (up)'= 160) o« weghbodond of (i0,0.) & domeonorphic
b inear fhow ()2 A() < neighorbeod op (0,0) We cousker
each e of (%,w§ t debfemme e ‘Z"ﬁ‘ of tho fror /@w

® (u,m)=(0,0)

T'KM\ A= (2 f) TZL Linens ODE ulzw ,v=v Bas a fﬂ’ff im’e?m,@

I((k\u’3: —-O-L-s . &P"\ﬁ(-ﬁfﬁ{) _{‘{L:__E_ — L({U“ — “D‘/‘: Uv—ar :0
g At vt vt '




Phise porrait arownd (90) P%w, portract arownd (0,0) c:(f@z,v) /:j&,\r)
ef (:y: A(;:) “&OZS ﬁ&,'ﬁwg

7] (C(o,‘m,) = (0( 'f) )
TZZ/‘I\ A: 4-b O) . Tt Q@S 'é‘UD Q(Eaxuqlw ﬂi:f{:‘é / )z:—i .

—x

Tp b=1 thon A is nod Rperboli Thas we andy cosidly b1
Ty 542 o 2,80 Faw A s cnjigete 4t waton A=)
e phae portad (= 4(2) 5 Hos « oesr dppnitn oy 2.
P ot f (1)1~ ()

TpOCbcd s A <o ¢y

Mmc poffmi’&' ﬁ""%"'ﬂ( (010) /7%44& ﬂb’f{ﬂ-("ll ‘iv'buw( ( 0:.’(> o;F
t (= A(3) (o= fla) Lok Ot
Tp A<b<2 o 552 thon 2,2, <0.




“u

PK@{, foffm((' arowd (010> O,r PZML va'frk("é QM{O,{) of
(q)(: ’A’( «) | @/""}('—“’,/f("‘t”’? &@‘24 ,&& “64;}'

v

Consdor Y case 822 o D= D ced | and A=/ ° ). we prd

: &
f’KL gwmfnb Mw%/ecct% of ~{.

,4-+]2: (“;). g) »K&S ftgu{i 56.0%;(__ a¥t0 .
s e geomete M&rf@a% i 1.

i
4 3

P porteact arowd (06) of Phase poctrast arocd (04) of
u\’ ® (‘*/V' /T-—» (we) /ét!e '63‘.
(v):A(q,r> ) ,{“f)’gm&i t

7] (%,%): (’((,6) .
—Men A= (‘{ 14)~ TKL metlod d(dﬁ s case i3 1% pame. a5 The

0 4-4)
ove wsed i 12y case (%;%):(&U,mceff et 4 5 re/oém( % .




fo

A s Awo eigonvales A= A-4 and } = -4 B a=d than A

ot Lygededie . This s ok of our cousdursdin . Tp agp By 3, # 3, T

A s canjugade T the maboe 4 = (?1 A) e phese portract op (“)= A{;;“)

s this & frear depomdtie of et o ()= K[ ) |
Ip 0<ad o 2, <0<H, T Pase poliact avond (1,0) frf(ct,‘r)/:f[u,,f)

&bﬂ fzﬁe ‘f&& v

N

Iﬁ 1al). ov P2 ’CZUA/ 1, 2 <o0, T, /4% witract arownd Hﬂ)g’
(u(tfy:/f’c%v) &’Dﬁﬁ éﬂzﬂ. %'S

AT

’
Ip =2 thue A=) =4 ol geonetnc mullybiedy 1.
v
— 0, . Pﬂ\'\ .
() Cousrlur #h equilbbicom G 0)= (1,0) . We conpede e Spectrnd jjed o
on oo wnddle o on ‘f& bl ¢of space. 72@ LBewr /Zﬁo (;) (: A(;)
lesides m E=K . We Qe L= V,@(i,0>=(P1 ¢ )




Forafd A a yefbo'&c maioe. Tt Las 1oy eenvalues A= -«
h=d. To dedermine o stable sbgpace E, and ty wtebl cdgpece
Ee of B, we reed to decide the sign of 7
B 0(alt + 9,<0<, .

Ton £ =Ler(h-0,3) and E, = bu(A-D.T)

o =b
A-AL = AT, = 0 ;2—4>N (g 04 '

TKM, E = {(K'/O): KGIK}. )
-2 =4 1 -
A-)L = A _({_Qﬂ; - (‘R A > ~ ( 4-2,)_
o 0 0 O
y Eu-g =t ﬁ) l /se/K} |
For each &»(,tﬂ) é[/zbj we ,{’(M{” X CIR  §weh ‘{éef
G o)t (2L 6).
71;4‘3 ?‘ddﬂ/\« Of J&MM indﬂﬂmg gﬂms A= A— _Q% m/w( #:2

Tus, Bo dedl. pojedon 2. EE 15 o
e F gen o)l 22 o).

Tzc vw'hé@ Pﬂfjt&hlm P . E-E T . A
A “w ’ b . 5

-'.Pu('klc{j) :(E //‘) = (7-% , %) e

8 1<aCZ o 452 A,0.<0, A +D,

P Bz br(A-AL) 04 (A-D2) = E aud E=jo).

TK& S'{YJJQ_ 50[ oju‘fm«« iS ] s = [Z(E . TKL (;cw;‘fqlé /;VDJ'CJL/M (s _?u =0.




]

pa={: A=) =-1<0

The algehrece mlbybiecty o -4 5 equed 62 Thas, E,= lorf4-35)] - E
Ton F,2103. P ctidll pojedrn & 2= de Ty wndd prjedue is
r.=0.
(&) We draw e plase portraits roar T e&zwé‘én’f» Chgevy ) witl e, >0
According t Part (1), suck equilibra exat on 3 Plloomg cases | 0<a<4<y,
1<a<b and a=h=1.

8 0<aS4<H
T&M 0) = :(QL_ ) =) Recidl 'l%a:f (%N.s)f@ﬁ%(@& Gthu=4
Coome) A~ab = f-ab
—~a -4

and Gugtv,= 1. WNe Lave
; N 4’2%"’61}0 —‘é% "uo ‘éu‘o
A": V(((%,va): ( = ( :
—AT, 1-Lv, =4 U, —al, D,

T egonvduas of A el t , equatin.
()ﬁ-% )49 ) - @b v, = O
S Dt (wtn)) +(—ab)wd, =0 1)
Becwse 0,50 awd (1=ab)uv, >0, %, Hwe rvol of (1) yom negatve
el pads . This, A s Dgperkolie. Moreorer, He ortgac o E=R" is < sk
of e flow (2)=A() - Grbman- Hadmans Teoenn sties ot the
powbien oo @)= flor) i« neighbodend of (u0,) is Aoneomopc t

te Dncar ,(&w (;)(-:. A(:;) in & kegﬁwécml of t4e ortgm (9,0), 7%«;,




@
(uo,0) &5 alio « sk o B houlivear /@w We con diass #e pheg. portract |
wound (s0,0,) by ooy (porwand tine) #e ODEs
W) = f) |, (W) v0)) = (%t g, vte,).
We ute e command sdebs m Metleh fo soloe thin facily of ODE, ol
Vartows small values of &ty S0 over & ot perrod of Time_.

L

()
p 1<ash
TKL -Wf)fccmn,d {{ o ( Uo, 07,) cu/w( A are ‘[d& S 4¢ me& I ML /97"602'211«4 Caze

Hwoever, Equahne (1) Aa vow Kag Hwo il A<o<A, . Tle mai A &

We Lawe %(um) :’J‘f(uo ,v,,) + Vf(“ol"oy(&»—uo,‘v—vb)

, u-1h

= A (mov‘a) )
Ld’ Es annd fu he "f& gfd@ awe kuqu S’uésipa.u,g "f E M‘K fegr{(:(’fb fé éw
{ foo C;) = A(K) i E\&/\'\f the "tebl” and “wnstdd" sabspaces of £

W;M ra.fu,f"' 1 1{'&. .h(méﬂ\e/w ({éw (M,f)/: f(w,v’> are



E::{[u,w): (u-uo)2-0,) € E;j = (%) +E |

E/w: (%,%) T‘E“ .

We Aare _ /‘[\
A = TheTm (hat9s)~ 4 (-} ) uo v
2
2= o= + V (ot ~f (i cd) o
B .

~Up =D ‘-émo A _
A“A’ITZ - ( 1 —~ “o 21 AL(t
- A0, "‘D;'"'gf O o
A-NT = o= bu - («uo-/')z ~bu,
~av, =V~ 0 o/

Thas, B =2or(A-AT ) = e pon {(buo, 0=20) 1.
E =t (A-NT) = doeas spon { (b~ =)}
Howo, B) o e boe passing Thiough (sm,) andd paslled & the vectr
Y = (b, ~5-00). EL ts ta bne pasog Brocgh (von) avel parcllel £
vedor ¥ = (buo,~wo=1 ).
On e nonbiear flow Bk pesses throsgh (uo,) and & Forgentul 4
B, () & sk Th, we Can fod s cave in & negghbrdond

P

of (v o) é’B %&w? (fmf ward flme,) #. ODE;
@’ﬂ/: Af(““’!) / (“C")wfa.)> = (%,v)+ 20

‘FN Varions small values £>0.



i
On o newlvess plos ot pases though ) el s fanget 0
(159) &« sonrce Thins, we caw piud s casve i & wegghbodiond g uv,)
by wluing backward m lime e ODE;
W)= plwv) (60, 2= (wow) + €7, |
Jor varons emall valwes 220, Note Tat by, reparametriting e fime tro-t,
it 5 e samne a5 sloing foward o towe the OPF,
(u,v) = ~flur), (W(0)p)) = @) £ e T,
Using Mtleb, we see 1hat dhe Poo tansent B By ot (40,) books Lilly
gfmrgﬂ' Pine.

f
/’//r
/

\

@4:5:41

7&u [uo,uo) Cam he any pomt NI féd O<%<i/% =A—u,.

A= o)~ (N

T egen vilue g of A colve the equation
(Dtw)(At) ~wve =0
& At (wtw)) =0
o A(+1) = 0.
TZ&B are 1,21 and A, = 0. Thon A t not « Qawée@z . We shp
hocanse Grobman— Haitman's Poorenn i not aﬁf&c@é& i i case . T ooy



fe]
woeds, we don't uow Aow 1o descrche the m@wa’@w (@t,,v)':j('u.v)
o e Liear {&w C’:){: A(::)



