Lecture 18

Wednesday, February 19, 2020

The alditin and  scalivg oparaler o a gewrd vedr spae are hot Swiicient T
Cﬂp{'w the Aea of auﬁ‘.e,s ) whick 5 a nafural jum’rm. of IQ"‘ 12> and
K" o azwal. To  defene amﬁlzg , one needs b enmch e structa o
b vedw space. TE tums out that we need Qm\«dl«(lﬁ cimilar To thae

At podiut tn ", Tuner proded & a genemalizatom of Aot produd

b a general vedr space. Recall o degwitom of  emer produch

Let V be o vedw space ovel F. A In‘v\M:d operety an Vs
‘tqku,u value o F, & awn mner p:oo(uf q: i satusfies the pl(awr»g

Axing
() Lneanty o the pmt argument:

Cw-fu‘ W) = C'«lw) -(-((r,w) Vo, w GV)
Cc«_, WJ = CC‘-MW) :V“L(,w é\/, cGF,
Q) Conjusabe  symmebry -
C“/"’) = (01(4) Yo o & V

- -
CA’MI)(z)L CJL\) U.é‘q'l‘e_

(3) Doscbove Az{cmiﬁmaﬁ ‘
( ‘*'UA-) P O ¥ w &\/

_T,L (u,%):o t‘l'«.u« = O -

A vectw cpace equipped wibh  an wner goduid s called an muer

product space.
Onr ray aslc v how aboud «eimca.n'fb in f‘Le seamdh argqmcu‘l".‘a LOs it

true ! We {A.c,f have t’[«, P[(Uw{%a.‘
(u‘ rtw) = (U-,o-)-(- (u,w) Vmo,wé V,
(,cw) = Z(u.w) Yuw €V, ¢EF.

~ Con. }o( ex CJMJU&AILQ

Lecture 18 Page 1



0 this e !
[u., v'-tw e <‘Vfw;6u) (Cd‘"ljuﬁa(t %Mw{‘v’y)
= (1,, u) -+ (w,w) (/e(hem‘l:b (h ‘fLe, pm‘ Afj«me«,'()
= (ru) + (w, u

= (wv) + («.w),

We fee that 'H«(, [Wher ()mluf g alditive o the secad argumeui. On the
dAher hond,

(wer) = (wiw) = elou) = 7 (v = &Gy,
We see that e inmer product © alrust scalar M\‘rfﬂtd:’m o The
secomd Mgwm«d‘. When we fachy a4 comstand  adade a{ e ner
/Aﬂ;,},uzﬁ have fo take the cavgagdc of He coutant FQQLN

An 0pofxdw ( ) o aﬁc(w tle. axns (1) and Q) called -

fut)uc&nwf g The prefin. sesqui  pegus 1; Lr the operalor i
Loewr ,ff"d' and secod Q/‘;um}, it wondd be called o Hilinewr form.

f{ F= IR how Cue thwer PI?‘M m Vi a 45&;«24.(‘ ,Form Thee
kCG.Ld‘L ¢ = c /(o/' any ¢ 1S

f; Let \V be an invy ;Woalw}b fpace. Shaw that (0.0) =
759 the ﬁ:m«x&{») o The prd arqument :
(0,0) = (0+0,0) = (©6) +(s.0)
T, (0.0) = 0.

E___}: On €, cowsider the &(wmfbf C,.) giveu 1'3
(z,w) = 0 ¥5,u € C.

fLW %—*ﬂ‘ [.).) 6 an chner /)rw(««é(‘ o C

We need to check all 4o arioms -

X CLL@IL «&nwf%( M “’LL é[r‘ ¢t afgu.meu‘l')
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L&f ¥ W, v 6(£ WC, Lt,ave,
C&—ev,w) = @,fﬂ\;’: 2w +ow  (Aihchbedom el )
= @‘,W)T@,WJ
Lt %0 6C ad c EC. Wwe have
(¢t w)l = czw = clBuw).

w Creck (wgﬁ“m ief(u:(’eueﬁi
Ld % EC. e have
(#2) = 22 = =" 2 0,
ﬂe;,d/. féwd’ cI % = a+ib (4&602.) fhou 27 = (a-{-t’é)[a«w‘é)
= b = [2]
1‘;{ (av)= 0 thon a=tb: 0. Ths L«pp{}«g ofkfa F a= l= o, olach

wéakns =0 ,

Br ! On C, tonGher an @tw/‘afw (’%,w)—; 2w,

—

S’ium that (.,.) s nol an mher ’prbla.[i‘.

To show that (,.) 5 net an taner product, we du(a heed
gm a 00m{af‘elamp/t .S’Llowimﬂ l\a,o oo 4 ﬂ,, aXiorme (€ w‘o[‘,fu(,
it ws fake v= i, They

(vn¥)= (cc) = ("=-1( <0,
TLM t’Le, [w)t’{wt, Ae(mcéww cma&'f/m 159 v:'o(qfu(.

& Notm induad ég an inner produd
Lt V be s inner /)mp(u_d’ pace The arem{-nr I 1 given ég

bl = ftmv)
9 cd&a{ ﬂ\c nerm. g \/ indiced 48 Cof a-rgoczdu(’ wi\qu) ﬂwe_ innes fJ‘Oélcw(‘.
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Noran o{, G vec{‘mf 24 4/,{0 Caﬂc& 10\3{'[\ 24 majnit/'lw(c, 4 ﬂc ve,dvr.
Ex

B LAV be a ‘Fea£ inher” (WA%{: spate ((,e‘ F;IK) and q,v—é‘\/
be o e.TwJ (ehjﬂ\ Qusw that w+v and w—-v are pu/)w(iz_ular
fo oech offer

[Tr vedws calld payediculac or orthogonad #o eack sthw § ther
1hnel lxweui’ i qu fo vers. )

= n+ v

We hove  llul = 0ol Thas, [(a) = o0 we got (wur=(ne)
We want &[aou (u-(-v, M—v): 0.
We have
(u_—t-v\, wvl= () wmd 4+ (v u-p)
= (a,u)= (u,0) £ (v,0) —(0,0)
Becanse Cu,wl—, (vlv-), we 3@6
(u4v, u-v) = =(u,v) + (1w ()

%Lz the w\dug@{t (gmmdg pmﬂu@ o tnner prwlqd‘ -

(w0l = (viw) (e )
Since F”:zﬁ) @7 u) G/Z L Tha " Q», u) —;Ca‘u). l_lu.a C’/ﬂ@) éewucd
(L_{_(lf) = (l}, (Aa)

frpptgmj Hig ia{wﬁ'(y o (x), we get (wtv, u-v) = ——(q‘v)-l-(um):o,
TI’\U‘éf«am/ ktd axd w—v ak ofﬁwgwé t Qa.(,l, oHQ/t
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