Homework 5
Answer Key

1. Let f: Maoyxo(R) — Mayx2(R) be a the linear map given by f(A) = AC — C' A where
0 1
c- L O] |

Is f diagonalizable? If it is, find a basis of V' = Mayo(R) in which f is represented by a
diagonal matrix.

Solution: We start by finding the matrix of f with respect to the basis

s={ls . o[ 3 5 )

for Mayo(R). I will omit the details. The matrix is

1 0 0 -1
A=fls=17 o o 1
0 -1 1 0

Now we find the reduced the characteristic polynomial (I will again omit the details):
det(A — M) =2 —4)% = A2(2 = \)(2 + \).
Setting the characteristic polynomial equal to zero gives
M2 -N2+))=0 — A=0,2,-2.
We now need to find a basis for each eigenspace.

e A =0: We first want to find null(A — AI). That is, we want to solve (A — Al)v = 0
for v. The augmented system for this equation is

1 -1 0 10 0 —-1/0
1 0 0 —1]0| Reduce, [0 1 =1 0|0
-1 0 0 110 00 0 0|0
0 -1 1 0]0 00 0 0|0
This gives the equations
v —v4 =0 . V] = U4
1)2—2)3:0 V9 = V3.
The eigenvector v is then
(] (3 1 0
v = vz _ |2 =1 0 + V2 ! , v1, V9 € R.
V3 (%) 0 1
Vy U1 1 0

Notice that the vectors [1 00 1]7 and [0 1 1 0]7 are linearly independent, since neither
is a scalar multiple of the other.



‘We now need to convert these column vectors back into 2 x 2 matrices:

1

()_)10 . _>01
0 0 1}’ 1 0|°
1

O = = O

Therefore a basis for the eigenspace Ey is

o 2ol

e A = 2: The augmented system for the equation (A — AI)v =0 is

-2 1 =1 0]0 1 00 1]0
1 -2 0 —1/|0| Reduce 0 1 0 110
-1 0 -2 110 001 —1]0
0 -1 1 =210 000 0]0
This gives the equations
v +v4=0 V] = —U4
vy +v4 =0 — Vg = —V4
U3—U4:0 V3 = V4.
The eigenvector v is 1
-1
V= 1y BE vg € R.
1

Converting to a 2 x 2 matrix gives a basis for Ejs:

)

e A = —2: The augmented system for the equation (A — A)v =0 is

2 1 -1 0]0 1 00 1]0
2 0 —1/|0| Reduce 010 =110
-1 0 2 0 0 01 110
-1 1 2|0 000 0]0
This gives the equations
v +vg=0 vl = —U4
vy +vg4 =0 — Vg = U4
113—1)4:0 V3 = —U4.
The eigenvector v is 1
1
V= Uy R vy € R.
1

Converting to a 2 x 2 matrix gives a basis for Ejs:

{1



For each eigenvalue, the geometric multiplicity matches the algebraic multiplicity, so the
matrix is diagonalizable. We form the desired basis for Myx2(R) by combining the bases for

the eigenspaces:
B_ 1 0] (0 1] [-1 —=1| (-1 1
B O O O A O A O R ) I O Y

The matrix for f with respect to the basis B is then the diagonal matrix with the eigenvalues
along the diagonal:

0 0 0
0 0 0
ls=1, o 3

N O OO

0 0 0 —

Notice that the order of the eigenvalues along the diagonal of [f]cp is the same as the order
of the associated eigenvectors in the basis B.

. On R? let us consider three operators (-,-)1, (-,-)2, (-,-)3 given by

(l‘, y)l = 1 + 2$2y2a
T, Y)2 = x1%2 + Y1Y2,
(z,¥)3 = (21 +22)(y1 +y2)

where x = [?] and y = [Zl] Which of these operators are inner products on R?? Which
2 2

are not? Explain your answer with proof or counterexample.

Solution:

e (x,y)1 = x1y1 + 2x2y2: This is an inner product. We will need to prove each prop-
erty of the inner product. Let

U = {ul] eR?, wv= [Ul} eR?, w= [wl] €R?, and XeR.
V2 w2

— Positivity:
(v,0)1 = (v1)? + 2(v2)* > 0+ 0 > 0.

since the square of a real number is always greater than or equal to 0.
— Definiteness: First note that

(0,0)1 = 0% +2(0)* = 0.

Now suppose
(v,0)1 = (v1)* +2(v2)* = 0.

Since (v1)? and 2(v2)? are both greater than or equal to zero, the only way to make
this equation true is if (v1)? = 0 and 2(v2)? = 0. Solving for v; and vy gives v; = 0
and vy = 0. Therefore v = (0, 0).

— Additivity in the first component:

(u+v,w)1 = (ur +v1)wr + 2(ug + vo)wo
= uiwi + viwg + 2ugws + 2vaw9
= (ujw; + 2ugws) + (Viwi + 2vews)

= (u,w)1 + (v, w)1.



— Homogeneity in the first component:

(Au,v)1 = (Aug)vr + 2(Aug)va
= Muivy + 2ugv9)
= AMu,v)1

— Conjugate symmetry: Note that for any real number a, the complex conjugate
isa@ = a. Now

(’U, u)1 = ViUl + VU2
= v1uy + vausg since viuy + vous is a real number
= U1V1 + UV
= (u7 U)l-
e (x,y)2 = x1x2 + y1y2: This is not an inner product. In fact, the only property that

this operator satisfies is conjugate symmetry. You only need to give a single counterex-
ample, but I will give a counterexample for each property that is not satisfied.

<[_11] , [_11D2 =MD+ M(-1)=-2<0

([(1)] ’ [(1)D2 = (1)(0) + (1)(0) = 0,

— Additivity in the first component:

(b= b [o]), = ()

— Positivity:

— Definiteness:

but

<m ’ m>2 * (H ’ [SDQ = [(1D(@) + 0)(0)] + [(1)(1) + (0)(0)] = 2.

— Homogeneity in the first component:

CL]bl). - (B

([ [8])2 —2[(1)(1) + (0)(0)] = 2.

e (x,y)3 = (r1 4+ x2)(y1 + y2): This is not an inner product. The only property that
it does not satisfy is definiteness:

([]12]), - e-va-n-0m-0

but



3. On C? consider the vectors u; = [ﬂ and ug = [[1)} Let (-,-) be an inner product on C? that

satisfies
(Ul,'LLQ) :ia (ulaul) :3a (’LLQ,'LLQ) =1

S (EAlh)

. 41 1.
Solution: First we need to write the vectors [2 ;FZ ] and [J in terms of u; and us:

141
2

H = (it (Que

1

We can now use linearity in the first component, conjugate linearity in the second component,
and conjugate symmetry to calculate:

([Z;Hm - ((2i>u1+(3+i>u2,(z‘ U1+(2)u2>
@) (i B+ @)+ @0 (v (e + ()

— (20 ul,u1)+(2i)(2) ul,m) + (3+i)7)<u2,u1)+(3—|—i) %)

= 11+ 3i.

4. Let V be a vector space of dimension n over F' = @Q, R or C. Let B be a basis a V. Consider
the operator (-,-) on V given by

(u,v) = c1dy + cada + - -+ + cpd,,

where
cl dq
uls=1|:], [s=
Cn dy,
Show that (-, ) is an inner product on V.

Solution: We need to prove each property of an inner product space. Let

C1 d1 el
[U]B =1:1/> [U]B =1:1/> [w]B =1:1

Cn dp €n

and let \ € F.



e Positivity: Recall that any complex number 2z can be written as x 4 iy where z,y € R.
We then have
22 = (z+iy)(z—iy) =2> +1y* >0

since the square of any real number is always greater than or equal to 0. Therefore
(U,U) =101 + 262+ -+ cpCp 2> 0

e Definiteness: This is an if and only if statement, so we need to show both directions.

(=) We saw in the proof of positivity that,
(u,u) = c1€1 + caCa + + -+ + Cptn

is the sum of real number that are each greater than or equal to 0. If this sum is
equal to 0, then each term in the sum must be 0. That is,

cper =0 forevery k=1,...,n.
If we write ¢, = x + iy where x,y € R, then
0=crcr = z? —i—y2,

so x =y = 0. Therefore ¢ =0 for every k=1,...,n, sou = 0.
(<) If u=0, then

e Additivity in the first component:

(u+v,w) = (a1 +d1)er + (ca +da)ea + - - + (cn + dp)en
= ci1€1 + d1€1 + o€ + doéy + - - - + CcpEp + dnép
= (c1&1 + 282+ -+ + ) + (di&1 + doez + -+ - + dnéy)
= (u,w) + (v, w).

e Homogeneity in the first component:

(Au,v) = (Ac1)dr + (Aez)da + -+ + (Aen)dy,
(c1di + cady + -+ - + cudy)
(u,v)

A
A

e Conjugate symmetry:

(v,u) = c1dy + cady + - - + cpd,y,
= c1dy + Cada + -+ + Cpdy
=d1Cy +daca + -+ dpcy

= (u,v).



5. On R?, consider two vectors vy = B} and vg = [_1

vy and vy are orthogonal to each other (i.e. having inner product equal to zero).

1 .
} . Define an inner product on R? so that

Solution: The easiest way to do this is probably to follow something similar to what was
done in problem 4. Notice that

5=t ={ 5] |7]}

is linearly independent, because neither vector is a scalar multiple of the other. Since R? has
dimension 2, this means that B is a basis for R%2. Now we can define our inner product (-, -)
in a very similar way to how the inner product was defined in problem 4:

(’LL, U) = Cld1 + ngg

where

= |2 = 7).

Since v; and v are the elements of B, they can easily be written in B coordinates:

[v1]B = [(1) SRS [(1) :

Then
(vi,v2) = (1)(0) + (0)(1) =0,

so v1 and vy are orthogonal to each other, as desired.

We now want to show that (-,-) is an inner product, so we need to prove each inner product

property. Let
[ulg = [g] , lls= Bj ;o lwls = [Zj ;

and let A € R.
e Positivity:
(u,u) = (c1)® + (c2)* > 0
since the square of any real number is always greater than or equal to 0.
e Definiteness: This is an if and only if statement, so we need to show both directions.

(=) since the square of any real number is always greater than or equal to 0, the only
way to get
(u,u) = (¢1)” + (c2)* = 0

is if (¢1)? = 0 and (c2)? = 0. This implies that ¢; = 0 and ¢y = 0, so u = 0.
(<) If u =0, then
0
-

(u,u) =0-04+0-0=0.

SO



e Additivity in the first component:

(u+v,w) = (c1 +di)er + (c2 + da)ea
=c1e1 + die] + coeg + doeo
= (6161 + 0262) + (d1€1 + d262)
= (u,w) + (v, w).

e Homogeneity in the first component:

(Au,v) = (Aer)dy + (Aea)da
A(crdy + codo)

= AMu,v)
e Conjugate symmetry:
(U, u) = c1d1 + cods
= c1dy + cods since c¢1dy + codsy is a real number
= d161 + dQCQ
= (u,v).



