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1 Introduction

Number Theory is, broadly speaking, the study of the integers. Analytic Number Theory is
the branch of Number Theory that attempts to solve problems involving the integers using
techniques from real and complex analysis. Many of the problems that analytic methods are
well-suited for involve the primes (and in this course, problems involving primes will be our
main focus).

Theorems in analytic number theory are often about the behavior of some number theo-
retic quantity on average or when some parameter is very large. For example, the two main
quantities we will study in this course are

π(x) = #{p ≤ x : p is prime}

and
π(x; a mod q) = #{p ≤ x : p is prime and p ≡ a mod q}.

The famous Prime Number Theorem is a statement about the behavior of π(x) as x tends
to ∞; it does not say anything about the exact value of π(x) for any specific x. The Prime
Number Theorem states that

π(x) ∼ x

log x
as x→∞.

This statement requires some explanation. It is read as “π(x) is asymptotically equal to
x/ log x as x tends to infinity.” The symbol ∼ is defined by:

f(x) ∼ g(x) ⇐⇒ lim
x→∞

f(x)

g(x)
= 1.

Sometimes we will write f(x) ∼ g(x) as x → 0 (or some other value) and the definition
above should be changed in the obvious way. Usually, if we don’t specify what x tends to,
it is assumed that x→∞.

There are stronger forms of the Prime Number Theorem that specify a bound on the
error between π(x) and x/ log x, but in order to state them we need to modify the main
term x/ log x a bit. For x ≥ 2, define

Li(x) :=

∫ x

2

dt

log t
.

Integrating by parts, it is not too difficult to show that Li(x) ∼ x/ log x. However, Li(x) is a
much better approximation to π(x), as we shall see later. In 1958 Vinogradov and Korobov
proved that there is a number c > 0 for which

π(x) = Li(x) +O

(
x exp

(
−c log

3
5 x

(log log x)1/5

))
. (1.1)

(You will likely not fully appreciate the monumental effort that this result represents until
much later in the course.) Like the asymptotic ∼ notation, the result above requires some
explanation.
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We say that f(x) = O(g(x)) (read “f(x) is big-Oh of g(x)”) if |f(x)| ≤ C|g(x)| for some
constant C > 0. So (1.1) means that there exists some constant C for which

|π(x)− Li(x)| ≤ Cx exp

(
−c log

3
5 x

(log log x)1/5

)
.

Often, determining an explicit value of the constant C is both interesting and quite difficult.
Big-O has a sibling called Little-O, which is defined as follows: we say that f(x) = o(g(x))
if for every constant c > 0 we have f(x) ≤ cg(x) for sufficiently large x (here “sufficiently
large” can depend on c). Equivalently,

f(x) = o(g(x)) ⇐⇒ lim
x→∞

f(x)

g(x)
= 0.

For example, our first statement of the Prime Number Theorem could be stated as

π(x) =
x

log x
(1 + o(1)).

Sometimes, to save a pair of parentheses, we write f(x)� g(x) when f(x) = O(g(x)). This
is read as “f(x) is less-than-less-than g(x).” The opposite notation f(x)� g(x) is also used
to denote that f(x) ≥ Cg(x) for some constant C > 0. When g(x)� f(x)� g(x), we write
f(x) � g(x).

The function π(x) is a step-function with infinitely many discontinuities, so how can we
expect to use analytic methods to study it? The key to this is the Riemann Zeta function

ζ(s) =
∞∑
n=1

1

ns
, Re(s) > 1.

defined for complex numbers s = σ+it with real part σ > 1. We will prove several important
properties of the zeta function in the coming weeks, but for now I’ll just list a few of them
without proof. The zeta function is analytic as a function of s in the region of absolute
convergence σ > 1 and it has the infinite product expansion

ζ(s) =
∏

p prime

(1− p−s)−1,

also valid for σ > 1. It follows from this that the logarithmic derivative ζ ′/ζ can be written

ζ ′(s)

ζ(s)
= −

∞∑
n=1

Λ(n)

ns
,

where Λ(n) is the von Mangoldt function

Λ(n) =

{
log p if n = pk,

0 otherwise.
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Here we see the intimate connection between the primes and the Riemann zeta function;
this is the main connection that we will exploit throughout this course to study the prime
counting function π(x).

To study primes in arithmetic progressions and the function π(x; a mod q) we will use
Dirichlet L-functions. These are closely related to the Riemann zeta function and are defined
(for Re(s) > 1) by the Dirichlet series

L(s, χ) =
∞∑
n=1

χ(n)

ns
,

where χ : Z → C is a “Dirichlet character” which we’ll define later. For example, we can
write

∞∑
n=1
n≡1(4)

Λ(n)

ns
=

1

2

∞∑
n=1

Λ(n)χ0(n)

ns
+

1

2

∞∑
n=1

Λ(n)χ1(n)

ns
,

where

χ0(n) =

{
1 if n is odd,

0 if n is even,
χ1(n) =


1 if n ≡ 1 (mod 4),

−1 if n ≡ 3 (mod 4),

0 if n is even.

2 3 5 7 11 13 17 19 23 29 31 37 41 43 47 53 59 61 67 71 73 79 83 89 97 101

Figure 1: Plots of ψ(x) (solid) and x− log 2π − 1
2

log(1− x−2) (dashed)

I will end this introduction with a visual representation of the connection between the
zeta function and the primes. This is sometimes called the “music of the primes”. As we
will show later, the Prime Number Theorem is equivalent to the statement that

ψ(x) :=
∑
n≤x

Λ(n) ∼ x.
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Since Λ(n) are the coefficients that appear in the logarithmic derivative of ζ, it is easier to
use analytic tools to study ψ(x) than it is to study π(x) directly. An argument that involves
the Residue Theorem from Complex Analysis leads to the “explicit formula1”

ψ(x) = x− log 2π −
∑
ρ

xρ

ρ
, (1.2)

where the sum is over ρ ∈ C such that ζ(ρ) = 0. Figure 1 shows a plot of ψ(x) together with
an asymptotic approximation. There are two big points to notice about the formula (1.2):
1) it is an equality, not involving any asymptotics, and 2) it involves the zeros of a function
which, so far as we know right now, never vanishes. (What do I mean by that? Well, the
infinite product expansion for ζ shows that ζ(s) 6= 0 for σ > 1.) This formula involves the
zeros of the analytic continuation of the zeta function to C, which we will establish soon.
There is a so-called “trivial zero” at each negative even integer: ζ(−2n) = 0, but there are
also infinitely many nontrivial zeros somewhere in the region 0 < σ < 1 (the “critical strip”).
Note that the contribution from the trivial zeros can be written as∑

ρ trivial

xρ

ρ
=

1

2
log

(
1− 1

x2

)
.

It is widely believed that all of the nontrivial zeros lie on the critical line σ = 1
2
, but this is

a wide open problem known as the Riemann Hypothesis.

2 3 5 7 11 13 17 19 23 29 31 37 41 43 47 53 59 61 67 71 73 79 83 89 97 101

Figure 2: Approximation of ψ(x) using the first 10 nontrivial zeros of ζ(s).

The explicit formula (1.2) gives a kind of “Fourier expansion” for the function ψ(x) −
x+ log 2π + 1/2 log(1− 1/x2) in the following sense. It is not too difficult to show that the

1Technically, this is only correct when x is not equal to a prime power, but we’ll ignore that for now.
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zeros of ζ come in pairs ρ and ρ̄. If we assume that each nontrivial zeta zero is of the form
ρ = 1

2
+ iγ, then for large γ we have

xρ

ρ
+
xρ̄

ρ̄
≈ x

1
2

(
xiγ − x−iγ

iγ

)
=

2
√
x sin(γ log x)

γ
.

So for large x we have

ψ(x) ≈ x− log 2π − 1

2
log

(
1− 1

x2

)
− 2
√
x
∑
γ>0

sin(γ log x)

γ
.

The sum on the right looks like a Fourier expansion, but involving very complicated
frequencies (the ordinates of the zeros of zeta are conjectured to be “random” in some
sense). This is theoretically very beautiful, but you can also see it happening concretely.
Figures 1–3 show plots of ψ(x) together with increasingly better approximations using the
explicit formula.

2 3 5 7 11 13 17 19 23 29 31 37 41 43 47 53 59 61 67 71 73 79 83 89 97 101

Figure 3: Approximation of ψ(x) using the first 100 nontrivial zeros of ζ(s).

This course is roughly organized as follows. We’ll start by studying the primes, π(x),
and the Riemann zeta function in detail. As we encounter theorems/tools we need from
Complex Analysis, we’ll prove them (instead of building up all of the tools at the beginning
of the course). The second part of the course will focus on primes in arithmetic progressions,
π(x; a mod q), and the Dirichlet L-functions. Some of the ideas in this part will mirror those
in the first part of the course, so we may skip a few proofs here and there when the ideas
are straightforward. Then, time permitting, we’ll talk about other L-functions (e.g. those
associated with elliptic curves and modular forms) and their roles in number theory.
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Part I

Primes

2 Equivalent forms of the Prime Number Theorem

In this section we’ll prove that two statements are equivalent to the prime number theorem.
Here, and throughout the course, I’ll use the term “equivalent” to mean that each statement
follows from the other in a straightforward manner. Of course, all true statements are
logically equivalent but that’s not what I mean here.

2.1 Partial summation

We’ll first need a tool which I’ve heard several people call the most useful tool in analytic
number theory. It goes by a few names, but here I’ll call it “partial summation” (it’s also
known as Abel summation). It’s a discrete analogue of integration by parts.

Theorem 2.1 (Partial Summation). Suppose that {a(n)} is any sequence and define

A(x) :=
∑

1≤n≤x

a(n).

If f(x) is continuously differentiable on [y, x] with 0 < y < x, then∑
y<n≤x

a(n)f(n) = A(x)f(x)− A(y)f(y)−
∫ x

y

A(t)f ′(t) dt.

Proof. Let M = byc and N = bxc. (Here b·c is the “floor function” which gives the greatest
integer less than or equal to the input.) The idea is that if x and y aren’t integers then the
sum only picks up the terms from M + 1 to N , so we might as well just sum over those.
Note that A(x) = A(N) and A(y) = A(M). Writing a(n) = A(n) − A(n − 1), splitting up
the sum into two parts, and re-indexing the second sum, we have∑

y<n≤x

a(n)f(n) =
N∑

n=M+1

A(n)f(n)−
N−1∑
n=M

A(n)f(n+ 1).

We’ll take out the n = N term in the first sum and the n = M term in the second sum to
get that the above expression equals

A(N)f(N)− A(M)f(M + 1)−
N−1∑

n=M+1

A(n)[f(n+ 1)− f(n)].

Now we write f(n + 1) − f(n) =
∫ n+1

n
f ′(t) dt and note that since A(n) is a step function,

we have A(n) = A(t) for all t ∈ [n, n+ 1]. Then the expression above equals

A(N)f(N)− A(M)f(M + 1)−
N−1∑

n=M+1

∫ n+1

n

A(t)f ′(t) dt.
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In the third term, we can write the sum of integrals as a single integral on [M + 1, N ]. Also,
a similar trick as before shows that A(N)f(N) = A(x)f(x) −

∫ x
N
A(t)f ′(t) dt, and similarly

−A(M)f(M + 1) = −A(y)f(y)−
∫M+1

y
A(t)f ′(t) dt. Thus we have

∑
y<n≤x

a(n)f(n) = A(x)f(x)− A(y)f(y)−
(∫ M+1

y

+

∫ N

M+1

+

∫ x

N

)
A(t)f ′(t) dt.

This completes the proof.

2.2 The Chebyshev functions

We are now ready for two equivalent forms of the prime number theorem involving the
following summatory functions. The von Mangoldt summatory function ψ(x) was defined in
the introduction, but I’ll repeat it here:

ψ(x) :=
∑
n≤x

Λ(n).

The Chebyshev ϑ-function is defined as

ϑ(x) :=
∑
p≤x

log p.

(Let’s agree that in these notes p always denotes a prime, so
∑

p≤x means that the sum is
over primes ≤ x.) Note that the definition for ψ(x) can be written

ψ(x) =
∞∑
k=1

∑
pk≤x

log p =
∞∑
k=1

ϑ(x1/k).

The sum is actually finite since ϑ(x) = 0 if x < 2. So we can truncate it at k = blog2(x)c if
we desire. In a minute we’ll show that ϑ(x) ∼ x is equivalent to the prime number theorem.
So morally we should expect that the k = 1 term above dominates, since ϑ(

√
x) ∼

√
x, etc.

Indeed, this is the case: the sums ψ(x) and ϑ(x) behave quite similarly for large x. Using
partial summation we can prove the following.

Proposition 2.2. As x→∞ we have

π(x) ∼ x

log x
⇐⇒ ϑ(x) ∼ x ⇐⇒ ψ(x) ∼ x. (2.1)

Proof. We begin by showing that ψ(x)/x and ϑ(x)/x tend to the same limit (if either tends
to a limit). We have

0 ≤ ψ(x)− ϑ(x) =
∑

2≤k≤log2 x

ϑ(x1/k).

By the definition of ϑ(x), we have the crude bound ϑ(x) ≤ x log x, from which it follows that

0 ≤ ψ(x)− ϑ(x) ≤
∑

2≤k≤log2 x

x1/k log(x1/k) ≤
√
x log x

∑
2≤k≤log2 x

1

k
�
√
x(log x)2.
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We conclude that ∣∣∣∣ψ(x)

x
− ϑ(x)

x

∣∣∣∣� (log x)2

√
x

,

So ψ(x)/x− ϑ(x)/x→ 0 as x→∞. Thus it suffices to prove the first ⇐⇒ in (2.1).
Let a(n) denote the characteristic function of the primes:

a(n) =

{
1 if n = p is prime,

0 otherwise.

With f(t) = log t, partial summation gives

ϑ(x) =
∑

1<n≤x

a(n) log n = π(x) log x−
∫ x

2

π(t)

t
dt

(note that π(t) = 0 if t < 2). Now suppose that π(x) ∼ x/ log x. Then to show that ϑ(x) ∼ x
it is enough to prove that

lim
x→∞

1

x

∫ x

2

π(t)

t
dt = 0.

By assumption we have π(t)� t/ log t, so

1

x

∫ x

2

π(t)

t
dt� 1

x

∫ x

2

dt

log t
=

1

x

∫ √x
2

dt

log t
+

1

x

∫ x

√
x

dt

log t
� 1√

x
+

1

log
√
x
,

and the latter expression tends to zero as x→∞.
The reverse direction is quite similar. Define

b(n) =

{
log n if n = p is prime,

0 otherwise.

Then by partial summation with f(t) = 1/ log t we have

π(x) =
∑

3/2<n≤x

b(n)
1

log n
=
ϑ(x)

log x
+

∫ x

2

ϑ(t)

t log2 t
dt.

If ϑ(x) ∼ x then it suffices to show that

lim
x→∞

log x

x

∫ x

2

ϑ(t)

t log2 t
dt = 0.

But if ϑ(t)� t then we have

log x

x

∫ x

2

ϑ(t)

t log2 t
dt� log x

x

∫ x

2

dt

log2 t
.

The latter integral is � x/(log
√
x)2 by the same trick as before, so we are done.
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2.3 Approximating the n-th prime

We can also get an approximation for the n-th prime number pn if we assume the PNT.

Proposition 2.3. Let pn denote the n-th prime number. If π(x) ∼ x/ log x then

pn ∼ n log n.

Proof. We first show that log π(x) ∼ log x. Taking logs in the prime number theorem we
have

lim
x→∞

(log π(x) + log log x− log x) = 0.

Dividing through by log x (and using that log x→∞) we see that

lim
x→∞

(
log π(x)

log x
+

log log x

log x
− 1

)
= 0,

from which it follows that

lim
x→∞

log π(x)

log x
= 1.

Now we notice that π(pn) = n. Thus, by the prime number theorem, as n→∞ we have

pn ∼ π(pn) log pn ∼ π(pn) log π(pn) = n log n,

as desired.

By a similar method, the statement pn ∼ n log n implies the prime number theorem.

3 Approximations of ϑ(x) and Mertens’ theorems

Using some elementary ideas we can show that ϑ(x) � x (which shows that the difficulty in
proving the prime number theorem is establishing the exact asymptotic, not merely the order
of growth). To do this, we’ll first need a rough approximation for the factorial function.

3.1 Stirling’s formula and Euler summation

I’ll refer to this as Stirling’s formula, though later we’ll prove a more precise version which
I’ll also call Stirling’s formula.

Theorem 3.1 (Stirling’s formula). As n→∞ we have

log(n!) = n log n− n+ 1
2

log n+O(1).

To prove Stirling’s formula, it will be convenient to have another version of partial sum-
mation which we can use whenever we’re summing a continuously differentiable function.
You can prove this directly, but we’ll work it out as a corollary to partial summation.
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Theorem 3.2 (Euler’s summation formula). If f is continuously differentiable on [y, x] with
0 < y < x, then∑

y<n≤x

f(n) =

∫ x

y

f(t) dt+

∫ x

y

(t− btc)f ′(t) dt+ f(x)(bxc − x)− f(y)(byc − y).

(Note that the last two terms vanish if x, y ∈ Z.)

Proof. We apply partial summation with a(n) = 1 to get∑
y<n≤x

f(n) = f(x)bxc − f(y)byc −
∫ x

y

btcf ′(t) dt.

This, together with the integration by parts formula∫ x

y

tf ′(t) dt = xf(x)− yf(y)−
∫ x

y

f(t) dt

yields Euler’s summation formula.

Proof of Proposition 3.1. We begin by writing

log(n!) = log
n∏
k=1

k =
∑

1<k≤n

log k.

Applying Euler summation with f(k) = log k we find that∑
1<k≤n

log k = n log n− n+ 1 +

∫ n

1

t− btc
t

dt.

We split the integral into intervals of length one:∫ n

1

t− btc
t

dt =
n−1∑
`=1

∫ `+1

`

t− `
t

dt.

Evaluating the inner integral and expanding the log term as a Taylor series (around ` =∞)
we find that ∫ `+1

`

t− `
t

dt = 1− ` log(1 + 1
`
) =

1

2`
+O

(
1

`2

)
.

It follows that ∫ n

1

t− btc
t

dt =
1

2

n−1∑
`=1

1

`
+O

(
n−1∑
`=1

1

`2

)
.

The latter term is O(1) (the full sum with n =∞ is convergent, so the partial sum is bounded
by a fixed constant). Applying Euler summation again with f(`) = 1/` we find that

n−1∑
`=1

1

`
=

n∑
`=1

1

`
− 1

n
= log n− 1

n
+

∫ n

1

t− btc
t2

dt = log n+O(1).

Here we used that |t− btc| ≤ 1 and that
∫∞

1
dt/t2 <∞. The result follows.
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3.2 The Chebyshev ϑ function

We now prove that ϑ(x) � x.

Proposition 3.3. There exist constants a, b > 0 such that ax ≤ ϑ(x) ≤ bx.

Proof. We begin with the upper bound. Let Pk =
∏

p≤k p so that ϑ(k) = logPk. We prove

by induction that Pk < 4k. Certainly this is true for k = 1. To check it for Pk+1, we split
into two cases. If k + 1 is even then Pk+1 = Pk < 4k < 4k+1. Now suppose that k + 1 is odd
and write k + 1 = 2m+ 1. Then

Pk+1 =
∏

p≤m+1

p
∏

m+2≤p≤2m+1

p = Pm+1Qm,

say. Note that Qm divides (2m+1)!
m!(m+1)!

=
(

2m+1
m

)
since the primes dividing Qm are all larger than

m+ 1. By the binomial theorem we have

(1 + 1)2m+1 =
2m+1∑
`=0

(
2m+ 1

`

)
= 2

m∑
`=0

(
2m+ 1

`

)
≥ 2

(
2m+ 1

m

)
.

It follows that Qm ≤ 1
2
· 22m+1 = 4m. So by the inductive hypothesis we compute that

Pk+1 = Pm+1Qm < 4m+14m = 4k+1, as desired. Thus ϑ(n) ≤ n log 4.
We turn to the lower bound. Let vp(n) denote the exponent of p in the prime factorization

of n. Then for the factorial function we have

vp(n!) =

⌊
n

p

⌋
+

⌊
n

p2

⌋
+

⌊
n

p3

⌋
+ . . . .

This follows by counting the number of integers ≤ n which are divisible by p, then those
which are divisible by p2 (note we already counted those once), then those divisible by p3

(we already counted those twice), etc. Therefore

n! =
∏
p≤n

pvp(n!) =⇒ log n! =
∑
p≤n

vp(n!) log p =
∑
p≤n

⌊
n

p

⌋
log p+ An,

where

An =
∑
p≤n

∞∑
j=2

⌊
n

pj

⌋
log p ≤

∑
p≤n

∞∑
j=2

n

pj
log p ≤ n

∑
p

log p

p2
· 1

1− 1
p

� n,

So by Stirling’s formula we have∑
p≤n

⌊
n

p

⌋
log p = n log n+O(n).

Since ϑ(n)� n we have

∑
p≤n

⌊
n

p

⌋
log p = n

∑
p≤n

log p

p
+O

(∑
p≤n

log p

)
= n

∑
p≤n

log p

p
+O(n),
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from which it follows that ∑
p≤n

log p

p
= log n+O(1).

Let 0 < a < 1; then∑
an≤p≤n

log p

p
= log n− log(an) +O(1) = log

(
1

a

)
+O(1).

So there is a constant c > 0 such that∑
an≤p≤n

log p

p
≥ log

(
1

a

)
− c.

It follows that

ϑ(n)

n
≥ 1

n

∑
an≤p≤n

log p ≥ a
∑

an≤p≤n

log p

p
≥ a

(
log

(
1

a

)
− c
)
.

Choosing a = e−c−1, we conclude that ϑ(n) ≥ e−c−1n.

Remark 3.4. This proof illustrates one of the most-used tricks in analytic number theory:
introducing an auxiliary variable (in this case a) and choosing its value at the end of the
argument once you know what a good choice is.

3.3 Mertens’ estimates

Note that in the course of the previous proof we showed the following. This is sometimes
called Mertens’ first theorem (though, he proved it with an explicit error bound).

Corollary 3.5. As x→∞ we have∑
p≤x

log p

p
= log x+O(1). (3.1)

This, together with partial summation, gives us Mertens’ second theorem.

Theorem 3.6. As x→∞ we have∑
p≤x

1

p
= log log x+m+O

(
1

log x

)
,

where m ≈ 0.261 497 212 847 642 783 755 426 838 608 is Mertens’ constant.

Proof. Applying partial summation with f(n) = 1/ log n and

a(n) =

{
log p
p

if p is prime,

0 otherwise,
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we find that ∑
p≤x

1

p
=
∑
n≤x

a(n)f(n) =
1

log x

∑
p≤x

log p

p
+

∫ x

2

(∑
p≤t

log p

p

)
dt

t log2 t
.

The first term above is handled by (3.1). For the second term, let E(x) denote the error
term in (3.1); then we know that |E(x)| ≤ C for some constant C > 0. It follows that the
integral above equals∫ x

2

dt

t log t
+

∫ x

2

E(t)

t log2 t
dt = log log x− log log 2 +

∫ ∞
2

E(t)

t log2 t
dt+O

(∫ ∞
x

dt

t log2 t

)
.

Note that the integral involving E(t) is absolutely convergent, though its value would be
difficult to compute exactly. Putting this all together (and evaluating the integral in the
big-O), we find that ∑

p≤x

1

p
= log log x+m+O

(
1

log x

)
,

where

m = 1− log log 2 +

∫ ∞
2

E(t)

t log2 t
dt.

This is the aforementioned Mertens constant, approximated above.

Remark 3.7. Mertens’ second theorem is a strengthening of Euclid’s theorem that there
are infinitely many primes. By contrast, there are infinitely many squares, but the sum of
their reciprocals converges:

∞∑
n=1

1

n2
=
π2

6
.

So Mertens’ second theorem says that, not only are there infinitely many primes, but they
appear “more frequently” than the squares (or any sequence that grows like n1+δ for some
fixed δ > 0), whatever that means; this resonantes with the statement that pn ∼ n log n.

4 Basic Properties of the Riemann Zeta Function

The most important tool for studying the prime numbers is the Riemann Zeta Function

ζ(s) :=
∞∑
n=1

1

ns
.

As is customary in analytic number theory, we’ll follow Riemann’s notation s = σ + it. To
determine the convergence of the series defining ζ(s), let’s compute

|ns| = |es logn| = |eσ logn| · |eit logn| = nσ.

We’ll use the following standard theorems from complex analysis to determine the analyticity
of the zeta function.
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Theorem 4.1. Let fn be a sequence of functions analytic in a domain D and converging
uniformly to f on all compact subsets of D. Then f is analytic in D, and f ′ = lim f ′n.

Proof sketch. By Morera’s theorem, it is enough to show that
∫

Γ
f = 0 for every loop Γ in

D. But since fn → f uniformly on Γ (a compact subset of D) we have 0 =
∫

Γ
fn →

∫
Γ
f .

Theorem 4.2 (The Weierstrass M -test). Let T ⊂ C and let fj be a sequence of complex-
valued functions on T . Suppose that for each j we have |fj(z)| ≤ Mj for all z ∈ T and
suppose that

∑
jMj converges. Then the series

∑
j fj(z) converges uniformly on T .

Proof sketch. Fix ε > 0. By the Cauchy criterion, there is a number N ≥ 1 such that∑n
j=mMj < ε whenever n ≥ m ≥ N . It follows that

∑
fj(z) also satisfies the Cauchy

criterion, and therefore converges to some function F (z). The convergence is uniform because∣∣∣∣∣F (z)−
m∑
j=0

fj(z)

∣∣∣∣∣ ≤
∞∑

j=m+1

Mj ≤ ε

whenever m ≥ N , for all z ∈ T (let n→∞ in the Cauchy criterion).

Applying these theorems to the Riemann zeta function, we see that ζ(s) is analytic in
the domain D = {σ > 1}. Indeed, let K ⊆ D be compact. Then σ ≥ 1 + δ for some fixed
δ > 0 for all s ∈ K. It follows that |n−s| = n−σ ≤ n−1−δ for all s ∈ K. So by Theorem 4.2,
ζ(s) converges uniformly on K; thus, by Theorem 4.1, ζ(s) is analytic in D.

4.1 The Euler product

The connection between ζ(s) and primes comes from the Euler product (for σ > 1)

ζ(s) =
∏
p

(1− p−s)−1. (4.1)

To show that the infinite product converges, we apply the following standard theorem from
complex analysis.

Theorem 4.3. If the series
∑
an converges absolutely, then the infinite product

∏
(1 + an)

converges absolutely, i.e. the product
∏

(1 + |an|) converges.

To apply this to ζ(s), we first expand the factor (1− p−s)−1 as a geometric series

1

1− p−s
= 1 +

∞∑
m=1

p−ms.

Thus, to show that the infinite product on the right-hand side of (4.1) converges absolutely
we verify the convergence of the series

∑
p

∞∑
m=1

|p−ms| =
∑
p

∞∑
m=1

p−mσ =
∑
p

p−σ · 1

1− p−σ
≤ 1

1− 2−σ

∑
p

1

pσ
<

1

1− 2−σ

∑
n

1

nσ
.
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Since σ > 1, this series converges, so the infinite product converges absolutely.
It remains to show that this convergent infinite product equals ζ(s). Consider the finite

product ∏
p≤x

1

1− p−s
=
∏
p≤x

(
1 +

1

ps
+

1

p2s
+ . . .

)
=
∑
n∈A

1

ns
,

where A is the set of positive integers all of whose prime factors are ≤ x (note that we
are using the fundamental theorem of arithmetic here, together with the fact that we can
rearrange a finite product of absolutely convergent infinite series). It follows that∣∣∣∣∣

∞∑
n=1

1

ns
−
∏
p≤x

1

1− p−s

∣∣∣∣∣ ≤∑
n>x

1

nσ
,

since all of the leftover terms have at least one prime factor larger than x. As x → ∞, the
sum on the right-hand side goes to zero because

∑
n−σ is convergent. It follows that

lim
x→∞

∏
p≤x

1

1− p−s
= ζ(s).

Our first observation from the Euler product is the nonvanishing of ζ(s) in σ > 1.

Theorem 4.4. If σ > 1 then ζ(s) 6= 0.

Proof. Let P be a large prime and consider the product

(1− 2−s)(1− 3−s) · · · (1− P−s)ζ(s) = 1 +
∑
n∈B

1

ns
,

where B is the set of integers whose smallest prime factor is larger than P . By the reverse
triangle inequality, we have∣∣(1− 2−s)(1− 3−s) · · · (1− P−s)ζ(s)

∣∣ ≥ 1−
∑
n∈B

1

nσ
> 1−

∑
n>P

1

nσ
.

If P is large enough, then the latter sum is less than 1, so we have∣∣(1− 2−s)(1− 3−s) · · · (1− P−s)ζ(s)
∣∣ > 0.

Since none of the factors (1− p−s) is zero when σ > 1, it follows that |ζ(s)| > 0.

4.2 The logarithmic derivative of ζ(s)

We can now connect ζ(s) to the von Mangoldt function Λ(n).

Theorem 4.5. For σ > 1 we have

ζ ′(s)

ζ(s)
= −

∞∑
n=1

Λ(n)

ns
.
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Note that sometimes we will write ζ′

ζ
(s) for ζ′(s)

ζ(s)
.

Proof. Taking the logarithm2 of the Euler product for ζ(s), we find that

log ζ(s) = −
∑
p

log(1− p−s).

Differentiating, and expanding the geometric series, we find that

ζ ′(s)

ζ(s)
= −

∑
p

p−s log p

1− p−s
= −

∑
p

log p
∞∑
m=1

1

pms
= −

∞∑
n=1

Λ(n)

ns
.

The last equality follows from rearranging the series and remembering that Λ(n) = log p if
n = pm and otherwise Λ(n) = 0.

4.3 The analytic continuation of ζ(s)

The last property we’ll prove in this section is the analytic continuation of ζ(s) to σ > 0.
Applying Euler summation, we find that for σ > 1 we have∑

2≤n≤x

1

ns
=

∫ x

1

dt

ts
− s

∫ x

1

t− btc
ts+1

dt =
x1−s

1− s
− 1

1− s
− s

∫ x

1

t− btc
ts+1

dt.

Since σ > 1, everything on the right-hand side converges as x → ∞. Adding in the n = 1
term, we find that

ζ(s) =
1

s− 1
+ 1− s

∫ ∞
1

t− btc
ts+1

dt.

I claim that the integral defines an analytic function in the region σ > 0. Indeed, we can
use Theorem 4.1 again: define

fm(z) =

∫ m

1

t− btc
ts+1

dt,

and let f(z) = limm fm(z). If K is a compact subset of {σ > 0} then there is some δ > 0
such that σ ≥ δ for all s ∈ K. It follows that

|f(z)− fm(z)| ≤
∫ ∞
m

|t− btc|
tσ+1

dt ≤
∫ ∞
m

dt

t1+δ
=

1

δmδ
,

so the sequence fm converges uniformly to f on K. Therefore the function

1

s− 1
+ 1− s

∫ ∞
1

t− btc
ts+1

dt (4.2)

2We should be careful about branch cuts, because we’re going to take a derivative. However, I’m going to
ignore these kinds of issues here; this can be done very carefully, but it’s not very enlightening. Alternatively,
one could restrict to t = 0, i.e. real values of s, so that ζ(s) is positive, and then there are no branch cut
issues. After doing the rest of the computation, the equality for general s follows by analytic continuation.
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is meromorphic in σ > 0 with a simple pole at s = 1 with residue 1. We take this to be
the definition of ζ(s) in the region σ > 0; this is reasonable because it agrees with our
original definition on the subset σ > 1 and it is analytic except at s = 1. Actually, by the
theory of analytic continuation this is the only definition of ζ(s) in the larger region which
preserves analyticity, so we can say it is the analytic continuation (really, it should be called
the meromorphic continuation, but nobody says that).

We collect the results above in a theorem.

Theorem 4.6. The Riemann zeta function ζ(s) defined by (4.2) is meromorphic in the region
σ > 1 with a simple pole at s = 1 with residue 1 and no other singularities.

5 The functional equation for ζ(s)

Among the most important properties of the Riemann zeta function is the functional equa-
tion, which relates the value of ζ(s) to the value of ζ(1 − s). Note that since we have
analytically continued ζ(s) to the region Re(s) > 0, the functional equation provides the
glue that extends the definition of ζ(s) to the whole complex plane.

The functional equation for ζ(s) follows from the “modularity of a theta function of
weight 1/2.” For me to fully explain that phrase, we would need to take a big detour into
the theory of modular forms; we won’t do that here, but you should be aware that something
bigger is happening in the background.

5.1 The Poisson summation formula

We require a result from classical Fourier analysis called the Poisson summation formula.
While we could state it in more generality, we will assume that we are working with suitably
nice functions in order to streamline the exposition; what follows is certainly enough for our
purposes.

Recall that if
∫
R |f | <∞ then the Fourier transform of f is defined as

f̂(y) =

∫
R

f(x)e(−xy) dx,

where we have used the standard shorthand notation

e(x) := e2πix.

Theorem 5.1. Suppose that both f, f̂ are differentiable on R. If both f and f̂ are in L1(R)
and have bounded variation3 then ∑

m∈Z

f(m) =
∑
n∈Z

f̂(n) (5.1)

and both series converge absolutely.

3The first condition means that
∫
R |g| <∞ and the second means that

∫
R |g

′| <∞, for g = f, f̂ .
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Proof. First note that the absolute convergence of the series in (5.1) follows from an appli-
cation of Euler summation. Now consider the function

F (x) =
∑
m∈Z

f(x+m).

Since F is periodic of period one, it has a Fourier series expansion

F (x) =
∑
n∈Z

c(n)e(nx),

where the Fourier coefficients are given by

c(n) =

∫ 1

0

F (t)e(−nt) dt =

∫ 1

0

∑
m∈Z

f(t+m)e(−nt) dt =

∫
R
f(t)e(−nt) dt = f̂(n).

Thus we have ∑
m∈Z

f(x+m) =
∑
n∈Z

f̂(n)e(nx),

and taking x = 0 we obtain (5.1).

5.2 Modularity of the theta function

Here we establish a functional equation for the theta function

θ(z) :=
∑
n∈Z

exp(πin2z),

where z is in the upper half-plane H = {Im(z) > 0}. If we write z = x + iy, then
| exp(πin2z)| = exp(−πn2y). So if K ⊂ H is compact, then y ≥ y0 for some fixed y0 > 0, and
thus the terms of the series rapidly decay as |n| → ∞; it follows that θ(z) defines an analytic
function in H. The following lemma shows that θ(z) also satisfies a functional equation
relating θ(z) and θ(−1/z).

Lemma 5.2. For all z ∈ H we have

θ(−1/z) = (−iz)
1
2 θ(z), (5.2)

where the branch of z1/2 is determined by 11/2 = 1.

Proof. Since both sides of (5.2) are analytic on H, it suffices to prove the equality for z = iy
with y > 0; the result then follows by analytic continuation. To apply Poisson summation,
we need to evaluate the integral ∫ ∞

−∞
e−πx

2y−2πinx dx.

Writing
−πx2y − 2πinx = −π(x+ in/y)2y − πn2/y,
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the integral equals

e−πn
2/y

∫ ∞
−∞

e−π(x+in/y)2y dx.

Let’s think about this integral as a contour integral in the complex plane, and consider x as
a complex variable. Note that the integrand decays rapidly as |Re(x)| → ∞ as long as Imx
remains constant. So by Cauchy’s theorem we can shift the line of integration to the line
x− in/y with x ∈ R. So we find that∫ ∞

−∞
e−πx

2y−2πinx dx = e−πn
2/y

∫ ∞
−∞

e−πx
2y dx = y−1/2 e−πn

2/y

∫ ∞
−∞

e−πx
2

dx,

where the last equality comes from a change of variables. The latter integral evaluates to 1,
which finishes the proof of the lemma.

5.3 The functional equation for ζ(s)

We begin with the Gamma function

Γ(s) =

∫ ∞
0

e−tts
dt

t

which is analytic in the region σ > 0. Making the change of variables t = πn2x we find that

Γ(s) = πsn2s

∫ ∞
0

e−πn
2xxs

dx

x
,

from which it follows that

Γ(s/2)π−s/2n−s =

∫ ∞
0

e−πn
2xxs/2

dx

x
.

If σ > 1 then we can sum both sides over positive integers n to obtain

Γ(s/2)π−s/2ζ(s) =

∫ ∞
0

θ1(x)xs/2−1 dx,

where θ1(x) = 1
2
(θ(ix) − 1). The exchange of summation and integration is justified by

absolute convergence. We will use the transformation property of θ(z) to manipulate the
integral on the right-hand side to obtain an expression that is absolutely convergent for all
s ∈ C except at s = 0, 1. This way we’ll be able to analytically extend the definition of ζ(s)
to the entire complex plane.

Let

I1 =

∫ 1

0

θ1(x)xs/2−1 dx, I2 =

∫ ∞
1

θ1(x)xs/2−1 dx.

Making the change of variables x = 1/u in I1, we find that

I1 =

∫ ∞
1

θ1(1/u)u−s/2−1 du.
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Then the functional equation for θ(z) gives

θ1(1/u) =
θ(i/u)− 1

2
=
u1/2θ(iu)− 1

2
=

2u1/2θ1(u) + u1/2 − 1

2
.

It follows that

I1 = −1

s
+

1

s− 1
+

∫ ∞
1

θ1(u)u−s/2−1/2 du.

We can esimate θ1(x) for large x by using that n2 ≥ n, so

∞∑
n=1

e−πn
2y ≤

∞∑
n=1

e−πnx =
1

eπx − 1
� e−πx.

Therefore the integral above (also the integral I2) is absolutely convergent for any s ∈ C and
defines an entire function of s. Putting this together with the work above, we find that

π−s/2Γ(s/2)ζ(s) =
1

s(s− 1)
+

∫ ∞
1

θ1(x)
(
x−s/2−1/2 + xs/2−1

)
dx. (5.3)

The right-hand side is meromorphic for all s ∈ C, with poles only at s = 0, 1. This provides
the meromorphic continuation of the left-hand side to all of C. Furthermore, the right-hand
side is invariant under the transformation s↔ 1− s. We collect these facts in a theorem.

Theorem 5.3. Define
ξ(s) := s(s− 1)π−s/2Γ(s/2)ζ(s).

Then ξ(s) is an entire function that satisfies the functional equation

ξ(s) = ξ(1− s). (5.4)

6 Outline of the proof of the Prime Number Theorem

We will prove a few versions of the prime number theorem in this course, with various error
estimates. But each time the general idea will be the same. Since this can get kind of
technical, it’s good to have a big picture view of what’s going on before we zoom in on the
details. To start, we’ll need to know about Mellin transforms.

6.1 The Mellin transform

Let φ(t) be a continuous4 function on the nonnegative real line which decays rapidly at ∞.
For concreteness, let’s say that φ(t) � t−A for any A > 0. In practice, we’ll usually pick
something with compact support (meaning that φ(t) = 0 for t ≥ M) so the rapid decay is
immediate. The Mellin transform of φ is

φ̃(s) :=

∫ ∞
0

φ(t)ts
dt

t
,

4You don’t really need continuity here (and the growth conditions can be relaxed), but for our purposes
this is enough.
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where s is a complex parameter. By the rapid decay assumption, this integral converges
absolutely for any s ∈ C with Re(s) > 0 and defines an analytic function of s in that region.
The real power of the Mellin transform comes from the Mellin inversion formula.

Theorem 6.1 (Mellin inversion). Suppose that φ satisfies the conditions above. Then

φ(x) =
1

2πi

∫
(c)

φ̃(s)x−s ds. (6.1)

The notation
∫

(c)
is shorthand for

∫ c+i∞
c−i∞ .

Proof. If you are familiar with Fourier inversion, this follows quickly from that. The Fourier
inversion formula states that

f(y) =

∫
R
f̂(u)e2πiyu du, (6.2)

where f̂ is the Fourier transform

f̂(u) =

∫
R
f(v)e−2πiuv dv.

Applying this to f(y) = φ(ey) we find that

f̂(u) =

∫
R
φ(ev)e−2πiuv dv =

∫ ∞
0

φ(t)ts
dt

t
= φ̃(s),

where s = −2πiu. Then a simple change of variables in (6.2) yields (6.1).
If you are not familiar with Fourier inversion, I’ll sketch a direct proof of (6.1) here (with

some extra assumptions that streamline the proof). Let R be a large parameter and consider
the integral

1

2πi

∫ c+iR

c−iR
φ̃(s)x−s ds =

∫ ∞
0

φ(t)

t

[
1

2πi

∫ c+iR

c−iR

(
t

x

)s
ds

]
dt.

The decay conditions on φ justify switching the order of integration. For t 6= x, the integral
in brackets evaluates to

1

2πi

(t/x)c+iR − (t/x)c−iR

log(t/x)
=

1

π

(
t

x

)c
sin(R log(t/x))

log(t/x)
.

Changing variables to t = xeu, we find that

1

2πi

∫ c+iR

c−iR
φ̃(s)x−s ds =

1

π

∫ ∞
−∞

φ(xeu)ecu sin(Ru)
du

u
.

Now suppose that f : R→ R is smooth and that
∫
R |f | <∞ and

∫
R |f

′| <∞. I claim that

lim
R→∞

∫
R
f(y) sin(Ry)

dy

y
= πf(0).

Write ∫
R
f(y) sin(Ry)

dy

y
= f(0)

∫
R

sin(Ry)
dy

y
+

∫
R
g(y) sin(Ry)dy,
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where g(y) = (f(y)− f(0))/y for y 6= 0, g(0) = f ′(0). Note that g is continuous at y = 0; we
also have

∫
R |g

′| <∞. The first integral evaluates to π for any R (this is a famous integral –
look up “sinc” function – and can be computed using a clever contour integration). For the
second integral, we integrate by parts to see that∫

R
g(y) sin(Ry)dy =

1

R

∫
R

cos(Ry)g′(y) dy � 1

R

∫
R
|g′(y)|dy � 1

R
.

So the second integral goes to zero as R→∞. This completes the proof.

6.2 Outline of the proof of PNT

Now suppose that we choose φx(t) to smoothly approximate the characteristic function for
the interval [0, x] (i.e. φx(t) ≈ 1 when 0 ≤ t ≤ x and φx(t) ≈ 0 otherwise). Then we can
approximate ψ(x) by the sum

∞∑
n=1

Λ(n)φx(n) =
∞∑
n=1

Λ(n) · 1

2πi

∫
(c)

φ̃x(s)n
−s ds =

1

2πi

∫
(c)

∞∑
n=1

Λ(n)

ns
φ̃x(s) ds,

assuming everything converges. Now we have some choice of where we perform the integral
(what value of c to choose). If we can show that ζ ′/ζ is somewhat well-behaved for σ ∈ (0, 1)
then we can use the residue theorem to move the contour of integration to c = δ slightly
larger than 0. Along the way we pick up terms corresponding to the poles of the integrand

−ζ
′

ζ
(s)φ̃x(s).

Since φx is analytic in Re(s) > 0 the poles come from the poles of ζ ′/ζ. You may recall the
following basic fact from complex analysis.

Lemma 6.2. If f is meromorphic at s0 then

Res(f ; s0) =


m if f has a zero of order m at s0,

−m if f has a pole of order m at s0,

0 otherwise.

Proof. Write f(s) = (s− s0)kg(s) where g is analytic and nonvanishing at s0. Then

f ′(s)

f(s)
=
k(s− s0)k−1g(s) + (s− s0)kg′(s)

(s− s0)kg(s)
=

k

s− s0

+
g′(s)

g(s)
.

Since g′/g is analytic at s0, the residue of f at s0 equals k.

It follows that when we move the contour of integration to c = δ close to zero, we pick
up the following terms:

φ̃x(1)−
∑
ρ

φ̃x(ρ),

25



where the sum is over all ρ such that ζ(ρ) = 0 and Re(ρ) > δ, counted with multiplicity. The
first term comes from the pole of ζ at s = 1 (the residue there is −1) and the sum comes
from the zeros of ζ. It then remains to esimate the contour integral with the contour (δ)
and compute the Mellin transforms (once we’ve made a choice of φx). It will also be helpful
to approximate how many terms there are in the sum, which we will do.

For the φx we will eventually choose, it turns out that

φ̃x(s) ≈
xs

s
.

So you can immediately see the main term φ̃x(s) ≈ x which will give us ψ(x) ∼ x. However,
this also shows that if there is a zero of ζ(s) on the line σ = 1 then the sum over zeros will
have a term of size � x. It turns out that the asymptotic formula ψ(x) ∼ x is actually
equivalent to the statement that ζ(1 + it) 6= 0.

These are the main ideas that will lead us to the “explicit formula” and to the prime
number theorem with a quantitative error term.

7 The Gamma function

Here we will prove several important properties of the gamma function. We begin by ob-
taining the meromorphic continuation of Γ(s) to the entire complex plane. Recall that we
defined Γ(s) by the integral

Γ(s) =

∫ ∞
0

e−tts
dt

t
, Re(s) > 0.

Integrating by parts, we find that

Γ(s+ 1) = sΓ(s) (7.1)

and, more generally, if n is a positive integer then

Γ(s+ n) = (s+ n)(s+ n− 1) · · · (s+ 1)sΓ(s).

Since Γ(1) = 1, this shows that Γ(n+ 1) = n!, so the Gamma function provides an analytic
interpolation of the factorial function.

We will use the relation (7.1) to extend the definition of Γ(s) to the left of Re(s) = 0.
This is done inductively; we’ll do the first step, and it should be clear from there how to
proceed. Suppose that Re(s) > −1 and that s 6= 0. We define

Γ(s) =
Γ(s+ 1)

s

in that region. Since Re(s + 1) > 0 this only uses values of Γ(s) for which the integral
representation is valid. It follows that Γ(s) is meromorphic in Re(s) > −1, with a pole only
at s = 0. The residue there equals Γ(1) = 1.
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We repeat this process now for Re(s) > −2, etc. In this way, we extend the definition
of Γ(s) to the entire complex plane except for the points s = 0,−1,−2, . . .. The Gamma
function has a simple pole at each of the nonpositive integers and

Res(Γ;−n) =
(−1)n

n!
.

What does this tell us about the Riemann zeta function? Recall that the function

ξ(s) = s(s− 1)π−s/2Γ(s/2)ζ(s)

is entire. The factor (s− 1) cancels out the pole of ζ(s) and the factor s cancels out the pole
of Γ(s/2) at s = 0. But all of the other poles of Γ(s/2) at the negative even integers need
to be cancelled as well; it follows that ζ(s) has a simple zero at each even negative integer.
These zeros are called the “trivial zeros.”

Consider the function Γ(s)Γ(1− s); it is meromorphic on C with a simple pole at every
integer. Another function that satisfies that property is 1/ sin πz. It is therefore natural to
guess that the two functions are related.

Proposition 7.1. For s ∈ C \ Z we have

Γ(s)Γ(1− s) =
π

sin πs
. (7.2)

Proof. Consider the function f(s) = Γ(s)Γ(1 − s) sinπs. The zeros of sin πs cancel out the
poles of the Gamma factors, so f(s) is an entire function. By the functional relation (7.1)
we have f(s+ 1) = f(s). Writing s = x+ iy we have, in the region 0 < x < 1, the inequality

|Γ(x+ iy)| ≤
∫ ∞

0

e−ttx
dt

t
= Γ(x).

It follows that, for 0 < x < 1, f(s)� | sin(πiy)| � eπy. Now, the periodicity of f shows that
the function g(w) = f( logw

2πi
) is well-defined (here, we are using the multi-valued logarithm)

and analytic on C \ {0}. The bound for f translates to g(w) � |w|1/2 as |w| → ∞ and
g(w) � |w|−1/2 as w → 0. But this shows that the singularities of g at both 0 and ∞ are
removable, thus g is a constant (by Liouville’s theorem).

To compute the constant:

f(1/2) = Γ(1/2)2 =

(∫ ∞
0

e−tt−1/2 dt

)2

=

(
2

∫ ∞
0

e−u
2

du

)2

= π.

You can also compute the residue of both sides of (5.3) at s = 1, but that also implicitly
involves the Gaussian integral.

Corollary 7.2. Γ(s) is nonvanishing on C.

The corollary shows that 1/Γ(s) is an entire function with simple zeros at the nonpositive
integers. We can construct another such function using an infinite product:

g(s) = s
∞∏
n=1

(
1 +

s

n

)
e−s/n.
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The product converges absolutely because (1 + z)e−z = 1 + O(|z|2) for z close to zero. To
construct a function G(s) which satisfies the recurrence relation sG(s+ 1) = G(s) (the same
relation that 1/Γ(s) satisfies) we compute

g(s+ 1)

g(s)
=
s+ 1

s
lim
N→∞

N∏
n=1

1 + s/n+ 1/n

1 + s/n
e−1/n

=
s+ 1

s
lim
N→∞

exp

(
−

N∑
n=1

1

n

)
N∏
n=1

s+ n+ 1

s+ n

=
s+ 1

s
lim
N→∞

exp

(
−

N∑
n=1

1

n

)
s+N + 1

s+ 1
· N
N

=
1

s
lim
N→∞

s+N + 1

N
exp

(
logN −

N∑
n=1

1

n

)
The factor (s+N + 1)/N approaches 1 as N →∞. It follows that the limit of the argument
of the exponential exists (you can also show this using Euler summation), so let’s give it a
name: Euler’s constant,

γ = lim
n→∞

(
1 +

1

2
+

1

3
+ . . .+

1

n
− log n

)
.

So we have g(s+1) = e−γg(s)/s. If we define G(s) = e−γsg(s) then G(s) satisfies the relation
sG(s+ 1) = G(s). We will show that 1/Γ(s) = G(s).

Proposition 7.3. For all s ∈ C we have

1

Γ(s)
= se−γs

∞∏
n=1

(
1 +

s

n

)
e−s/n. (7.3)

Proof. We follow the outline of our proof of Proposition 7.1. Let f(s) = Γ(s)G(s), where
G(s) is the expression on the right-hand side of (7.3). The poles of Γ(s) cancel with the
zeros of G(s), so f(s) is entire. Then since Γ(s+ 1) = sΓ(s) and sG(s+ 1) = G(s) it follows
that f is periodic: f(s+ 1) = f(s). Thus the function F (w) = f( logw

2πi
) is analytic in C \ {0}.

It suffices to bound |f(s)| in 0 < Re(s) ≤ 1 and evaluate f(s) at a single point. We have

f(0) = lim
s→0

Γ(s)G(s) = lim
s→0

sΓ(s) = Res(Γ; 0) = 1.

We have |Γ(x+ iy)| ≤ Γ(x) and

|g(x+ iy)|
|g(x)|

=
∞∏
n=0

|x+ n+ iy|
x+ n

= exp

(
1

2

∞∑
n=0

log

(
1 +

y2

(x+ n)2

))
.

The summand is decreasing as a function of n, so we have (since x > 0)

∞∑
n=0

log

(
1 +

y2

(x+ n)2

)
≤
∫ ∞

0

log
(
1 + (y/t)2

)
dt = |y|

∫ ∞
0

log
(
1 + (1/t)2

)
dt.
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Integrating by parts, the integral equals

2|y|
∫ ∞

0

dy

y2 + 1
= π|y|.

It follows that |g(x + iy)| ≤ exp(π
2
|y|)g(x), and thus |F (w)| � |w|1/2 + |w|−1/2. Since this

growth rate is sub-linear, we have that F (w) is a constant by Liouville’s theorem.

One consequence of the product formula is one last important property of Γ(s). For
brevity, we’ll skip the proof of this one.

Proposition 7.4 (Duplication formula). For all s ∈ C we have

Γ(s)Γ(s+ 1
2
) = 21−2s

√
πΓ(2s).

In the duplication formula, if we multiply both sides by s, apply the functional equation
(7.1), and replace s by −s/2, we find that

Γ(1− s
2
)Γ(1−s

2
) = 2s

√
πΓ(1− s).

This, together with the reflection formula (7.2) with s→ −s/2 gives

Γ(1−s
2

)

Γ( s
2
)

=
2s√
π

sin
(πs

2

)
Γ(1− s). (7.4)

The functional equation for ξ(s) states that

π−s/2Γ( s
2
)ζ(s) = πs/2−1/2Γ(1−s

2
)ζ(1− s).

Using (7.4) we get the asymmetric functional equation for ζ(s).

Proposition 7.5. The Riemann zeta function satisfies

ζ(s) = 2sπs−1 sin(πs
2

)Γ(1− s)ζ(1− s).

8 Stirling’s Formula

In this section we prove Stirling’s formula, with a few caveats (below).

Theorem 8.1 (Stirling’s formula). Fix δ > 0. As |s| → ∞ in the sector |Arg s| ≤ π− δ we
have

log Γ(s) = (s− 1
2
) log s− s+ 1

2
log 2π +O

(
1

|s|

)
.

Furthermore, under the same assumptions we have

Γ′

Γ
(s) = log s+O

(
1

|s|

)
.
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We will actually prove a slightly weaker form of Stirling’s formula since this is all we really
need in this course anyway. Also, throughout this section we will generally exchange orders
of summation and integration and limits without comment; every step can be justified, but
this is long enough as it is already. We begin with a lemma.

Lemma 8.2. We have

γ =

∫ ∞
0

(
1

ex − 1
− 1

xex

)
dx. (8.1)

Proof. First observe that, by expanding the partial geometric series, we have

n∑
k=1

1

k
=

∫ 1

0

1− tn

1− t
dt =

∫ ∞
0

1− e−nx

ex − 1
dx. (8.2)

The second equality comes from letting t = e−x. We have a similar expression for log n:

log n =

∫ ∞
0

e−x − e−nx

x
dx (8.3)

To prove this, write the integral as∫ ∞
0

∫ n

1

e−xy dydx =

∫ n

1

∫ ∞
0

e−xy dxdy =

∫ n

1

dy

y
= log n.

Putting (8.2) and (8.3) together, we find that

γ = lim
n→∞

(
n∑
k=1

1

k
− log n

)
= lim

n→∞

∫ ∞
0

(
1− e−nx

ex − 1
− e−x − e−nx

x

)
dx.

Taking the limit on the inside, we obtain (8.1).

We start the proof of Stirling’s formula by first proving a useful integral representation
of the logarithmic derivative ψ(s) = Γ′

Γ
(s).

Proposition 8.3. If Re(s) > 0 then

ψ(s) =
Γ′

Γ
(s) =

∫ ∞
0

(
e−t

t
− e−st

1− e−t

)
dt. (8.4)

Proof. The infinite product formula for Γ(s) gives

ψ(s) = −γ − 1

s
+
∞∑
n=1

(
1

n
− 1

s+ n

)
.

We write
1

s+ n
=

∫ ∞
0

e−t(s+n) dt,
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which gives

ψ(s) = −γ −
∫ ∞

0

e−ts dt+ lim
N→∞

∫ ∞
0

N∑
n=1

(
e−nt − e−t(s+n)

)
dt

=

∫ ∞
0

(
e−t

t
− e−t

1− e−t

)
dt+ lim

N→∞

∫ ∞
0

(
e−t − e−st − e−(N+1)t + e−(N+s+1)t

1− e−t

)
dt

=

∫ ∞
0

(
e−t

t
− e−st

1− e−t

)
dt− lim

N→∞

∫ ∞
0

(
1− e−st

1− e−t

)
e−(N+1)t dt.

We have 1−e−st
1−e−t � 1, so the second integral is � 1/N . The formula (8.4) follows.

Corollary 8.4. For Re(s) > 0 we have

ψ(s) = log s+

∫ ∞
0

(
1

t
− 1

1− e−t

)
e−st dt = log s− 1

2s
+O

(
1

|s|2

)
. (8.5)

Proof. We use that ∫ ∞
0

e−t − e−st

t
dt = log s

which we proved near (8.3) above. The remaining integrand is g(t)e−st, where

g(t) =
1

t
− 1

1− e−t
.

To bound the integral, we use integration by parts twice. The function g(t) is analytic at
t = 0; its Taylor expansion there begins

g(t) = −1

2
− t

12
+O(t3).

It is elementary, but somewhat tedious, to check that g(k)(t) � 1 on [0,∞) for k = 0, 1, 2.
It follows that∫ ∞

0

(
1

t
− 1

1− e−t

)
e−st dt = − 1

2s
+

1

s

∫ ∞
0

g′(t)e−st dt

= − 1

2s
− 1

12s2
− 1

s2

∫ ∞
0

g′′(t)e−st dt = − 1

2s
+O

(
1

|s|2

)
.

Further applications of integration by parts would yield more terms.

We can now prove a weak version of Stirling’s formula with an error of O(1) instead of
O(1/|s|). Since we won’t ever need that level of accuracy in this course, I’m content to prove
this weaker version. I’ll also state this for Re(s) > 0; the full version of Stirling’s formula in
Theorem 8.1 (without the constant term) follows after using the reflection relation (7.2).

Proposition 8.5. For Re(s) > 0 we have

log Γ(s) = (s− 1
2
) log s− s+O(1).
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Proof. Let E(s) denote the error term in (8.5), i.e. ψ(s) = log s − 1/(2s) + E(s). Since
ψ(s) − log s + 1/(2s) is analytic in {Re(s) > 0}, so is E(s). We also have E(s) � 1/|s|2.
Since ψ(s) = d

ds
log Γ(s) and log Γ(1) = 0, it follows that

log Γ(s) =

∫ s

1

ψ(w) dw = s log s− s+ 1− 1
2

log s+

∫ s

1

E(w) dw

= (s− 1
2
) log s− s+O(1),

as desired.

9 Weierstrass factorization of entire functions

Our main aim right now is to use the functional equation (5.4) to derive further properties of
the Riemann zeta function. In order to do that, we first need to take a short detour through
complex analysis.

The basic idea behind the following theorem is that we want to represent an entire
function as a (possibly infinite) product over its zeros in the same way that a polynomial is
a finite product over its zeros.

Theorem 9.1 (Weierstrass factorization). Suppose that f is an entire function such that

1. f has a zero of order K ≥ 0 at 0,

2. the other zeros of f are z1, z2, . . ., counted with multiplicity, and

3. there is a constant α < 2 such that

|f(z)| � exp(|z|α) as |z| → ∞.

Then there exist numbers A,B such that

f(z) = zKeA+Bz

∞∏
k=1

(
1− z

zk

)
ez/zk

for all z ∈ C. The product is uniformly convergent for z in compact subsets of C.

Before proving this theorem, we first need two lemmas.

Lemma 9.2 (Jensen’s inequality). If f is analytic in a domain containing the disk |z| ≤ R,
if |f(z)| ≤ M in this disk, and if f(0) 6= 0, then for r < R the number of zeros of f in the
disk |z| ≤ r is less than or equal to

log(M/|f(0)|)
log(R/r)

.
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Proof. Let z1, . . . , zK denote the zeros of f in |z| ≤ R, and define

g(z) = f(z)
K∏
k=1

R2 − zz̄k
R(z − zk)

.

Each factor in the product has a pole at zk and has modulus 1 when |z| = R (this is fun
to check). It follows that g(z) is analytic in |z| ≤ R with modulus |g(z)| = |f(z)| ≤ M on
|z| = R. By the maximum modulus principle, |g(0)| ≤ M . Suppose that f has L zeros in
the subdisk |z| ≤ r. Then

M ≥ |g(0)| = |f(0)|
K∏
k=1

R

|zk|
≥ |f(0)|

(
R

r

)L
.

The result follows after taking logs.

Lemma 9.3. Suppose that h is analytic in a domain containing |z| ≤ R, that h(0) = 0, and
that Reh(z) ≤M for |z| ≤ R. Then for all |z| ≤ r < R we have

|h(z)| ≤ 2Mr

R− r
. (9.1)

Proof. Consider the function

φ(z) =
h(z)

2M − h(z)
,

where M = sup|z|≤R Reh(z). Then φ(z) is analytic in |z| ≤ R because the real part of the
denominator does not vanish. Furthermore, φ(0) = 0. Write h = u + iv; then we have the
inequalities

−2M + u ≤ u ≤ 2M − u =⇒ u2 ≤ (2M − u)2,

and we find that

|φ(z)|2 =
u2 + v2

(2M − u)2 + v2
≤ 1.

By the Schwarz lemma5 it follows that |φ(z)| ≤ r/R. After applying the triangle inequality
and rearranging, we obtain (9.1).

Proof of Theorem 9.1. After replacing f(z) with f(z)/zK , we may assume that f(0) 6= 0.
Let N(R) be the number of zeros of f in |z| ≤ R. Then by Jensen’s inequality, N(R)� Rα.
It follows that ∑

R≤|zk|≤2R

1

|zk|2
� Rα−2,

so by summing over dyadic blocks we find that

∞∑
k=1

1

|zk|2
<∞.

5If f is analytic, f(z) = 0, and |f(z)| ≤ 1 in the open unit disk D, then |f(z)| ≤ |z| in D.
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(Note that we can actually replace the exponent 2 by α+ε.) Note that (1−z)ez = 1+O(|z|2)
uniformly for |z| ≤ 1, so the convergence of the sum above shows that the product

g(z) =
∞∏
k=1

(
1− z

zk

)
ez/zk

converges uniformly in compact subsets of C. Hence g is an entire function whose zeros
match the zeros of f(z). Thus the function

h(z) =
f(z)

f(0)g(z)

is entire and nonvanishing on C, and h(0) = 1.
It remains to show that h(z) = eBz. We first need a bound for |h(z)| in |z| ≤ R. Write

the product defining g(z) as

P1(z)P2(z)P3(z) =
∏

|zk|≤R/2

(
1− z

zk

)
ez/zk

∏
R/2<|zk|≤3R

(
1− z

zk

)
ez/zk

∏
|zk|>3R

(
1− z

zk

)
ez/zk .

Suppose that R ≤ |z| ≤ 2R. If |zk| ≤ R/2 then |1− z/zk| ≥ |z/zk| − 1 ≥ 1, so

|P1(z)| ≥
∏

|zk|≤R/2

e−2R/|zk|.

Furthermore, we have ∑
|zk|≤R/2

1

|zk|
� Rα−1,

so

|P1(z)| ≥
∏

|zk|≤R/2

e−2R/|zk| = exp

−2R
∑

|zk|≤R/2

1

|zk|

� exp(−c1R
α)

for some c1 > 0. For the second product, we first observe that #{R/2 < |zk| ≤ 3R} � Rα.
Since α < 2, the pigeonhole principle shows that there is some r in [R, 2R] such that
|r − |zk|| ≥ 1/R2 for all k. So if |z| = r we have

|1− z/zk| ≥
|r − |zk||
|zk|

� 1

R3

for all k in the second product. Therefore when |z| = r we have

|P2(z)| ≥ e−c2R
α logR

for some c2 > 0. Finally, we have
|P3(z)| ≥ e−c3R

α

for some c3 > 0, when |z| ≤ 2R. We conclude that for each large R, there is an r ∈ [R, 2R]
such that |g(z)| ≥ exp(−cRα logR) when |z| = r, for some c > 0. By the maximum modulus
principle, it follows that

max
|z|≤R

|h(z)| ≤ ecR
α logR.
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Let j(z) = log h(z) (since h is nonvanishing, there are no branches to consider, so j(z) is
analytic). Since h(0) = 1 we have j(0) = 0. Furthermore Re j(z) = log |h(z)| ≤ cRα logR
for all large R. So by Lemma 9.3 we conclude that

j(z)� Rα logR.

But α < 2 so by Liouville’s theorem (acutally, a simple corollary to Liouville), j must be a
polynomial of degree at most 1 with j(0) = 0, so j(z) = Bz for some B.

As a simple example of the Weierstrass factorization theorem, we obtain

sin πz = πzeBz
∏
n6=0

(
1− z

n

)
ez/n = πzeBz

∞∏
n=1

(
1− z2

n2

)
for some B. Clearly B ∈ R since sin πx is real for x ∈ R. Letting z = iy, we obtain

sinhπy = πyeiBy
∞∏
n=1

(
1 +

y2

n2

)
.

Since the left-hand side is real for all y, it follows that B = 0. We conclude that

sin πz = πz
∞∏
n=1

(
1− z2

n2

)
.

As a fun application of this, consider the Taylor expansion of sinπz: the coefficient of z3 is
−π3/6. On the other hand, expanding out the product on the right-hand side, we find that
the coefficient of z3 equals

−π
∞∑
n=1

1

n2
= −πζ(2).

It follows that ζ(2) = π2/6.

10 A zero-free region for ζ(s)

All we need to know for the simple form of the PNT π(x) ∼ x/ log x is that ζ(s) is nonvan-
ishing on the line σ = 1. However, we can obtain a quantitative form of PNT with an error
term if we put in a bit more effort to show that ζ(s) is nonvanishing a little bit to the left
of σ = 1. In this section we will prove the following.

Theorem 10.1. There is an absolute constant c > 0 such that ζ(s) 6= 0 for

σ ≥ 1− c

log(|t|+ 2)
.

This is the classical zero-free region for the zeta function. Essentially every improvement
to the prime number theorem has been a result of proving stronger zero-free regions.
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10.1 Nonvanishing of zeta on the 1-line

We begin by proving that ζ(s) is nonvanishing on the line σ = 1; while this argument is
quite simple, it serves as the motivation for our more complicated proof of Theorem 10.1.

Lemma 10.2. (a) If σ > 1 then

Re

(
−3

ζ ′

ζ
(σ)− 4

ζ ′

ζ
(σ + it)− ζ ′

ζ
(σ + 2it)

)
≥ 0.

(b) ζ(1 + it) 6= 0 for all t ∈ R.

Proof. (a) Using the Dirichlet series form of ζ ′/ζ, we see that

Re

(
−ζ
′

ζ
(σ + it)

)
=
∞∑
n=1

Λ(n)

nσ
Re
(
n−it

)
.

We compute Re(n−it) = Re(exp(it log n)) = cos(t log n). It follows that

Re

(
−3

ζ ′

ζ
(σ)− 4

ζ ′

ζ
(σ + it)− ζ ′

ζ
(σ + 2it)

)
=
∞∑
n=1

Λ(n)

nσ
(3 + 4 cos(t log n) + cos(2t log n)).

The result follows from the simple inequality

3 + 4 cos(θ) + cos(2θ) = 2(1 + cos θ)2 ≥ 0.

(b) Suppose that s = 1 + iγ is a zero of ζ(s) of multiplicity m. Then by Lemma 6.2 we have

ζ ′

ζ
(1 + δ + iγ) ∼ m

δ
as δ → 0+.

But we have

Re
ζ ′

ζ
(1 + δ + iγ) = −

∞∑
n=1

Λ(n)

n1+δ
cos(γ log n) ≤

∞∑
n=1

Λ(n)

n1+δ
= −ζ

′

ζ
(1 + δ) ∼ 1

δ
,

where we have used Lemma 6.2 again for the pole of ζ(s) at s = 1. It follows that m = 1 (if
there is a zero, it must be simple). But then the inequality in (a) implies that

ζ ′

ζ
(1 + δ + 2iγ) ∼ −1

δ
,

i.e. ζ(s) has a pole at 1 + 2iγ, contradicting Theorem 4.6.
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10.2 The infinite product for ξ(s)

In order to extend our zero-free region to the left of σ = 1 we require a formula for ζ′

ζ
(s)

involving its zeros. This will follow from the Weierstrass factorization of the entire function

ξ(s) = s(s− 1)π−s/2Γ( s
2
)ζ(s).

We first need to verify the growth condition in Theorem 9.1 for some α < 2; we will actually
prove the stronger bound

ξ(s)� exp(C|s| log |s|). (10.1)

Since ξ(s) = ξ(1− s) it suffices to prove this bound for σ ≥ 1/2. We clearly have the bound
s(s− 1)π−s/2 � ec1|s| for some c1 > 0.6 By Stirling’s formula,

Γ( s
2
)� exp(c2|s| log |s|).

(Note that we only use Proposition 8.5 since σ ≥ 1/2.) So it suffices to bound ζ(s); recall
the analytic continuation

ζ(s) =
1

s− 1
+ 1− s

∫ ∞
1

t− btc
ts+1

dt

which is valid for σ > 0. For σ ≥ 1/2 the integral is bounded by some absolute constant, so
ζ(s)� |s| for large |s|. Thus we have proved (10.1).

It will be useful to know that we cannot remove the log |s| factor in the bound (10.1).
Indeed, Stirling’s formula tells us that Γ(σ) � exp(c3|σ| log |σ|) as σ → ∞ and by the
Dirichlet series definition of ζ(s) it follows that ζ(σ) ∼ 1 as σ →∞.

This fact is useful because it tells us something about the zeros of ζ(s). Let ρ1, ρ2, . . .
denote the zeros of ξ(s). Since all of the trivial zeros of ζ(s) are cancelled by the poles of
Γ(s/2), and since the factor s(s− 1) cancels the pole of Γ(s/2) at 0 and the pole of ζ(s) at
1, the ρn are also the (nontrivial) zeros of ζ(s). By Theorem 9.1 we have

ξ(s) = eA+Bs
∏
ρ

(
1− s

ρ

)
es/ρ.

Recall that in the proof of the Weierstrass factorization theorem we showed that
∑

k 1/|zk|α+ε

converges, where zk are the zeros of f and α is the exponent in the growth condition. It
follows that the series ∑

n

1

|ρn|1+ε
(10.2)

converges for any ε > 0.
Suppose, for the moment, that the series (10.2) converges with ε = 0. Then I claim that

we have the bound ξ(s) � ec4|s| (which we aleady showed doesn’t hold). To show this, we
use the inequality

|(1− z)ez| ≤ e2|z|,

6We will use c1, c2, etc to denote positive constants without further comment.
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which for |z| large is obvious, and for |z| small, follows from the Taylor expansion of (1−z)ez

at z = 0. Then

∏
ρ

(
1− s

ρ

)
es/ρ �

∏
ρ

e2|s|/|ρ| = exp

(
2|s|

∑
ρ

1

|ρ|

)
� e2|s|,

so ξ(s)� exp((B + 2)|s|). We conclude that the series∑
ρ

1

|ρ|

diverges, and thus ζ(s) has infinitely many nontrivial zeros (all in the critical strip 0 ≤ σ ≤ 1).
We conclude from Theorem 9.1 that there exist constants A,B such that

ξ(s) = eA+Bs
∏
ρ

(
1− s

ρ

)
es/ρ (10.3)

To compute A, we have (by the functional equation)

eA = ξ(0) = ξ(1) = π−1/2Γ(1
2
) lim
s→1

(s− 1)ζ(s) = 1.

The constant B takes a bit more (tedious but not hard) work to compute; I’ll just tell you

B = 1
2

log 4π − 1
2
γ − 1.

Logarithmic differentiation of (10.3) leads to the following theorem.

Theorem 10.3. For all s ∈ C we have

ζ ′

ζ
(s) = log

(
2π

e

)
− 1

2
γ − 1

s− 1
− Γ′

Γ

(
s

2
+ 1
)

+
∑
ρ

(
1

s− ρ
+

1

ρ

)
.

Proof. Logarithmic differentiation of (10.3) gives

ξ′

ξ
(s) = B +

∑
ρ

(
1

s− ρ
+

1

ρ

)
. (10.4)

We combine this with the logarithmic derivative of the right-hand side of

ξ(s) = 2(s− 1)π−s/2Γ( s
2

+ 1)ζ(s),

where we have used that sΓ( s
2
) = 2Γ( s

2
+ 1).

Remark 10.4. From the definition of ζ(s) we have the relation ζ(s) = ζ(s̄) for σ > 1 (which
extends to all s by analytic continuation), from which it follows that if ρ is a zero of ζ(s)
then so is ρ̄. And if ρ is a nontrivial zero of ζ(s) then the functional equation ξ(s) = ξ(1− s)
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shows that 1− ρ and 1− ρ̄ are also zeros. So even though
∑

1/|ρ| diverges, the sum
∑

1/ρ
is convergent, assuming we sum in a particular order:

lim
T→∞

∑
ρ=β+iγ
|γ|≤T

1

ρ
= lim

T→∞

∑
0≤γ≤T

(
1

ρ
+

1

ρ̄

)
= lim

T→∞

∑
0≤γ≤T

2β

β2 + γ2
≤ 2

∑
ρ

1

|γ|2
.

Then by (10.4) and the functional equation ξ(s) = ξ(1− s) we have

B +
∑
ρ

(
1

1− s− ρ
+

1

ρ

)
= −B −

∑
ρ

(
1

s− ρ
+

1

ρ

)
.

By the pairing up zeros 1− ρ and ρ and setting s = 0 we find that

B = −
∑
ρ

1

ρ
= −2

∑
ρ=β+iγ
γ>0

β

β2 + γ2
, (10.5)

where we sum in the order described above. Since B = −0.023 . . . it follows (using the fact
that we can take 1/2 ≤ β ≤ 1) that the imaginary part of the lowest nontrivial zero is > 6.5
(actually, more detailed computations show that the first zero is at 1

2
+ 14.1347 . . . i).

10.3 The classical zero-free region

We begin with the inequality

Re

(
−3

ζ ′

ζ
(σ)− 4

ζ ′

ζ
(σ + it)− ζ ′

ζ
(σ + 2it)

)
≥ 0 (10.6)

and we estimate each piece more carefully than we did before. The pole of ζ(s) at s = 1
shows that for the first term we have

−3
ζ ′

ζ
(σ)− 3

σ − 1
≤ c1

uniformly for 1 < σ ≤ 2. For the other two terms, it is clear that if ζ(s) has a zero to the
left of σ = 1, but close to that line, then the behavior of ζ ′/ζ is greatly influenced by that
zero even to the right of σ = 1. We can make this explicit by looking at

−ζ
′

ζ
(s) = − log

(
2π

e

)
+

1

2
γ +

1

s− 1
+

Γ′

Γ

(
s

2
+ 1
)
−
∑
ρ

(
1

s− ρ
+

1

ρ

)
.

Since there are no zeros below t = 2, let us restrict ourselves to the region t ≥ 2 and
1 ≤ σ ≤ 2. By Stirling’s formula for ψ(s), we have

Re

{
− log

(
2π

e

)
+

1

2
γ +

1

s− 1
+

Γ′

Γ

(
s

2
+ 1
)}
≤ c2 log t,
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hence

−Re
ζ ′

ζ
(s) ≤ −

∑
ρ

Re

(
1

s− ρ
+

1

ρ

)
+ c2 log t. (10.7)

For ρ = β + iγ we have

Re
1

s− ρ
=

σ − β
|s− ρ|2

and Re
1

ρ
=

β

|ρ|2
.

It follows that the sum over ρ is positive (since σ > β), so the corresponding term in (10.7)
is only making the right-hand side smaller. So for s = σ + 2it we have

−Re
ζ ′

ζ
(σ + 2it) ≤ c3 log t.

When s = σ + it, we suppose that t = γ for some zero ρ = β + iγ and we drop all but the
term corresponding to that zero:

−4 Re
ζ ′

ζ
(σ + it) +

4

σ − β
≤ c4 log t.

Inserting these inequalities into (10.6), we find that

0 ≤ 3

σ − 1
− 4

σ − β
+ c5 log t.

Now suppose that σ = 1 + δ/ log t, where δ is a positive constant. Then, solving for β above,

β ≤ 1− c

log t
, where c =

4

3/δ + c5

− δ.

We want c > 0, so we need to choose δ appropriately (note that this only works because
4 > 3; this is essential!). We can choose any δ in (0, 1/c5), but the optimal choice is

δ =
2
√

3− 3

c5

, so that c =
7− 4

√
3

c5

.

This proves Theorem 10.1.

11 The number of nontrivial zeros below height T

Our aim in this section is to count the number of nontrivial zeros of ζ(s) inside the critical
strip up to height T . More precisely, we will estimate the number

N(T ) = #{ρ = β + iγ : ζ(ρ) = 0 and β ∈ [0, 1], γ ∈ [0, T ]}.

To accomplish this, we recall the argument principle from complex analysis: if f(z) is mero-
morphic in the interior of a simple closed contour Γ and analytic and nonzero on Γ then

1

2πi

∫
Γ

f ′(z)

f(z)
dz = Z − P,
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where Z is the number of zeros of f inside Γ and P is the number of poles (both counted
with multiplicity). We apply the argument principle to the entire function ξ(s) since the
nontrivial zeros of ζ(s) are exactly the zeros of ξ(s). Thus

N(T ) =
1

2πi

∫
C

ξ′

ξ
(s) ds,

where C is the boundary of the rectangle in the definition of N(T ). This integral formula is
called the argument principle because the integral can also be written as the change in the
argument of the function on the contour, which can be seen by writing ξ′

ξ
(s) = d

ds
log ξ(s).

Thus, we can reinterpret N(T ) as

N(T ) =
1

2π
∆C arg(ξ(s)).

Before estimating N(T ) we start with a few basic properties of the zeta zeros.

11.1 Approximations of ζ ′/ζ

Using the ideas from the last section we can prove useful bounds for how many zeros of ζ(s)
are close together and also an approximation for ζ ′(s)/ζ(s).

Lemma 11.1. 1. The number of nontrivial zeros of ζ(s) of the form ρ = β + iγ with
|γ − t| ≤ 1 is O(log t).

2. Uniformly for t ≥ 2 and −1 ≤ σ ≤ 2 we have

ζ ′

ζ
(s) =

∑
ρ=β+iγ
|γ−t|≤1

1

s− ρ
+O(log t).

Proof. (1) Suppose that s = 2 + it with t ≥ 1. Arguing as above, we have∑
ρ

1

s− ρ
=
ζ ′

ζ
(s) + log |s|+O(1) (11.1)

since, by (10.5), the sum
∑

1/ρ is O(1). For σ = 2 we have

ζ ′

ζ
(2 + it)�

∞∑
n=1

Λ(n)

n2
�

∞∑
n=1

1

n3/2
� 1.

It follows that

Re

(∑
ρ

1

2 + it− ρ

)
� log t

But for ρ = β + iγ with 0 ≤ β ≤ 1 we have

Re

(
1

2 + it− ρ

)
=

2− β
(2− β)2 + (t− γ)2

≥ 1

4 + (t− γ)2
,
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so ∑
|t−γ|≤1

1�
∑
|t−γ|≤1

1

4 + (t− γ)2
≤
∑
ρ

1

4 + (t− γ)2
≤ Re

(∑
ρ

1

2 + it− ρ

)
� log t. (11.2)

(2) Subtract (11.1) with s = 2 + it from (11.1) with s = σ+ it, where −1 ≤ σ ≤ 2 and σ+ it
is not one of the zeros. We have∣∣∣∣ 1

s− ρ
− 1

2 + it− ρ

∣∣∣∣ =
2− σ

|s− ρ| · |2 + it− ρ|
≤ 2− σ

(t− γ)2
� 1

4 + (t− γ)2
.

It follows that

ζ ′

ζ
(s)−

∑
|t−γ|≤1

1

s− ρ
�

∑
|t−γ|≤1

1

|2 + it− ρ|
+
∑
|t−γ|≥1

∣∣∣∣ 1

s− ρ
− 1

2 + it− ρ

∣∣∣∣+ log t

�
∑
|t−γ|≤1

1 +
∑
|t−γ|≥1

1

4 + (t− γ)2
+ log t.

The bound � log t follows from (11.2) applied to each sum.

11.2 The number N(T )

We showed in the previous section that ξ(s) has no zeros on the line σ = 1; by the functional
equation it follows that ξ(s) also has no zeros on the line σ = 0. We also showed that
there are no zeros in |t| ≤ 6, so ξ(s) is not zero on the real line. If we choose T such that
ζ(σ + iT ) 6= 0 for σ ∈ [0, 1] then there are no zeros on the contour C.

We can argue by symmetry to make things a bit simpler. Since ξ(s) = ξ(1−s) = ξ(1− s̄)
we see that ξ(σ + it) = ξ(1− σ + it). It follows that the change of argument as we move
along the right half of the contour (σ ≥ 1/2) is the same as when we move on the left
half of the contour. Furthermore, ξ(s) is real on the real line (and therefore it’s positive
since it has no real zeros), so there is no change in argument along the real line. Therefore,
N(T ) = 1

π
∆L arg(ξ(s)), where L is the upside-down L-shaped contour from 1 to 1 + iT , then

from 1 + iT to 1/2 + iT .
To avoid the pole of ζ(s) at s = 1 it is more convenient to widen the region defining N(T )

to −1 ≤ σ ≤ 2. Since ξ(s) has no extra zeros in this larger region, all our arguments above
go through exactly the same, i.e. we can consider instead the contour L from 2 to 1/2 + iT .
By definition we have

arg(ξ(s)) = arg(s) + arg(s− 1) + arg(π−s/2) + arg(Γ( s
2
)) + arg(ζ(s)).

On L the arguments of both s and s− 1 change from 0 to π/2 +O(1/T ) because

arg
(
±1

2
+ iT

)
=

π

2
∓ arctan

(
1

2T

)
=

π

2
+O

(
1

T

)
.

The next term is

arg(π−s/2) = arg(e−
1
2
s log π) = arg(e−

1
2
it log π) = −1

2
t log π,
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so the change in argument for that term is −1
2
T log π. For the gamma term we can use

Stirling’s formula since s is always in the sector | arg s| ≤ π/2. Hence

∆L arg(Γ( s
2
)) = Im log Γ(1

4
+ 1

2
iT )− Im log Γ(1)

= Im
{(
−1

4
+

1

2
iT
)

log
(

1

4
+

1

2
iT
)
−
(

1

4
+

1

2
iT
)

+ 1
2

log 2π +O
(

1

T

)}
.

Using the Taylor expansion of log(1 + x) we find that

log
(

1

4
+

1

2
iT
)

=
πi

2
− log 2 + log T + log

(
1− 2i

T

)
=

πi

2
+ log

T

2
+O

(
1

T

)
.

Thus
∆L arg(Γ( s

2
)) =

1

2
T log

T

2
− 1

2
T − π

8
+O

(
1

T

)
,

and
N(T ) =

T

2π
log
(
T

2πe

)
+

7

8
+ S(T ) +O

(
1

T

)
,

where S(T ) = 1
π
∆L arg(ζ(s)).

Along the line σ = 2 we have

arg(ζ(2 + it)) = Im log(ζ(2 + it)) = − Im
∞∑
n=1

log n

n2
n−it =

∞∑
n=1

log n

n2
sin(t log n)� 1.

It follows that

∆L arg(ζ(s)) = arg(ζ(1
2

+ iT ))− arg(ζ(2 + iT )) +O(1)

= −
∫ 2+iT

1/2+iT

Im

(
ζ ′

ζ
(s)

)
ds+O(1).

Now we can appeal to Lemma 11.1(2) to get

∆L arg(ζ(s)) = −
∑
|γ−T |≤1

∫ 2+iT

1/2+iT

Im

(
1

s− ρ

)
ds+O(log T )

= −
∑
|γ−T |≤1

(
arg(2 + iT − ρ)− arg(1

2
+ iT − ρ)

)
+O(log T ).

The difference in argument between (2− β) + i(T − γ) and (1
2
− β) + i(T − γ) is at most π,

and since there are � log T terms in the sum, we find that S(T )� log T , which yields

N(T ) =
T

2π
log

(
T

2πe

)
+O(log T ).

As a corollary, we estimate the sum ∑
|γ|≤T

1

|ρ|
.
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We already showed that as T → ∞ the sum above is infinite, but we can now measure the
order of growth. By partial summation,

∑
|γ|≤T

1

|ρ|
=

2N(T )

T
+ 2

∫ T

1

N(t)

t2
dt =

1

π

∫ T

1

log t

t
dt+O(log T ) =

log2 T

2π
+O(log T ). (11.3)

12 The Prime Number Theorem

We are finally ready to prove the prime number theorem. We begin by choosing an explicit
test function, then we prove the explicit formula and finally obtain a quantitative error
bound.

12.1 The test function φx(t)

For our proof of the prime number theorem, we will use the test function

φx(t) =


1 if 0 ≤ t ≤ x,

1 + x
y
− 1

y
t if x ≤ t ≤ x+ y,

0 if t ≥ x+ y.

Here y is a parameter satisfying 1 ≤ y ≤ x which we will choose later. Note that φx(t) is
continuous and piecewise linear on [0,∞) and that it satisfies 0 ≤ φx(t) ≤ 1. In the interval
[x, x + y] ⊆ [x, 2x], the function Λ(n) is approximately log x (when it is nonzero), so the
price we pay for using φx(t) instead of a sharp cutoff function is∑

n≤x

Λ(n)−
∑
n≤x

Λ(n)φx(n)�
∑

x≤n≤x+y

Λ(n)� y log x. (12.1)

We now compute the Mellin transform of φx(t).

Lemma 12.1. With φx(t) as above, we have

φ̃x(s) =
xs+1

ys(s+ 1)

((
1 + y

x

)s+1 − 1
)

(12.2)

=
xs

s
+ yxs−1ws,

where

ws =
(1 + y

x
)s+1 − 1− (s+ 1) y

x

s(s+ 1)( y
x
)2

.

Furthermore, if 1 ≤ y ≤ x and 0 ≤ Re(s) ≤ 1 then

|ws| ≤
1

2
.
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Proof. The expressions for φ̃x(s) are simple computations, starting from the definition

φ̃x(s) =

∫ ∞
0

φx(t)t
s dt

t
=

∫ x

0

ts−1 dt+

∫ y

x

(
1 +

x

y
− t

y

)
ts−1 dt.

To prove the bound for ws, we recall Taylor’s theorem (for suitable twice-differentiable
functions) which says that

f(u) = f(0) + f ′(0)u+

∫ u

0

f ′′(t)(u− t) dt.

Applying this to the function f(u) = (1 + u)s+1 we find that

(1 + u)s+1 = 1 + (s+ 1)u+ s(s+ 1)

∫ u

0

(1 + t)s−1(u− t) dt.

Thus, for y ∈ [0, 1] and Re(s) ∈ [0, 1] we have

|ws| =
(
x

y

)2
∣∣∣∣∣
∫ y/x

0

(1 + t)s−1( y
x
− t) dt

∣∣∣∣∣ ≤
(
x

y

)2 ∫ y/x

0

( y
x
− t) dt =

1

2
,

as desired.

12.2 Contour integration

Let T be a large parameter such that |σ+ iT −ρ| � (log T )−1 for all nontrivial zeros ρ. This
is possible by Lemma 11.1(1) and the pigeonhole principle. By the Mellin inversion formula
we have

∞∑
n=1

Λ(n)φx(n) = − 1

2πi

∫
(2)

ζ ′

ζ
(s)φ̃x(s) ds = − 1

2πi

∫ 2+iT

2−iT

ζ ′

ζ
(s)φ̃x(s) ds+Rx(T ),

where (using (18.2))

Rx(T )� x3y−1 ζ
′

ζ
(2)

∫ ∞
T

dt

t2
� x3

yT
.

We now apply the residue theorem to the integrand − ζ′

ζ
(s)φ̃x(s) over the rectangular

contour with corners 2− iT , 2 + iT , −N + iT , and −N − iT , where −N is a large negative
odd integer (to avoid the poles of ζ ′/ζ). In that box the integrand has poles coming from
(1) the pole of ζ(s) at s = 1, (2) the nontrivial zeros of ζ(s) with |γ| ≤ T , (3) the pole of
φ̃x(s) at s = 0, and (4) the trivial zeros of ζ(s) at negative integers −2k ≥ −N . Therefore

− 1

2πi

∫ 2+iT

2−iT

ζ ′

ζ
(s)φ̃x(s) ds =

1

2πi

{
−
∫ −N+iT

−N−iT
−
∫ 2+iT

−N+iT

+

∫ 2−iT

−N−iT

}
ζ ′

ζ
(s)φ̃x(s) ds

+ φ̃x(1)−
∑
|γ|≤T

φ̃x(ρ)− ζ ′

ζ
(0)−

bN/2c∑
k=1

φ̃x(−2k).
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Our aim is to show that all of the integrals on the right-hand side go to zero as N, T →∞.
To simplify things a bit, let’s assume that N � T , so that they are going to ∞ at the same
rate. The upshot is that log |s| � logN � log T for s on the three lines above.

On the horizontal segments, Lemma 11.1 provides a bound for ζ ′/ζ for −1 ≤ σ ≤ 2:

ζ ′

ζ
(σ + iT )�

∑
|T−γ|≤1

1

|T − γ|
+ log T � log2 T

since we chose T such that |γ − T | � (log T )−1 and there are � log T terms in the sum. So
we need a bound for ζ ′/ζ in the region σ ≤ −1. By our choice of N , the distance from the
rectangular contour to a trivial zero of ζ(s) is always at least 1, so we can restrict ourselves to
the set L = {s : σ ≤ −1 and |s + 2k| ≥ 1/2 for all k ≥ 1}. By the asymmetrical functional
equation Proposition 7.5 we have

ζ ′

ζ
(s) = log 2π +

π

2
cot
(πs

2

)
− Γ′

Γ
(1− s)− ζ ′

ζ
(1− s).

(Using this we can compute ζ′

ζ
(0) = log 2π.) In the region L we have Re(1 − s) ≥ 2, and

we are avoiding the poles of cot(πs/2) by a distance of at least 1/2. So everything is O(1)
except the gamma factor. By Stirling’s formula it follows that

ζ ′

ζ
(s)� log |s|

for s ∈ L. We bound the horizontal segments by{∫ 2+iT

−N+iT

+

∫ 2−iT

−N−iT

}
ζ ′

ζ
(s)φ̃x(s) ds�

log2 T

yT 2

∫ 2

−∞
xσ+1 dσ � x3 log2 T

yT 2 log x
.

For the vertical segment we have∫ −N+iT

−N−iT

ζ ′

ζ
(s)φ̃x(s) ds�

T logN

yN2xN−1
.

So all three integrals go to zero as T � N →∞. Thus we obtain our first form of the explicit
formula.

Proposition 12.2. With φx(t) as above, we have

∞∑
n=1

Λ(n)φx(n) = φ̃x(1)−
∑
ρ

φ̃x(ρ)− log 2π −
∞∑
k=1

φ̃x(−2k).

12.3 A quantitative explicit formula

Let 1 ≤ T ≤ x. Using the second expression for φ̃x(s), namely

φ̃x(s) =
xs

s
+ yxs−1ws, where |ws| ≤

1

2
if 0 ≤ σ ≤ 1,
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we find that ∑
ρ

φ̃x(ρ) =
∑
|γ|≤T

xρ

ρ
+ y

∑
|γ|≤T

xρ−1wρ +
∑
|γ|>T

φ̃x(ρ).

To estimate the second sum, fix a function β0(T ) such that

max{β : ζ(β + iγ) = 0 and β ∈ [0, 1], γ ∈ [−T, T ]} ≤ β0(T )

for all T ≥ 1. Then our zero-free region tells us that we can take β0(T ) = 1 − c/ log T ,
where c is the constant from Theorem 10.1. Under the Riemann Hypothesis, we can take
β0(T ) = 1/2. Since Re(ρ) ∈ [0, 1] we have∑

|γ|≤T

|xρ−1wρ| ≤ xβ0(T )−1N(T )� xβ0(T )−1T log T.

For the third sum we use the first expression for φ̃x(s):

φ̃x(s) =
xs+1

ys(s+ 1)

((
1 + y

x

)s+1 − 1
)
.

Since Re ρ ≤ 1 and y ≤ x we have∣∣∣(1 + y
x

)ρ+1 − 1
∣∣∣ ≤ 2Re ρ+1 + 1� 1.

Now fix a function β1(T ) such that

sup{β : ζ(β + iγ) = 0 and β ∈ [0, 1], |γ| ≥ T} ≤ β1(T )

for all T ≥ 1. Our zero free region doesn’t help here, so we have to take β1(T ) = 1. Under
RH we can take β1(T ) = β0(T ) = 1/2. Then∑

|γ|>T

φ̃x(ρ)� xβ1(T )+1

y

∑
|γ|>T

1

|ρ(ρ+ 1)|
� xβ1(T )+1

y

∑
|γ|>T

1

|γ|2
.

By partial summation, we have∑
T<γ<Z

1

γ2
=
N(Z)

Z2
− N(T )

T 2
+ 2

∫ Z

T

N(t)

t3
dt,

and using that N(t)� t log t, this implies that∑
γ>T

1

γ2
� log T

T
+

∫ ∞
T

log t

t2
dt� log T

T
.

Collecting all of the above, we conclude that∑
ρ

φ̃x(ρ) =
∑
|γ|≤T

xρ

ρ
+O

(
yxβ0(T )−1T log T +

xβ1(T )+1 log T

yT

)
. (12.3)
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We can now pick y to balance the two error terms above, the optimal choice being

y =
1

T
x1+ 1

2
(β1(T )−β0(T )). (12.4)

Using our zero-free region we have β1(T ) − β0(T ) = c(log T )−1, so to ensure that y ≤ x we
need to impose the restriction

(log T )2 ≥ 1

2
c log x.

As we’ll see soon, the optimal choice of T is very close to this bound.
When we combine Proposition 12.2 with (18.1), (12.3), and (12.4) we arrive at the second

form of the explicit formula.

Theorem 12.3. Let β0(T ) and β1(T ) be functions chosen as above for all T ≥ 1. Then for
x ≥ 2 and T satisfying

x
1
2

(β1(T )−β0(T )) ≤ T ≤ x

we have ∑
n≤x

Λ(n) = x−
∑
|γ|≤T

xρ

ρ
+O

(
x

1
2

(β0(T )+β1(T )) log T +
log x

T
x1+ 1

2
(β1(T )−β0(T ))

)
.

12.4 The Prime Number Theorem for ψ(x)

We’ll prove the prime number theorem for ψ(x) as a corollary to the explicit formula.

Theorem 12.4 (PNT for ψ(x)). There exists a constant α > 0 such that for all x ≥ 2,

ψ(x) =
∑
n≤x

Λ(n) = x+O
(
x exp

(
−α
√

log x
))
.

Proof. By (11.3) we have∑
|γ|≤T

xρ

ρ
� xβ0(T )

∑
|γ|≤T

1

|ρ|
� xβ0(T ) log2 T.

We choose β0 and β1 corresponding to our zero-free region, namely

β0(T ) = 1− c

log T
, β1(T ) = 1.

Then the sum and the error term in Theorem 12.3 together are (using that T ≤ x)

� x1− c
log T log2 T + x1− c

2 log T log T +
log x

T
x1+ c

2 log T

= x log x

{
log x exp

(−c log x

log T

)
+ exp

(−c log x

2 log T

)
+

1

T
exp
(
c log x

2 log T

)}
.

We can balance the second and third terms by choosing

T = exp(
√
c log x).
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(For some perspective, logA x � exp(
√
c log x) � xε for any A > 0 and ε > 0.) This yields

a total error term of

x exp(−
√
c log x) log2 x� x exp(−α

√
log x)

for some α > 0.

As you might expect, we get a much better result by assuming RH.

Theorem 12.5. Assume the Riemann Hypothesis. Then for every x ≥ 2 we have

ψ(x) = x+O(
√
x log2 x).

Proof. Assuming RH we can take β0(T ) = β1(T ) = 1/2. Then the error terms add up to

√
x log2 T +

x log x

T
.

Choosing any T ≥
√
x/ log x, we obtain the theorem.

The really amazing thing is that the converse of this theorem is true; i.e. a good bound
for the error term in the prime number theorem yields the Riemann hypothesis.

Theorem 12.6. Suppose that for some α < 1 we have

ψ(x) = x+O(xα).

Then all of the zeros ρ = β + iγ of ζ(s) satisfy β ≤ α.

Proof. Let E(x) denote the error term: ψ(x) = x + E(x). By partial summation we have
(for σ > 1)

−ζ
′

ζ
(s) =

∞∑
n=1

Λ(n)

ns
= s

∫ ∞
1

ψ(t)

ts+1
dt = s

∫ ∞
1

dt

ts
+ s

∫ ∞
1

E(t)

ts+1
dt.

The first term evaluates to s/(s−1); not surprising since this corresponds to the pole of ζ(s)
at s = 1. The remaining integral is analytic in the region σ > α since E(t)� tα. It follows
that the only pole of ζ ′/ζ to the right of σ = α is at s = 1, and therefore ζ(s) has no zeros
in that region (otherwise, ζ ′/ζ would have another pole).

One amusing consequence of the previous theorem is that a bound of the form ψ(x) =
x+O(xθ+ε) for any ε > 0 is automatically self-improving: it follows that the zeros are all to
the left of σ = θ, and by the same argument as in the proof of Theorem 12.5, we obtain

ψ(x) = x+O(xθ log2 x).

So the term xε is automatically replaced with the much more precise log2 x.
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Part II

Primes in Arithmetic Progressions
We turn our attention to the function

π(x; a mod q) := #{p ≤ x : p ≡ a mod q}.

Unlike in the case of π(x), it is not at all obvious that π(x; a mod q) tends to ∞ as x→∞.
Actually, in some cases it’s not true at all. For example, there are no primes congruent to
0 mod 4 and there is only one prime congruent to 2 mod 4. In general, the number of primes
p ≡ a mod q is finite whenever gcd(a, q) = 1. With that “local” obstruction out of the way,
we will prove the following result.

Theorem 12.7 (Dirichlet’s Theorem). If gcd(a, q) = 1 then

lim
x→∞

π(x; a mod q) =∞.

Actually, we will prove this as a corollary to a stronger result which is an analogue of
Mertens’ estimate for

∑
1/p. What do we expect is true? Consider the case q = 4. Then

there are two choices for a, namely a = 1 and a = 3. There isn’t any immediate reason to
suspect that primes are more likely to be in one progression than the other, so we might
guess that “half” of the primes satisfy p ≡ 1 mod 4, for some suitable definition of “half.”
Indeed, this is the case. For each q, define Euler’s totient function by

ϕ(q) = #{0 ≤ a ≤ q − 1 : gcd(a, q) = 1}.

We often shorten notation to (a, q) := gcd(a, q). We will prove the following.

Theorem 12.8. If gcd(a, q) = 1 then∑
p≤x
p≡a(q)

1

p
=

1

ϕ(q)
log log x+Oq(1).

The notation Oq(1) means that the implied constant is allowed to depend on q. So the
result above is interesting if q is fixed. If we want to know what happens as we vary q and
x, we will have to work much harder (and things get quite interesting).

The key to proving both of these theorems is a careful study of the Dirichlet L-functions

L(s, χ) =
∞∑
n=1

χ(n)

ns
,

which Dirichlet invented for the purpose of proving his theorem.

50



13 Dirichlet Characters

A Dirichlet character modulo q is a function χ : Z→ C satisfying

i) periodicity modulo q: χ(n+ q) = χ(n) for all n ∈ Z,

ii) complete multiplicativity: χ(1) = 1 and χ(mn) = χ(m)χ(n) for all m,n ∈ Z,

iii) χ(n) = 0 whenever gcd(n, q) > 1.

The character

χ0(n) =

{
1 if gcd(n, q) = 1,

0 otherwise,

is called the principal (or trivial) character modulo q.
Examples:

1. If q = 1 there is only one character,

χ0(n) = 1 for all n.

2. If q = 2 there is also only one character,

χ0(n) =

{
1 if n is odd,

0 if n is even.

3. If q = 3, there are two characters; the trivial character

χ0(n) =

{
1 if n ≡ 0 (mod 3),

0 otherwise,

and the nontrivial character

χ1(n) =


1 if n ≡ 1 (mod 3),

−1 if n ≡ 2 (mod 3),

0 otherwise.

Since every n with (n, q) = 1 has an inverse n̄ such that nn̄ ≡ 1 (mod q), condition (iii)
can be strengthened to “χ(n) = 0 if and only if gcd(n, q) > 1.” Thus χ descends to a group
homomorphism

χ : (Z/qZ)× → C×.
The elements of (Z/qZ)× are residue classes [n], where n ∈ Z is a representative. For
[n] ∈ (Z/qZ)×, we have [n]ϕ(q) = [1] since φ(q) is the order of (Z/qZ)×. From the complete
multiplicativity, it follows that

χ(n)ϕ(q) = χ(nϕ(q)) = χ(1) = 1,

so χ takes values in the ϕ(q)-th roots of unity µϕ(q), i.e.

χ : (Z/qZ)× → µϕ(q) :=
{
e
(

m

ϕ(q)

)
: m mod ϕ(q)

}
.
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13.1 The dual group

The characters themselves form a group, called the dual group, via the multiplication

(χ1χ2)(n) := χ1(n)χ2(n).

The identity element of the group is χ0 and the inverse of an element χ is given by

χ̄(n) := χ(n).

We often write χ mod q to denote the set of characters modulo q (e.g. in a summation).

Lemma 13.1. There are exactly ϕ(q) characters modulo q. Furthermore, for every a with
(a, q) = 1 and a 6≡ 1 (mod q) there is a character χ with χ(a) 6= 1.

Proof. By the structure theorem for finite abelian groups, we have

G := (Z/qZ)× ∼= G1 ×G2 × · · · ×Gr,

where each Gk is a cyclic group of order mk and m1m2 · · ·mr = ϕ(q) =: m. For each k, fix a
generator [gk] of Gk. So if [n] ∈ (Z/qZ)×, there are unique exponents ak with 0 ≤ ak ≤ mk−1
such that [n] = ga11 · · · garr . We can think of Gk as Z/mkZ via the isomorphism

gakk 7→ ak (mod mk).

For each k, choose a primitive mk-th root of unity ζk, for example ζk = e(1/mk).

Let Ĝ = Hom(G, µm) denote the character group of G, i.e. the group of homomorphisms

from G to the roots of unity µm. Define a map φ : G→ Ĝ via

φ(ga11 · · · garr ) =
(

(gb11 , . . . , g
br
r ) 7→ ζa1b11 · · · ζarbrr

)
.

You can check that φ(gh) = φ(g)φ(h) so φ is a homomorphism.
To construct the inverse of φ, let εk : µmk → Z/mkZ be the unique isomorphism that

sends the primitive mk-th root of unity ζk to 1 +mkZ. For η ∈ Ĝ, define

ψ(η) = g
ε1(η(g1))
1 · · · gεr(η(gr))

r .

For η1, η2 ∈ Ĝ, we have εk(η1η2(gk)) = εk(η1(gk)η2(gk)) = εk(η1(gk))+εk(η2(gk)), from which
it follows that ψ is a homomorphism. We compute

ψ(φ(ga11 · · · garr )) = g
ε1(ζ

a1
1 )

1 · · · gεr(ζ
ar
r )

r = ga11 · · · garr ,

so ψ and φ are inverses. It follows that G ∼= Ĝ, and our construction of the isomorphism
shows that there is a character χ with χ(a) 6= 1 associated to each a 6≡ 1 (mod q).
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0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
χ0 0 1 1 0 1 0 0 1 1 0 0 1 0 1 1
χ1 0 1 i 0 −1 0 0 i −i 0 0 1 0 −i −1
χ2 0 1 −1 0 1 0 0 −1 −1 0 0 1 0 −1 1
χ3 0 1 −i 0 −1 0 0 −i i 0 0 1 0 i −1
χ4 0 1 −1 0 1 0 0 1 −1 0 0 −1 0 1 −1
χ5 0 1 −i 0 −1 0 0 i i 0 0 −1 0 −i 1
χ6 0 1 1 0 1 0 0 −1 1 0 0 −1 0 −1 −1
χ7 0 1 i 0 −1 0 0 −i −i 0 0 −1 0 i 1

Figure 4: Dirichlet characters modulo 15

13.2 Orthogonality

Arguably the most important property of Dirichlet characters is orthogonality. We begin
with a lemma regarding complete sums of characters. We will often use the shorthand
“a mod q” or just “a(q)” to denote any complete residue system modulo q (when the choice
of representatives does not matter). This can always be replaced by the set {0, 1, . . . q − 1}
if that is more convenient. We will also write χ mod q to denote the set of all Dirichlet
characters modulo q.

Lemma 13.2. (i) If χ is a Dirichlet character modulo q then∑
a mod q

χ(a) =

{
ϕ(q) if χ = χ0,

0 otherwise.

(ii) If a is an integer then ∑
χ mod q

χ(a) =

{
ϕ(q) if a ≡ 1 (mod q),

0 otherwise.

Proof. (i) If χ = χ0 then the result is clear. Suppose that χ 6= χ0. Then there is an integer
b such that (b, q) = 1 and χ(b) 6= 1. Let S denote the sum on the left-hand side. Then

χ(b)S =
∑

a mod q

χ(b)χ(a) =
∑

a mod q

χ(ab) =
∑

c mod q

χ(c) = S

because as a runs through a set of representatives mod q, so does ab (observe that a is
invertible mod q). But the equation

χ(b)S = S ⇐⇒ (χ(b)− 1)S = 0

implies that S = 0 since χ(b) 6= 1.
(ii) The only nontrivial case is when (a, q) = 1. In that case there is a character ψ such

that ψ(a) 6= 1. By a similar argument as above,

ψ(a)S =
∑

χ mod q

χ(a)ψ(a) =
∑

χ mod q

(χψ)(a) =
∑

η mod q

η(a) = S,

which implies that S = 0.
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As an immediate corollary, we can estimate the summatory function of χ.

Lemma 13.3. (i) If χ 6= χ0 is a Dirichlet character modulo q then∣∣∣∣∣∑
n≤x

χ(n)

∣∣∣∣∣ ≤ ϕ(q).

(ii) If χ = χ0 mod q then ∣∣∣∣∣∑
n≤x

χ(n)− ϕ(q)

q
x

∣∣∣∣∣ ≤ 2ϕ(q).

Proof. In either case we have∑
n≤x

χ(n) =

⌊
x

q

⌋ q∑
a=1

χ(a) +R(x), (13.1)

where
|R(x)| ≤

∑
a mod q

|χ(a)| ≤ ϕ(q).

In the first case, the sum in (13.1) is zero; in the second case we have∣∣∣∣∣
⌊
x

q

⌋ q∑
a=1

χ(a)− x

q

q∑
a=1

χ(a)

∣∣∣∣∣ ≤ ∑
a mod q

|χ(a)| ≤ ϕ(q),

as desired.

The next proposition will provide us with a useful way to encode the condition p ≡ a
(mod q) in the proof of Dirichlet’s theorem.

Proposition 13.4. (i) If χ1 and χ2 are two Dirichlet characters modulo q then∑
a mod q

χ1(a)χ2(a) =

{
ϕ(q) if χ1 = χ2,

0 otherwise.

(ii) If a1 and a2 are integers then∑
χ mod q

χ(a1)χ(a2) =

{
ϕ(q) if a1 ≡ a2 (mod q),

0 otherwise.

Proof. (i) We apply (i) of Lemma 13.2 with χ = χ1χ2 and observe that χ1 = χ2 if and only
if χ1χ2 = χ0.

(ii) The only nontrivial case is (a1, q) = (a2, q) = 1. In that case, a2 has an inverse
modulo q, say a2; i.e. a2ā2 ≡ 1 (mod q). Then

1 = χ(a2ā2) = χ(a2)χ(ā2),

so χ(ā2) = χ̄(a2). Hence χ(a1)χ̄(a2) = χ(a1)χ(ā2) = χ(a1ā2). We now apply (ii) of
Lemma 13.2 with a = a1ā2, observing that the condition a1ā2 ≡ 1 (mod q) is equivalent
to a1 ≡ a2 (mod q).
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14 Dirichlet L-functions and Dirichlet’s Theorem

In analogy with the Riemann zeta function, for each Dirichlet character χ we define the
Dirichlet L-function

L(s, χ) =
∞∑
n=1

χ(n)

ns
.

Since |χ(n)| ≤ 1 for all n, we see (by the same proof as in the ζ(s) case) that L(s, χ) defines
an analytic function in the region σ > 1. However, for χ 6= χ0 it turns out that the Dirichlet
series for L(s, χ) is conditionally convergent in the larger region σ > 0. Furthermore, the
analytic continuation of L(s, χ) to Re(s) > 0 only has a pole if χ = χ0.

14.1 Basic properties of L(s, χ)

Theorem 14.1. Suppose that χ is a Dirichlet character modulo q.

(i) if χ 6= χ0 then L(s, χ) is analytic in σ > 0.

(ii) If χ = χ0 then L(s, χ) has a meromorphic continuation to σ > 0 with only a simple
pole at s = 1 with residue ϕ(q)/q.

Proof. (i) By partial summation we have

∑
n≤x

χ(n)

ns
=

1

xs

∑
n≤x

χ(n) + s

∫ x

1

(∑
n≤t

χ(n)

)
dt

ts+1
.

By Lemma 13.3 the partial sums
∑

n≤x χ(n) are O(1), so everything above is convergent for
σ > 0 as x→∞. It follows that

∑
n≤x

χ(n)

ns
= s

∫ ∞
1

(∑
n≤t

χ(n)

)
dt

ts+1
,

which is easily seen to be analytic in σ > 0.
(ii) If χ = χ0, let f(n) = χ0(n)− ϕ(q)/q. Then by Lemma 13.3 we have∑

n≤x

f(n) =
∑
n≤x

χ0(n)− ϕ(q)

q

∑
n≤x

1� 1,

so by the same argument as in (i), the Dirichlet series

∞∑
n=1

f(n)

ns
= L(s, χ0)− ϕ(q)

q
ζ(s)

is analytic in σ > 1. It follows that L(s, χ0) is meromorphic in σ > 1 with a simple pole at
s = 1 with residue ϕ(q)/q.
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In the region of absolute convergence, each L(s, χ) has an Euler product of the form

L(s, χ) =
∏
p

(
1− χ(p)

ps

)−1

. (14.1)

The convergence is established in the same way as it was for ζ(s), so we only need to show
that the computation works formally. Expanding each term in the product as a geometric
series we find that ∏

p

(
1− χ(p)

ps

)−1

=
∏
p

(
1 +

χ(p)

ps
+
χ(p)2

p2s
+ · · ·

)
.

The complete multiplicativity of χ gives χ(p)k = χ(pk), so the k-th term in the sum above
looks like (χ(pk)/pk)s. Expanding out the product and rearranging terms yields

∞∑
n=1

1

ns

∏
pa||n

χ(pa) =
∞∑
n=1

χ(n)

ns
,

again using the complete multiplicativity of χ. Here the notation pa || n means that pa is
the highest power of p dividing n (so while | means “divides,” the symbol || means “exactly
divides”). In the case of the principal character χ0, we see from the Euler product that
L(s, χ0) is quite closely related to ζ(s):

L(s, χ0) =
∏
p

(
1− χ0(p)

ps

)−1

=
∏
p-q

(
1− 1

ps

)−1

=
∏
p|q

(
1− 1

ps

)∏
p

(
1− 1

ps

)−1

=
∏
p|q

(
1− 1

ps

)
ζ(s).

Note that the last product is finite. Actually, since the residue of L(s, χ0) at s = 1 equals
ϕ(q)/q, we have ∏

p|q

(
1− 1

p

)
=
ϕ(q)

q
.

Although this is somewhat out of place, I can’t resist stating an immediate corollary of this
fact. This elementary fact can be proven in an elementary way, but since it falls right out
of the product formula above, we might as well state it here.

Lemma 14.2. The function ϕ(q) is multiplicative; that is, we have ϕ(mn) = ϕ(m)ϕ(n)
whenever (m,n) = 1. Furthermore, on prime powers we have ϕ(pm) = pm − pm−1.

14.2 Dirichlet’s Theorem

Our goal is to obtain an asymptotic formula for the sum∑
p≤x
p≡a(q)

1

p
.
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We will approximate the partial sum above by the Dirichlet series∑
p≡a(q)

1

ps

evaluated at the special point

s = σx = 1 +
1

log x
.

Note that xσx = ex. By partial summation∑
p≡a(q)
p>x

1

pσx
= −π(x)

xσx
+ σx

∫ ∞
x

π(t)

tσx+1
dx� 1

log x
+

∫ ∞
x

dt

tσx log t

� 1

log x
+

x1−σx

(σx − 1) log x
� 1.

Note that here we have used the much-weaker-than-PNT statement π(x)� x/ log x, which
follows from ϑ(x)� x which we proved in an elementary way. Next,∑

p≤x
p≡a(q)

1

p
−
∑
p≤x
p≡a(q)

1

pσx
=
∑
p≤x
p≡a(q)

1

p

(
1− p1−σx

)
.

Observe that pσx−1 = exp{− log p
log x
}. Expanding the Taylor series for 1− e−z, we find that

1− p1−σx = 1− e−
log p
log x � log p

log x
.

Hence ∑
p≤x
p≡a(q)

1

p
−
∑
p≤x
p≡a(q)

1

pσx
� 1

log x

∑
p≤x
p≡a(q)

log p

p
� 1

by Mertens’ first theorem. Therefore∑
p≤x
p≡a(q)

1

p
=
∑
p≡a(q)

1

pσx
+O(1). (14.2)

Now, back to L(s, χ). Taking logs in (14.1), we find that

logL(s, χ) = −
∑
p

log

(
1− χ(p)

ps

)
=
∑
p

∞∑
m=1

χ(p)

mpms
=
∑
p

χ(p)

ps
+O(1),

where, as in the ζ(s) case, we have used that

∑
p

∞∑
m=2

χ(p)

mpms
�
∑
p

∞∑
m=2

1

mpm
�
∑
p

1

p2
� 1.
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We can detect the condition p ≡ a (mod q) using orthogonality of Dirichlet characters:∑
p≡a(q)

1

ps
=

1

ϕ(q)

∑
p

1

ps

∑
χ mod q

χ(p)χ̄(a) =
1

ϕ(q)

∑
χ mod q

χ̄(a)
∑
p

χ(p)

ps

=
1

ϕ(q)

∑
χ mod q

χ̄(a) logL(s, χ) +Oq(1).

We expect the main term to come from the principal character, since L(s, χ0) has a pole
at s = 1. However, we run into trouble if any of the other L(s, χ) is zero at s = 1 since
this would also make a large contribution to the sum. We will prove the following theorem
in the next section. It represents, by a large margin, the most difficult part of the proof of
Dirichlet’s theorem.

Theorem 14.3. If χ 6= χ0 then L(1, χ) 6= 0.

As σ → 1+ along the real line, we have L(σ, χ0) = ϕ(q)
q

(σ − 1)−1 + O(1) because of the

pole at s = 1. From that term we get (remember (a, q) = 1)

χ̄0(a) logL(σ, χ0) = log

(
ϕ(q)

q
· 1

(σ − 1)
+O(1)

)
= log

(
ϕ(q)

q
· 1

(σ − 1)

)
+

1

ϕ(q)
log(1 +Oq(σ − 1))

= log

(
1

σ − 1

)
+Oq(1).

Each of the nonprincipal characters contribute Oq(1) since each L(s, χ) is continuous and
nonzero at s = 1. It follows that∑

p≡a(q)

1

pσ
=

1

ϕ(q)
log

(
1

σ − 1

)
+Oq(1).

Putting this together with (14.2) and recalling σx = 1+1/ log x, we get Dirichlet’s Theorem.

Theorem 14.4. If (a, q) = 1 then∑
p≤x
p≡a(q)

1

p
=

1

ϕ(q)
log log x+Oq(1).

15 The nonvanishing of L(1, χ)

It remains to prove Theorem 14.3, that L(1, χ) 6= 0. We will prove this in two cases depending
on whether χ is complex or real. A real character is one that takes only real values; since
these values must also be roots of unity or zero, the image of a real character is a subset of
{−1, 0, 1}. A complex character is any character that is not real.
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An important property of complex characters χ is that χ 6= χ̄ since there is some a ∈ Z
for which χ(a) /∈ R. Since L(s, χ) = L(s̄, χ̄), it follows that if L(1, χ) = 0 for some complex
character χ, then L(1, χ̄) = 0 as well. Then the product

P (s) =
∏
χ

L(s, χ)

has a zero of order ≥ 1 at s = 1 (simple pole from L(s, χ0) and double zero from L(s, χ) and
L(s, χ̄)). This contradicts the following lemma, and thus Theorem 14.3 is true for complex
characters.

Lemma 15.1. With P (s) as above, we have

P (σ) ≥ 1 for σ > 1.

Proof. In the region σ > 1 we can use the Dirichlet series:

logP (σ) =
∑

χ mod q

logL(σ, χ) = −
∑

χ mod q

∑
p

log

(
1− χ(p)

pσ

)

=
∑

χ mod q

∑
p

∞∑
m=1

χ(p)m

pmσ
=
∑
p

∞∑
m=1

1

pmσ

∑
χ mod q

χ(pm)

= ϕ(q)
∞∑
m=1

∑
p

pm≡1(q)

1

pmσ
.

Everything in this sum is nonnegative, so logP (σ) ≥ 0.

15.1 Real characters

Suppose that χ is a real nonprincipal character such that L(1, χ) = 0. Then the function
L(s, χ)L(s, χ0) is analytic in the region σ > 0 (the zero of L(1, χ) cancels with the pole of
L(1, χ0)). Thus the function

F (s) =
L(s, χ)L(s, χ0)

L(2s, χ0)

is analytic in the region σ > 1/2. Furthermore, we have F (1/2) = 0 since L(2s, χ0) has a
pole at s = 1/2.

In σ > 1, we can use the Euler products of L(s, χ) and L(s, χ0) to get

F (s) =
∏
p

(1− χ(p)p−s)−1(1− χ0(p)p−s)−1

(1− χ0(p)p−2s)−1
=
∏

χ(p)=1

1 + p−s

1− p−s

since if χ(p) = −1 we have

(1− χ(p)p−s)−1(1− χ0(p)p−s)−1

(1− χ0(p)p−2s)−1
=

(1 + p−s)−1(1− p−s)−1

(1− p−2s)−1
= 1.
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Expanding the geometric series, we find that

1 + p−s

1− p−s
= 1 + 2

∞∑
m=1

p−ms,

from which it follows that, still for σ > 1,

∏
χ(p)=1

1 + p−s

1− p−s
=
∞∑
n=1

a(n)

ns

for some coefficients a(n) ≥ 0, with a(1) = 1.
Now consider the Taylor expansion of F (s) centered at s = 2. Since F is analytic in

σ > 1/2, the radius of convergence of this Taylor expansion is at least 3/2. We have

F (s) =
∞∑
m=0

F (m)(2)

m!
(s− 2)m.

They key here is that this series is valid for a portion of a disc which passes through the
strip 1/2 < σ ≤ 1 where the Dirichlet series is not, a priori, valid. However the coefficients
F (m)(2) can be computed from the Dirichlet series:

F (m)(2) =
∞∑
n=1

a(n)

n2
(−1)m(log n)m = (−1)mb(m),

say, where b(m) ≥ 0. Note that b(0) ≥ 1 since b(0) = F (2) ≥ a(1) ≥ 1. It follows that

F (s) =
∞∑
m=0

b(m)

m!
(2− s)m

for |2− s| < 3/2. So if σ ∈ (1/2, 2) we have

F (σ) ≥ b(0) ≥ 1

which contradicts the assertion above that F (1/2) = 0. This completes the proof of Theo-
rem 14.3.

16 The functional equation of L(s, χ)

We would like to prove a result stronger than Dirichlet’s theorem, namely the prime number
theorem for primes in arithmetic progressions. The outline of the proof is the same is in the
case of the Riemann zeta function; i.e. we need to prove a functional equation and a zero-free
region. Some of this is exactly the same as in the ζ(s) case, but some of it is quite different,
often in very interesting ways. Here we will prove the functional equation for L(s, χ) when
χ is a primitive character.
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16.1 Primitive characters

Suppose that χ is a Dirichlet character of modulus q. Then we can construct another
character χ′ modulo qr by defining

χ′(n) =

{
χ(n) if (n, qr) = 1,

0 otherwise.

Note that if r is divisible by a prime p which does not divide q then χ 6= χ′; for example
χ′(p) = 0 while χ(p) 6= 0. In this way we can construct infinitely many Dirichlet characters
from the original character χ. But these new characters aren’t very interesting because they
essentially contain all the same information as χ. So we would like to distinguish these new
characters and essentially forget about them.

Suppose that χ and χ′ are characters of moduli q and q′, respectively, such that q′ | q.
If χ(n) = χ′(n) for all n with (n, q) = 1 then we say that χ is induced by χ′. A primitive
character is one that is not induced by any character (other than itself).

The principal character modulo q is only primitive if q = 1. Also, all nonprincipal
characters of prime modulus are automatically primitive.

Lemma 16.1. A Dirichlet character χ modulo q is induced by some χ′ modulo q′ if and
only if χ(a) = χ(b) whenever (a, q) = (b, q) = 1 and a ≡ b (mod q′). When this holds, the
character χ′ is uniquely determined.

Proof. (=⇒) If χ is induced by χ′ and a ≡ b (mod q′) with (a, q) = (b, q) = 1 then

χ(a) = χ′(a) = χ′(b) = χ(b).

(⇐=) Suppose that χ(a) = χ(b) whenever (a, q) = (b, q) = 1 and a ≡ b (mod q′). We need
to construct a character χ′ modulo q which induces χ. It suffices to define χ′(n) for each n
such that (n, q′) = 1 and (n, q) > 1 since χ′(m) is defined as χ(m) whenever (m, q) = 1. For
each such n let n′ = n+ q′k, where k is the product of all the primes dividing q/q′, excluding
the primes dividing n. I claim that (n′, q) = 1. Indeed, if p | q′ then since (n, q′) = 1 we
have p - n′, and each prime p | (q/q′) divides one of n and k, but not both. We define
χ′(n) = χ(n′). By our assumption on χ, this χ′ is completely multiplicative and periodic
modulo q′. It is also uniquely determined: if χ is induced by another character χ′′ modulo
q′ then clearly χ′′(n) = χ′(n) for all n with (n, q) = 1. For the remaining n, let n′′ be any
integer with n′′ ≡ n (mod q′) and such that (n′′, q) = 1. (Such an integer exists since n′ is
an example of one.) Then

χ′′(n) = χ′′(n′′) = χ(n′′) = χ′(n′′) = χ′(n).

So χ′′ = χ′.

Theorem 16.2. Each Dirichlet character χ modulo q is induced by a primitive character χ′

that is uniquely determined by χ. Furthermore,

χ(n) = χ′(n)χ0(n) (16.1)

for all integers n, where χ0 is the principal character modulo q.

61



Proof. Among all divisors of q, let d be the smallest such that χ is induced by a character χ′

of modulus d. By the previous lemma, this χ′ is uniquely determined among characters of
modulus d. Clearly (16.1) holds because (1) if (n, q) = 1 then χ(n) = χ′(n) and χ0(n) = 1,
and (2) if (n, q) > 1 then χ(n) = 0 and χ0(n) = 0.

Suppose, by way of contradiction, that χ′ is not primitive. Then there is a character χ′′

of modulus < d which induces χ. Suppose that (n, q) = 1. Then (n, d) = 1 also, so

χ(n) = χ′(n) = χ′′(n)

so χ is also induced by χ′′, contradicting the minimality of d.

We define the conductor of a character χ as the modulus of the unique primitive character
that induces it (which exists by the previous theorem).

How are the L-functions associated to induced characters related? Suppose that χ of
modulus q has conductor d. Then there is a primitive character χ′ of modulus d such that
χ = χ′χ0. Hence

L(s, χ) =
∏
p

(
1− χ(p)

ps

)−1

=
∏
p

(
1− χ′(p)χ0(p)

ps

)−1

=
∏
p-q

(
1− χ′(p)

ps

)−1

=
∏
p|q

(
1− χ′(p)

ps

)∏
p

(
1− χ′(p)

ps

)−1

=
∏
p|q

(
1− χ′(p)

ps

)
L(s, χ′). (16.2)

So, up to a well-understood finite product, a general Dirichlet L-function is essentially equal
to the L-function associated to the primitive character inducing it. So we will not really lose
anything by restricting ourselves to primitive characters from here on out.

16.2 Gauss sums

Suppose, throughout this subsection, that χ is a primitive character modulo q (thus, the
conductor of χ is also q). In the functional equation for L(s, χ) we will encounter the Gauss
sums, which are defined as

τ(χ) =
∑

a mod q

χ(a)e(a/q).

Recall the notation e(x) = e2πix. There are also more general Gauss sums defined as

G(n, χ) =
∑

a mod q

χ(a)e(an/q).

These are related in the following way.

Lemma 16.3. If χ mod q is a primitive Dirichlet character then for all n ∈ Z we have

G(n, χ) = χ̄(n)τ(χ).
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Proof. Suppose first that (n, q) = 1. Then n has an inverse n̄ mod q such that nn̄ ≡ 1
(mod q). So as a runs through a complete set of residues modulo q, so does an (the map
a 7→ an has an inverse, namely multiplication by n̄). Thus

τ(χ) =
∑

a mod q

χ(a)e(a/q) =
∑

a mod q

χ(an)e(an/q) = χ(n)G(n, χ)

by the complete multiplicativity of χ.
It remains to show that G(n, χ) = 0 when (n, q) > 1. Let d = (n, q) and write q = dq′

and n = dn′. Then

G(n, χ) =
∑

b mod q′

∑
a mod q

a≡b mod q′

χ(a)e(adn′/dq′) =
∑

b mod q′

e(an′/q′)
∑

a mod q
a≡b mod q′

χ(a).

I claim that the inner sum always vanishes. If (b, q′) > 1 then χ(a) = 0 so the sum equals
zero. Suppose that (b, q′) = 1 and let b̄ denote the inverse of b mod q′. Since χ is primitive,
there exists a number m ≡ b (mod q′) such that χ(m) 6= χ(b) (otherwise χ would contradict
Lemma 16.1). Replacing a by amb̄ we find (since mb̄ ≡ 1 (mod q′)) that∑

a mod q
a≡b mod q′

χ(a) = χ(m)χ̄(b)
∑

a mod q
a≡b mod q′

χ(a).

Since χ(m)χ̄(b) 6= 1 the sum must equal zero.

The exact evaluation of the Gauss sums τ(χ) is an interesting problem (and one that
Gauss spent a lot of time on) but for our purposes we only need to know that |τ(χ)| = √q.

Lemma 16.4. If χ mod q is a primitive Dirichlet character then

|τ(χ)|2 = q.

Proof. Expanding the left-hand side we find that

|τ(χ)|2 = τ(χ)τ(χ) = τ(χ)
∑

a mod q

χ̄(a)e(−a/q).

By the previous lemma, this equals∑
a mod q

G(a, χ)e(−a/q) =
∑

a mod q

∑
b mod q

χ(b)e(ab/q)e(−a/q)

=
∑

b mod q

χ(b)
∑

a mod q

e(a(b− 1)/q).

By expanding the finite geometric sum, we find that

∑
a mod q

e(am/q) =

q if m ≡ 0 (mod q),

e(m)− 1

e(m/q)− 1
= 0 if m 6≡ 0 (mod q).
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We conclude that
|τ(χ)|2 = q

∑
b mod q
b≡1 mod q

χ(b) = q

because there is only one term in the sum, namely χ(1) = 1.

One nice consequence of the previous result is that τ(χ) 6= 0 when χ is primitive, so we
can write

χ(n) =
1

τ(χ̄)

∑
a mod q

χ̄(a)e(an/q), (16.3)

which gives us a useful way of writing the multiplicative character χ in terms of additive
characters e(an/q).

16.3 The functional equation for primitive characters

Similar to we did with the Riemann zeta function, we begin with a version of Poisson
summation, this time one which takes into account sums over residue classes modulo q.

Theorem 16.5. (Same assumptions as in Theorem 5.1) Suppose that both f and f̂ are in
L1(R) and have bounded variation. If u ∈ R+ and v ∈ R then∑

m∈Z

f(um+ v) =
1

u

∑
n∈Z

f̂
(n
u

)
e
(nv
u

)
.

Proof. Let g(m) = f(um+ v). Then a change of variables shows that

ĝ(n) =
1

u
f̂
(n
u

)
e
(nv
u

)
.

Applying Poisson summation to g proves the theorem.

Using this version of Poisson summation we can prove yet another version of Poisson
summation which is “twisted” by the character χ.

Theorem 16.6. With the same assumptions as in the previous theorem, and with χ a prim-
itive Dirichlet character modulo q, we have∑

m∈Z

χ(m)f(m) =
τ(χ)

q

∑
n∈Z

χ̄(n)f̂

(
n

q

)
.

Proof. Starting on the right-hand side, we apply (16.3) to the character χ̄ to get

τ(χ)

q

∑
n∈Z

χ̄(n)f̂

(
n

q

)
=
∑

a mod q

χ(a)
1

q

∑
n∈Z

f̂

(
n

q

)
e

(
an

q

)
=
∑

a mod q

χ(a)
∑
k∈Z

f(qk + a)

by the previous theorem. Now reindex by m = qk+ a (this covers all integers as a runs mod
q) and observe that χ(a) = χ(m) because m ≡ a (mod q).
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We will use this to prove transformation laws for theta functions twisted by Dirichlet
characters. The most obvious thing to do is define

θχ(z) =
∑
n∈Z

χ(n)eπin
2z.

Suppose, however, that χ(−1) = −1 (observe that χ(−1) = ±1 since χ2(−1) = 1). Then
the n-th term of the series cancels with the −n-th term, and we get θχ(z) ≡ 0. So the above
definition will only work for χ(−1) = 1; we have to do something different in the other case.

Characters satisfying χ(−1) = 1 are called even, and those with χ(−1) = −1 are odd.

16.3.1 Even characters

Suppose that χ(−1) = 1. As before, we only need the transformation law for z = iy, so we’ll
restrict to that case. Recall that the Fourier transform of f(m) = e−πm

2y is

f̂(n) = y−1/2 e−πn
2/y.

It follows that

θχ(iy) =
∑
m∈Z

χ(m)e−πim
2y = y−1/2 τ(χ)

q

∑
n∈Z

χ̄(n)e−πn
2/q2y =

τ(χ)√
q2y

θχ̄(i/q2y).

From this we can prove the functional equation of L(s, χ) for even characters χ. Since the
q = 1 case is just ζ(s), we restrict ourselves to q > 1.

Theorem 16.7. Suppose that χ is an even primitive character of conductor q > 1 and define

ξ(s, χ) :=
( q
π

)s/2
Γ(s/2)L(s, χ).

Then ξ(s, χ) extends to an entire function of s and satisfies the functional equation

ε(χ)ξ(1− s, χ̄) = ξ(s, χ),

where ε(χ) = τ(χ)/
√
q is a constant of absolute value 1 called the root number.

Proof. The proof proceeds as in the case of the Riemann zeta function (and is actually
simpler, which is a reflection of the fact that L(s, χ) is analytic at s = 1 when χ is primitive
and q > 1). Starting with the integral representation of Γ(s/2), we have

χ(n)(q/π)s/2Γ(s/2)n−s =

∫ ∞
0

χ(n)ts/2−1e−πn
2t/q dt.

Summing over n, and using that χ(−n) = χ(n) and χ(0) = 0, we get

ξ(s, χ) = (q/π)s/2Γ(s/2)L(s, χ) =
1

2

∫ ∞
0

θχ(it/q)ts/2−1 dt.
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As before, we split the integral at t = 1 and use the transformation law on the first piece:

1

2

∫ 1

0

θχ(it/q)ts/2−1 dt =
τ(χ)

2
√
q

∫ 1

0

θχ̄(i/qt)ts/2−3/2 dt =
τ(χ)

2
√
q

∫ ∞
1

θχ̄(it/q)t−1/2−s/2 dt.

It follows that

ξ(s, χ) =
1

2

∫ ∞
1

(
θχ(it/q)ts/2−1 +

τ(χ)
√
q
θχ̄(it/q)t−s/2−1/2

)
dt.

The rapid decay of θχ(it) shows that ξ(s, χ) defined in this way is an entire function of C.
Furthermore, replacing s by 1− s and χ by χ̄, we find that

ξ(1− s, χ̄) =
1

2

∫ ∞
1

(
θχ̄(it/q)t−s/2−1/2 +

τ(χ̄)
√
q
θχ(it/q)ts/2−1

)
dt

=
1

2

τ(χ̄)
√
q

∫ ∞
1

( √
q

τ(χ̄)
θχ̄(it/q)t−s/2−1/2 + θχ(it/q)ts/2−1

)
dt

= ε(χ)ξ(s, χ)

because τ(χ̄) = τ(χ) (why?), so τ(χ)τ(χ̄) = q.

From the fact that ξ(s, χ) is entire it follows that L(s, χ) has trivial zeros at the negative
even integers and that L(0, χ) = 0, corresponding to the poles of Γ(s/2). The remaining
zeros of L(s, χ) are the nontrivial zeros inside the critical strip.

16.3.2 Odd characters

In the case χ(−1) = −1, our previous definition of θχ(z) vanishes identically. We can fix
this by defining

θχ(z) :=
∑
n∈Z

nχ(n)eπin
2z.

when χ is odd. It is customary to make these definitions uniform by introducing the constant

a = a(χ) :=

{
0 if χ is even,

1 if χ is odd.

Then in both cases
θχ(z) =

∑
n∈Z

naχ(n)eπin
2z.

It turns out that θχ(z) satisfies a similar transformation law for odd characters, but we
need a slight modification of our previous arguments. In Section 5.2 we proved that∫ ∞

−∞
e−πx

2y−2πinx dx = y−1/2e−πn
2/y.

Replacing x by x+ α, where α ∈ R, we find that∫ ∞
−∞

e−π(x+α)2y−2πinx dx = y−1/2e−πn
2/y+2πinα.
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We differentiate with respect to α (this is justified by the rapid decay of the integrand and
the dominated convergence theorem applied to the differentiated integral). This yields

−2πy

∫ ∞
−∞

(x+ α)e−π(x+α)2y−2πinx dx = 2πiny−1/2e−πn
2/y+2πinα.

We will apply this with α = 0. By Theorem 16.6 with f(n) = ne−πn
2y we have

θχ(iy) =
∑
m∈Z

mχ(m)e−πm
2y = −iy−3/2 τ(χ)

q2

∑
n∈Z

nχ̄(n)e−πn
2/q2y = −iy−3/2 τ(χ)

q2
θχ̄(i/q2y).

This leads us to the following theorem.

Theorem 16.8. Suppose that χ is an odd primitive character of conductor q and define

ξ(s, χ) :=
( q
π

) 1
2

(s+1)

Γ(1
2
(s+ 1))L(s, χ).

Then ξ(s, χ) extends to an entire function of s and satisfies the functional equation

ε(χ)ξ(1− s, χ̄) = ξ(s, χ),

where in this case the root number is ε(χ) = −iτ(χ)/
√
q.

Proof. We proceed as before, starting instead with( q
π

) 1
2

(s+1)

Γ(1
2
(s+ 1))n−s =

∫ ∞
0

ne−πn
2t/qts/2−1/2 dt.

After multiplying by χ(n) and summing over positive integers n, we obtain

ξ(s, χ) =
( q
π

) 1
2

(s+1)

Γ(1
2
(s+ 1))L(s, χ) =

1

2

∫ ∞
0

θχ(it/q)ts/2−1/2 dt.

We split the integral at t = 1 and use the transformation law for θχ on the first integral:∫ 1

0

θχ(it/q)ts/2−1/2 dt = −iτ(χ)
√
q

∫ 1

0

θχ̄(i/qt)ts/2−2 dt = −iτ(χ)
√
q

∫ ∞
1

θχ̄(it/q)t−s/2 dt.

It follows that

ξ(s, χ) =
1

2

∫ ∞
1

(
θχ(it/q)ts/2−1/2 − iτ(χ)

√
q
θχ̄(it/q)t−s/2

)
dt.

On replacing s by 1− s and χ by χ̄ we find that

ξ(s, χ) = −iτ(χ)
√
q
ξ(1− s, χ)

because for odd characters we have τ(χ̄) = −τ(χ) (why?).

The shift in the gamma factor implies that the trivial zeros of L(s, χ) are at the negative
odd integers when χ is odd.

Remark 16.9. We can put both functional equations together using the number a defined
above. Let

ξ(s, χ) =
( q
π

) 1
2

(s+a)

Γ(1
2
(s+ a))L(s, χ).

Then ξ(s, χ) = ε(χ)ξ(1− s, χ̄), where ε(χ) = (−i)aτ(χ)/
√
q.
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17 Zero-free regions for L(s, χ)

From here on out it is straightforward to mimic the results we obatined for ζ(s) and apply
them to L(s, χ) when χ is a fixed character. But that’s not very interesting or useful, since
in most cases we would like to allow the modulus q to vary (maybe restricted with respect to
other parameters). For example, we’d like to know how the counting function π(x; a mod q)
for arithmetic progressions behaves as we move x and q. As we shall quickly see, obtaining
this uniformity in q is much easier when χ is a complex character than it is when χ is real.
In fact, for real characters there is a major obstruction to the zero-free region which is not
present for complex characters.

As in the case of ζ(s), we begin with an inequality for the real part of L′

L
(s, χ) that

ultimately comes from the same cosine inequality as before. For any χ we have

−L
′

L
(s, χ) =

∞∑
n=1

Λ(n)

nσ
χ(n)e−it logn.

For each n (and fixed t), let θn be the angle for which χ(n)e−it logn = eiθn . Then the real
part of L′

L
(σ + it, χ) includes the factor cos(θn), and the real part of L′

L
(σ + 2it, χ2) includes

the factor cos(2θn). It follows that

−3 Re
L′

L
(σ, χ0)− 4 Re

L′

L
(σ + it, χ)− Re

L′

L
(σ + 2it, χ2) ≥ 0,

by the same cosine inequality as before. The obstruction is ultimately due to the fact that
when χ is a real character, χ2 is the principal character χ0, and the third term above has a
pole at σ + 2it = 1.

As in the case of ξ(s), the entire function ξ(s, χ) grows like ec|s| log |s| as s → ∞, and so
has a Weierstrass factorization of the form

ξ(s, χ) = eA(χ)+B(χ)s
∏
ρ

(
1− s

ρ

)
es/ρ

for some constants A(χ) and B(χ). As before, we can write B(χ) in terms of the zeros:

ReB(χ) = −
∑
ρ

Re
1

ρ
,

where the real part shows up because the functional equation relates ξ(s, χ) and ξ(1− s, χ̄).
Here, and throughout, we will use the same notation ρ = β + iγ for the nontrivial zeros of
L(s, χ) even though, of course, they are different from the nontrivial zeros of ζ(s). From the
factorization above, and the definition of ξ(s, χ), we find that

−L
′

L
(s, χ) =

1

2
log
( q
π

)
+

1

2
· Γ′

Γ
(s/2 + a/2)−B(χ)−

∑
ρ

(
1

s− ρ
+

1

ρ

)
.

When we take real parts, the terms corresponding to B(χ) and
∑

1/ρ drop out.
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17.1 Complex characters

In the case where χ is a complex character, the proof of the zero-free region follows that
of ζ(s) almost exactly, with the following simple modifications. First, we can’t ignore the
factor log q in the expansion of −L′

L
(s, χ) above, since we want some uniformity in q. This

has the effect of replacing every instance of log t with log q+log(t+2) = log(q(t+2)). (Note
that we need the wiggle room t+ 2 in the log because we don’t know that L(s, χ) is nonzero
for small t, like we did for ζ(s)). Second, even if χ is primitive, it might not be the case
that χ2 is primitive. However, this isn’t much of a problem: suppose that ψ is the primitive
character that induces χ2; then (16.2) shows that

L′

L
(s, χ2) =

L′

L
(s, ψ) +

∑
p|q

ψ(p) log p

ps − ψ(p)
.

The error term is small because for σ > 1∣∣∣∣∣∣
∑
p|q

ψ(p) log p

ps − ψ(p)

∣∣∣∣∣∣ ≤
∑
p|q

log p ≤ log q,

and this error gets absorbed in the factor log(q(t+ 2)). Following the argument we gave for
ζ(s), we obtain the following theorem.

Theorem 17.1. If χ is a complex primitive character, then there exists a constant c > 0
such that L(s, χ) is nonvanishing in the region

σ ≥ 1− c

log(q(|t|+ 2))
.

17.2 Real characters

When χ is real we need to be more careful. We start with the main inequality

−3 Re
L′

L
(σ, χ0)− 4 Re

L′

L
(σ + it, χ)− Re

L′

L
(σ + 2it, χ2) ≥ 0.

The first term is essentially the same as the corresponding term for ζ(s), since

−Re
L′

L
(σ, χ0) =

∞∑
n=1

χ0(n)Λ(n)

nσ
≤ −ζ

′

ζ
(σ) <

1

σ − 1
+ c1

for some c1 > 0, uniformly in 1 < σ ≤ 2. For the second term, we use

−Re
L′

L
(s, χ) =

1

2
log
( q
π

)
+

1

2
Re

Γ′

Γ
(s/2 + a/2)−

∑
ρ

Re

(
1

s− ρ

)
. (17.1)

The log factor and the gamma factor (by Stirling’s formula) together are at most log(q(t+2)).
As before, we have

Re

(
1

s− ρ

)
=

σ − β
|s− ρ|2

≥ 0,

69



so we can drop as many of the terms in the ρ-sum as we want to get an upper bound.
Suppose that t = γ for some ρ = β + iγ. We drop all of the terms in the ρ-sum except for
the term corresponding to that ρ to get

−Re
L′

L
(σ + it, χ) < − 1

σ − β
+ c2 log(q(t+ 2)).

The third term requires some extra care. Since χ is real, the character χ2 is the prin-
cipal character χ0. Thus χ2 is induced by the (only) character mod 1, i.e. the character
corresponding to ζ(s). It follows from (16.2) that∣∣∣∣L′L (s, χ0)− ζ ′

ζ
(s)

∣∣∣∣ ≤ log q,

as we obtained above. Thus it suffices to deal with −Re ζ′

ζ
(s), which satisfies

−Re
ζ ′

ζ
(s) < Re

(
1

s− 1

)
+ c3 log(t+ 2).

(When we did this argument before, we ignored the 1/(s− 1) term because we could restrict
to the region t ≥ 2, but here we can’t do that, and this term 1/(s − 1) is now significant
when t is small.) It follows that

−Re
L′

L
(σ + 2it, χ2) < Re

(
1

σ − 1 + 2it

)
+ c4 log(q(t+ 2)).

Putting this together with the inequalities for L′

L
(σ) and L′

L
(σ + it) and the main cosine

inequality, we find that

4

σ − β
<

3

σ − 1
+ Re

(
1

σ − 1 + 2it

)
+ c5 log(q(t+ 2)),

where we recall that we have fixed t = γ for some ρ = β + iγ.
For simplicity, we write L = log(q(t+2)). Fix δ > 0. First, we restrict to the zeros which

satisfy |γ| ≥ δ/L (note that if |γ| ≥ δ/ log q, this condition is satisfied). If we set σ = 1+δ/L
we find that

4

σ − β
<

3L
δ

+
L
5δ

+ c5L =
16L+ 5δc5L

5δ
.

Here we used that Re( 1
δ/L+2it

) = δ/L
δ2/L2+4t2

≤ δ/L
5δ2/L2 = L

5δ
. Solving this inequality for β,

β < σ − 20δ

16L+ 5δc5L
= 1− 4− 5δc5

16 + 5δc5

· δ
L
.

We want the factor multiplying δ/L to be positive, so we need to choose δ < 4
5c5

. To get a

clean result (these constants don’t matter, but it looks nice) let’s choose δ < 2
15c5

. Then

β < 1− δ

5L
.
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So there is a constant c6 (we can take c6 = 2
15c5

) such that for any fixed 0 < δ < c6, the
function L(s, χ) is nonvanishing for

σ ≥ 1− δ

5 log(q(|t|+ 2))
and |t| ≥ δ

log q
.

Now we need to investigate possible zeros near the real line. Suppose that |γ| < δ/ log q.
The equation (17.1) gives the inequality

−L
′

L
(σ, χ) < −

∑
ρ

1

σ − ρ
+ c7 log q.

Note that the sum is real because the zeros come in complex conjugate pairs when χ is real
(since χ = χ̄). If there is a zero ρ = β + iγ with γ 6= 0 (or a double real zero at ρ), then the
two corresponding terms in the sum are

1

σ − (β + iγ)
+

1

σ − (β − iγ)
=

2(σ − β)

(σ − β)2 + γ2
,

from which we get (dropping all but these terms)

−L
′

L
(σ, χ) < − 2(σ − β)

(σ − β)2 + γ2
+ c7 log q.

We have a crude bound for the left-hand side:

−L
′

L
(σ, χ) =

∞∑
n=1

χ(n)Λ(n)

nσ
≥ −

∞∑
n=1

Λ(n)

nσ
=
ζ ′

ζ
(σ) > − 1

σ − 1
− c8,

from which it follows that

− 1

σ − 1
< − 2(σ − β)

(σ − β)2 + γ2
+ c9 log q. (17.2)

Now set σ = 1 + 2δ/ log q; then

|γ| < δ

log q
=
σ − 1

2
<
σ − β

2
.

Then the inequality (17.2) implies

− log q

2δ
< − 8

5(σ − β)
+ c9 log q =⇒ β < 1− 3/5− 2δc9

(c9 + 1/2δ) log q
.

For any δ < 1
30c9

we have 3/5−2δc9
(c9+1/2δ)

> δ, so the inequality above implies β < 1− δ/ log q. We

conclude that L(s, χ) has at most one simple real zero in the region

σ > 1− δ

log q
and |t| < δ

log q
.

(We didn’t cover the case where L(s, χ) has two real zeros but it is mostly the same as our
argument, so I’ll omit it here.)

We can combine the results for real and complex characters into one statement.
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Theorem 17.2. Suppose that χ is a nonprincipal character modulo q > 1. Then there exists
a positive constant c > 0 such that in the region

σ ≥


1− c

log q|t|
if |t| ≥ 1,

1− c

log q
if |t| < 1,

the function L(s, χ) is nonvanishing if χ is complex, and has at most one simple zero on the
real line if χ is real.

Remark 17.3. The single exceptional real zero (conjectured not to exist for any χ) is often
called the Siegel zero.

Remark 17.4. We can upgrade our results from primitive characters to nonprincipal char-
acters using the fact that if χ is induced by the primitive character ψ then

L(s, χ) =
∏
p|q

(
1− ψ(p)

ps

)
L(s, ψ),

which holds for all s ∈ C by analytic continuation. This shows that the zeros of L(s, χ) are
exactly the zeros of L(s, ψ), together with (well-understood) zeros on the line σ = 0. For
principal characters, L(s, χ0) is a finite Euler product multiplied by ζ(s), so we can apply
the results for ζ(s) directly.

If we follow the same sort of argument as before for the quantity

−ζ
′

ζ
(σ)− L′

L
(σ, χ1)− L′

L
(σ, χ2)− L′

L
(σ, χ1χ2),

where χ1 and χ2 are distinct real primitive characters modulo q1 and q2, respectively, then
we can show that

1

σ − β1

+
1

σ − β2

<
1

σ − 1
+ A log q1q2,

where β1 and β2 are the corresponding real zeros. Set σ = 1 + δ/ log(q1q2) for some small
fixed δ > 0. If we have

β1, β2 > 1− δ′

log q1q2

(17.3)

for some δ′ > δ then we find that

log q1q2 ·
2

δ′ − δ
<

1

σ − β1

+
1

σ − β2

<
log q1q2

δ
+ A log q1q2,

so

δ′ > δ +
2δ

Aδ + 1
.

Thus if we choose δ′ carefully, we see that (17.3) cannot hold.
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Theorem 17.5. If χ1 and χ2 are distinct primitive real characters modulo q1 and q2, re-
spectively (we can have q1 = q2) such that the corresponding L-functions have real zeros β1

and β2, then there exists an absolute positive constant c > 0 such that

min(β1, β2) < 1− c

log q1q2

.

Corollary 17.6. For each q, at most one of the real nonprincipal characters modulo q has
a Siegel zero.

17.3 The number N(T, χ)

For the prime number theorem in arithmetic progressions, we will also need a formula for
the number N(T, χ) of zeros of L(s, χ) in the critical strip with imaginary part in [−T, T ].
Note that we don’t necessarily have symmetry over the real line, so we can’t restrict to [0, T ].
The proof goes almost exactly as in the case of ζ(s) with the main difference being that we
keep track of the dependence on q. So I am content to just state the result.

Theorem 17.7. If χ is a primitive character modulo q then for T ≥ 2 we have

1

2
N(T, χ) =

T

2π
log

qT

2πe
+O(log qT ).

The factor 1/2 on the left-hand side compensates for the rectangle being twice the size of
the rectangle defining N(T ). Also, if we want to extend this result to nonprimitive characters,
we need to count the zeros on the line σ = 0 (and make the defining rectangle R slightly larger
to compensate for this), and this changes the result to 1

2
NR(T, χ) = T

2π
log T

2π
+O(T log q).

18 PNT in arithmetic progressions

Our aim in this section is to prove the prime number theorem for the function π(x; a mod q)
where (a, q) = 1. We might expect that there are roughly the same number of primes in
each residue class a mod q as long as a and q are coprime. Since there are ϕ(q) such a, we
might expect that

π(x; a mod q) ∼ 1

ϕ(q)
· x

log x
.

Indeed, this is the case. The difficulty comes in obtaining an error term that is meaningful
in as large a range of q as possible.

18.1 The explicit formula for L(s, χ)

We begin by proving an analogue of the explicit formula, this time relating the zeros of
L(s, χ) to the summatory function of the von Mangoldt function Λ(n), twisted by χ, i.e.

ψ(x, χ) :=
∑
n≤x

χ(n)Λ(n).
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We employ the same test function as before, namely

φx(t) =


1 if 0 ≤ t ≤ x,

1 + x
y
− 1

y
t if x ≤ t ≤ x+ y,

0 if t ≥ x+ y.

As before, the price we pay for using φx(t) instead of a sharp cutoff function is∑
n≤x

χ(n)Λ(n)−
∑
n≤x

χ(n)Λ(n)φx(n)�
∑

x≤n≤x+y

Λ(n)� y log x. (18.1)

Recall that the Mellin transform of φx(t) is given by

φ̃x(s) =
xs+1

ys(s+ 1)

((
1 + y

x

)s+1 − 1
)

(18.2)

=
xs

s
+ yxs−1ws,

where, if 1 ≤ y ≤ x and 0 ≤ Re(s) ≤ 1, we have

|ws| ≤
1

2
.

When χ is odd, the proof of the explicit formula goes through exactly as in the case of
ζ(s), where we note that L(s, χ) is entire, and the trivial zeros are at negative odd integers
instead of negative even integers.

Theorem 18.1. If χ is a primitive odd character modulo q then

∞∑
n=1

χ(n)Λ(n)φx(n) = −
∑
ρ

φ̃x(ρ)− L′

L
(0, χ)−

∞∑
k=1

φ̃x(1− 2k).

When χ is even, there is one further complication coming from the fact that L(s, χ)
vanishes at s = 0, so the function −φ̃x(s)L

′

L
(s, χ) has a double pole at s = 0. This makes the

residue computation slightly more complicated, but otherwise doesn’t change much. Near
s = 0 we have the Laurent expansion

L′

L
(s, χ) =

1

s
+ b(χ) +O(s),

where b(χ) is some constant that we will compute later. For φ̃x(s) it’s a bit more complicated.
We start with

xs

s
=

1

s
+ log x+O(s).

That’s not so bad, but now we have to compute the Laurent expansion of ws around s = 0.
This is tedious but not difficult, and I’ll skip the details:

ws = −x
y

+
(1 + y

x
) log(1 + y

x
)

( y
x
)2

+O(s).
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It follows that near s = 0 we have

φ̃x(s) =
1

s
+ log x− 1 + (1 + x

y
) log(1 + y

x
) +O(s).

Note that x
y

log(1 + y
x
)� 1, which can be seen by expanding log(1 + u) around u = 0. Thus

Res
(
0;−φx(s)L

′

L
(s, χ)

)
= −b(χ)−

(
log x− 1 + (1 + x

y
) log(1 + y

x
)
)
.

The rest of the computation in this case goes through as before, and we get the following
theorem.

Theorem 18.2. If χ is a primitive even character modulo q then

∞∑
n=1

χ(n)Λ(n)φx(n) = −
∑
ρ

φ̃x(ρ)− b(χ)−
(

log x− 1 + (1 + x
y
) log(1 + y

x
)
)
−
∞∑
k=1

φ̃x(−2k).

Using the infinite product formula for ξ(s, χ), we find that

L′

L
(s, χ) = −1

2
log

q

π
− 1

2

Γ′

Γ

(
1

2
(s+ a)

)
+B(χ) +

∑
ρ

(
1

s− ρ
+

1

ρ

)
.

It follows that

L′

L
(s, χ)− L′

L
(2, χ) = −1

2

Γ′

Γ

(
1

2
(s+ a)

)
+
∑
ρ

(
1

s− ρ
− 1

2− ρ

)
+O(1).

If χ is odd, then a = 1, and the function Γ′

Γ
((s + 1)/2) is analytic at s = 0. Therefore, in

that case, we have
L′

L
(0, χ) = −

∑
ρ

(
1

ρ
+

1

2− ρ

)
+O(1).

If χ is even, then a = 0, and we have the Laurent series expansion

L′

L
(s, χ)− L′

L
(2, χ) =

1

s
+

1

2
γ + . . .+

∑
ρ

(
1

s− ρ
− 1

2− ρ

)
+O(1).

Since we defined b(χ) as the constant term in the Laurent expansion of L′

L
(s, χ) around s = 0,

it follows that

b(χ) = −
∑
ρ

(
1

ρ
+

1

2− ρ

)
+O(1).

So in both cases, we need to estimate the sum over zeros that appears above. To ease
notation, let b(χ) = L′

L
(0, χ) when χ is odd.

For |γ| ≥ 1 we have∑
|γ|≥1

(
1

ρ
+

1

2− ρ

)
=
∑
|γ|≥1

2

ρ(2− ρ)
�
∑
|γ|≥1

1

|ρ|2
� log q.
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The last estimate follows from partial summation, using the estimate of N(T, χ) in the
previous section. When |γ| ≤ 1 we have |2− ρ| � 1, so∑

|γ|≤1

1

2− ρ
�
∑
|γ|≤1

1� N(1, χ)� log q.

It follows that

b(χ) = −
∑
|γ|<1

1

ρ
+O(log q).

Among these zeros, the only ones that might give us trouble are the Siegel zeros (if there is a
real zero βS > 1/2 then there will also be another 1−βS < 1/2). Such a zero only (possibly)
occurs when χ is real; it is simple, and satisfies

βS > 1− c

log q
.

Here c is a constant which we may assume is < 1/4 (since making c smaller makes the
inequality above worse) so that βS > 3/4 (note that q ≥ 3 since χ is primitive). The sum∑′ ρ−1 over the remaining zeros with |γ| < 1 and β < 1−c/ log q (so also 1−β < 1−c/ log q)
can be absorbed into a slightly larger error term, since for these zeros |ρ−1| � log q and there
are at most log q such zeros. Furthermore, the term β−1

S can be absorbed into the error term
since βS > 3/4. Thus

b(χ) = − 1

1− βS
+O(log2 q).

We treat the term
∑

ρ φ̃x(ρ) as we did before, except that we need to treat the terms
corresponding to βS and 1− βS separately. For βS we have

φ̃x(βS) =
xβS

βS
+O(y)

and for 1− βS we have

φ̃x(1− βS) =
x1−βS

1− βS
+O(y).

When we combine the terms φ̃x(1− βS) and b(χ) we will get a term

x1−βS − 1

1− βS
= xσS log x

for some σS ∈ (0, 1− βS), by the mean value theorem. The latter expression is � x1/4 log x.
Omitting the details, which at this point are nearly identical to the ζ(s) case, we obtain

the following theorem.

Theorem 18.3. Define β0(T, χ) and β1(T, χ) analogously to βj(T ) for T ≥ 1. Suppose that
χ is a nonprincipal character of modulus q. Suppose that x ≥ 2 and that T satisfies

x
1
2

(β1(T,χ)−β0(T,χ)) ≤ T ≤ x.
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If no Siegel zero exists for χ, then∑
n≤x

χ(n)Λ(n) = −
∑
|γ|≤T

xρ

ρ
+O

(
x

1
2

(β0(T,χ)+β1(T,χ)) log2 qx+
log2 qx

T
x1+ 1

2
(β1(T,χ)−β0(T,χ))

)
.

If a Siegel zero βS exists, then the quantity

−x
βS

βS
+O

(
x1/2 log x

)
should be added to the right-hand side, and the terms corresponding to the zeros βS and 1−βS
should be deleted from the sum.

In order to upgrade the discussion above the theorem statement to the case where χ is
nonprincipal, but maybe not primitive, suppose that χ is induced by χ′ of modulus q′. Then∣∣∣∣∣∑

n≤x

χ(n)Λ(n)−
∑
n≤x

χ′(n)Λ(n)

∣∣∣∣∣ ≤ ∑
n≤x

(n,q)>1

Λ(n) =
∑
p|q

∑
m:pm≤x

log p

� log x
∑
p|q

log p� (log x)(log q)

and this is significantly smaller than the error term in the theorem.

18.2 The prime number theorem for arithmetic progressions

We can now estimate the quantity

ψ(x; a mod q) =
∑
n≤x
n≡a(q)

Λ(n) =
1

ϕ(q)

∑
χ(q)

χ̄(a)ψ(x, χ),

where
ψ(x, χ) =

∑
n≤x

χ(n)Λ(n).

The main term comes from the principal character χ0; for this character we have

|ψ(x, χ0)− ψ(x)| ≤
∑
n≤x

(n,q)=1

� (log x)(log q),

and the original prime number theorem tells us that

ψ(x) = x+O
(
x exp(−c1

√
log x)

)
.

If we follow the same procedure as before with the final estimate for ψ(x, χ) in the previous
section, we find that for χ 6= χ0 we have

ψ(x, χ) = −x
βS

βS
E(χ) +O

(
x exp(−c2

√
log x)

)
,
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where βS is the (possible) Siegel zero of L(s, χ1), where χ1 is the (possible) single exceptional
real nonprincipal character modulo q, and E(χ) = 0 unless χ = χ1, then E(χ1) = 1. In
order for this estimate to be valid, we need that q � exp(C

√
log x) for some fixed C > 0.

We need an upper bound for βS in order to estimate the term xβS . A weak lower bound
can be obtained using the class number formula for quadratic fields, namely

βS < 1− c3

q1/2 log2 q
. (18.3)

We won’t prove this here, since we’ll prove something much stronger (but somehow still
unsatisfactory since it’s ineffective) in the next section. The inequality (18.3) yields

xβS

βS
� x exp

(
−c3

log x

q1/2 log2 q

)
.

In order for this to be on the same order of magnitude as the other error terms we need

log x

q1/2 log2 q
�
√

log x,

which is true if
q � (log x)1−δ.

for some fixed δ > 0. This uniformity in q is quite weak, but we will upgrade it in the next
section. We obtain the following theorem.

Theorem 18.4. Fix δ > 0 and suppose that q � (log x)1−δ. Then there exists a constant
c > 0 such that

ψ(x; a mod q) =
x

ϕ(q)
+O

(
x exp(−c

√
log x)

)
.

The Generalized Riemann Hypothesis (GRH) is the conjecture that all of the Dirichlet
L-functions L(s, χ) have all of their nontrivial zeros on the line σ = 1/2. (There is also an
“Extended Riemann Hypothesis” and a “Grand Riemann Hypothesis” associated to other
L-functions, but I don’t think that there is a consensus as to what their precise scope is.
Most people just say “GRH” when referring to the Riemann Hypothesis for L-functions
other than ζ(s), and, if it matters, they specify which L-functions they need a Riemann
Hypothesis for.) As in the case of the ordinary prime number theorem, we can do much
better if we assume GRH.

Theorem 18.5. Suppose that q ≤ x. Assuming GRH, we have

ψ(x; a mod q) =
x

ϕ(q)
+O

(√
x log2 x

)
.

19 Siegel’s Theorem

The key knowledge that we needed in Dirichlet’s Theorem was the nonvanishing of L(1, χ)
and, in the last section, we saw that a (potential) real zero of L(s, χ) near s = 1 has a serious
impact on the error term in the prime number theorem for arithmetic progressions. Siegel’s
Theorem is a much more powerful statement regarding L(1, χ), namely a pretty strong lower
bound in terms of q.
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Theorem 19.1 (Siegel’s Theorem). Fix ε > 0. Then there exists a constant C1(ε) > 0 such
that for each real primitive character of modulus q we have

L(1, χ) > C1(ε)q−ε. (19.1)

I have followed Davenport in writing out the constant C1(ε) instead of just writing�ε in
order to emphasize the ineffective nature of the result. That is, we don’t know, for any fixed
ε, an explicit value of C1(ε), nor do we have any idea how to compute such a constant. The
proof of the theorem simply doesn’t provide a way to compute C1(ε). Our main application
of Siegel’s Theorem is an upgraded version of the bound for the location of a (potential)
Siegel zero as a function of q.

Theorem 19.2. Fix ε > 0. Then there exists a constant C2(ε) > 0 such that for each real
primitive character of modulus q, the function L(σ, χ) is nonvanishing for

σ > 1− C2(ε)q−ε.

Proof. Suppose that β is a zero of L(s, χ) satisfying β > 1 − C2(ε)q−ε. Then by the mean
value theorem,

L(1, χ) = L(1, χ)− L(β, χ) = (1− β)L′(σ, χ) < C2(ε)q−εL′(σ, χ)

for some σ ∈ (β, 1). Suppose that σ > 1− 1/ log q. For n ≤ q we have n−σ ≤ n−1elogn/ log q ≤
en−1. It follows that

|L′(σ, χ)| ≤
q∑

n=1

e|χ(n) log n|
n

+

∣∣∣∣∣
∞∑

n=q+1

χ(n) log n

nσ

∣∣∣∣∣
≤ e

q∑
n=1

log n

n
−
∫ ∞
q

∣∣∣∣∣ ∑
q<n≤t

χ(n)

∣∣∣∣∣
(

log t

tσ

)′
dt

� log2 q −max
N

∣∣∣∣∣ ∑
q<n≤N

χ(n)

∣∣∣∣∣
∫ ∞
q

(
log t

tσ

)′
dt

� log2 q + ϕ(q)
log q

q1−1/ log q
� log2 q.

Note that log t/tσ is decreasing, hence the minus signs. Thus

L(1, χ)� q−ε log2 q,

which contradicts Theorem 19.1 if we replace ε by ε/2 in (19.1).

Note that a similar argument gives the inequality

|L(σ, χ)| � log q for 1− 1

log q
≤ σ ≤ 1, (19.2)

which will be useful later.
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19.1 The proof of Siegel’s Theorem

Proof of Theorem 19.1. Let χ1 and χ2 be real primitive characters of distinct moduli q1 and
q2, respectively. The character χ1χ2 is a nonprincipal character of modulus q1q2, though it
may not be primitive. Let

F (s) = ζ(s)L(s, χ1)L(s, χ2)L(s, χ1χ2).

Then F (s) is analytic in C except for a simple pole at s = 1 of residue

λ = L(1, χ1)L(1, χ2)L(1, χ1χ2).

By considering the Euler products, we find that for σ > 1

logF (s) =
∑
p

∞∑
m=1

1

mpms
(1 + χ1(pm) + χ2(pm) + χ1χ2(pm))

=
∑
p

∞∑
m=1

1

mpms
(1 + χ1(pm))(1 + χ2(pm)) =

∑
p

∞∑
m=1

c(pm)

mpms
,

where c(pm) ≥ 0. Exponentiating, we obtain

F (s) =
∏
p

∞∏
m=1

(
1 +

∞∑
k=1

1

k!

c(pm)k

mkpkms

)
=
∞∑
n=1

a(n)

ns
,

where a(1) = 1 and a(n) ≥ 0 for n ≥ 2. Now we follow the same argument as in the proof
of L(1, χ) 6= 0. Since F (s) − λ(s − 1)−1 is analytic in σ > 0, it has a Taylor expansion at
s = 2 which is valid for at least |s− 2| < 2. We have

F (s)− λ

s− 1
=

∞∑
m=0

F (m)(2)

m!
(s− 2)m − λ

1− (2− s)
=

∞∑
m=0

(bm − λ)(2− s)m,

where b0 ≥ 1 and bm ≥ 0 for all m ≥ 2.
By partial summation, we have, for any nonprincipal character,

L(s, χ) = s

∫ ∞
1

(∑
n≤t

χ(n)

)
dt

ts+1

for σ > 0. Since
∣∣∑

n≤t χ(n)
∣∣ ≤ q we have, for σ ≥ 1/2,

|L(s, χ)| ≤ q|s|
∫ ∞

1

dt

tσ+1
≤ 2q|s|.

Thus, on the circle |s− 2| = 3/2, we have the bounds

ζ(s)� 1, L(s, χ1)� q1, L(s, χ2)� q2, L(s, χ1χ2)� q1q2.
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Hence F (s)� q2
1q

2
2, and the same holds for λ(s− 1)−1 since λ = L(1, χ1)L(1, χ2)L(1, χ1χ2).

Now, by the residue theorem we have

bm − λ =
1

2πi

∫
|s−2|=3/2

F (s)− λ(s− 1)−1

(2− s)m+1
ds,

from which it follows that

|bm − λ| � q2
1q

2
2

∫
|s−2|=3/2

|ds|
|2− s|m+1

� q2
1q

2
2

(
2

3

)m
.

So for σ ∈ [7
8
, 1) we have

∞∑
m=M

|bm − λ||2− σ|m � q2
1q

2
2

∞∑
m=M

(
2

3

)m(
9

8

)m
� q2

1q
2
2e
−M/4.

Here we have used that 3/4 < e−1/4. Let c1 denote the implied constant on the right-hand
side above and choose M such that

1

2
e−1/4 ≤ c1q

2
1q

2
2e
−M/4 <

1

2
.

Then

F (σ)− λ

σ − 1
≥

M−1∑
m=0

(bm − λ)(2− σ)m − c1q
2
1q

2
2e
−M/4

>
1

2
− λ

M−1∑
m=0

(2− σ)m.

Summing the finite geometric series, we conclude that

F (σ) >
1

2
− λ

1− s
(2− σ)M .

For our choice of M we have

M ≤ 4 log(2e1/4c1q
2
1q

2
2) ≤ 8 log(q1q2) + c2

from which it follows that, for σ ∈ [7
8
, 1), we have

(2− σ)M = exp(M log(2− σ)) ≤ exp(M(1− σ))

≤ exp(8 log(q1q2)(1− σ) + c2(1− σ))

≤ c3(q1q2)8(1−σ).

Therefore we have the inequality

F (σ) ≥ 1

2
− c3λ

1− σ
(q1q2)8(1−σ) for

7

8
≤ σ < 1. (19.3)
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We choose χ1 depending on the value of ε, as follows. If there exists a real primitive
character χ such that L(β, χ) = 0 for some β > 1 − 1

16
ε then we set χ1 = χ and β1 = β.

Then no matter what χ2 is, we have F (β1) = 0. If no such χ exists, then we fix χ1 to be any
real primitive character, and pick any β1 in (1 − 1

16
ε, 1). I claim that in this case we have

F (β1) < 0. Indeed, for 0 < σ < 1 we have

ζ(σ) =
σ

σ − 1
− σ

∫ ∞
1

t− btc
tσ+1

dt < 0.

Then since L(1, χ) > 0 for χ real (the Euler product is strictly positive for σ > 1 and
L(1, χ) 6= 0) and since L(σ, χ) 6= 0 for σ ≥ β1, we have L(β1, χ1)L(β1, χ2)L(β1, χ1χ2) > 0.
Therefore, in each case we have F (β1) ≤ 0. From (19.3) we get the inequality

λ� (1− β1)(q1q2)−8(1−β1).

Now let χ2 be any real primitive character of modulus q2 > q1. By (19.2) we have

λ� log q1 log(q1q2)L(1, χ2),

from which we get

L(1, χ2)� (1− β1)

log q1 log(q1q2)(q1q2)8(1−β1)
>

C(ε)

q
8(1−β1)
2 log q2

,

where C(ε) depends only on q1, and thus only on ε. Note that 8(1 − β1) < 1
2
ε. Since

log q2 < q
1
2
ε

2 for sufficiently large q2, we conclude that

L(1, χ2) > C(ε)q−ε2

for sufficiently large q2, and this is sufficient to prove Siegel’s Theorem.

19.2 Primes in arithmetic progressions revisited

Recall the estimate

ψ(x, χ) = −x
β1

β1

E(χ) +O
(
x exp(−c1

√
log x)

)
for nonprincipal χ modulo q, where q � exp(C

√
log x) for some C > 0. The main term only

appears if β1 is the Siegel zero associated to the (at most one) exceptional real character
modulo q. Using Siegel’s Theorem, we can get a better estimate for xβ1 . Using that

β1 < 1− C(ε)q−ε,

we find that
xβ1 < x exp

(
−C(ε)(log x)q−ε

)
.

In order for this to be a meaningful error term, we need to impose the restriction

q ≤ (log x)A
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for some fixed large A > 0. (Note that this range is much larger than the range of q we had
previously.) Then, taking ε = 1

2A
, we get qε ≤

√
log x, so

xβ1 < x exp
(
−C( 1

2A
)
√

log x
)
.

This yields the following improvement on PNT in arithmetic progressions. This is often
called the Siegel-Walfisz theorem.

Theorem 19.3 (Siegel-Walfisz). Fix A > 0 and suppose that q � (log x)A. Then there
exists a constant C(A) > 0 such that

ψ(x; a mod q) =
x

ϕ(q)
+O

(
x exp(−C(A)

√
log x)

)
.

20 The Bombieri-Vinogradov Theorem

From now until the end of the course we will focus on the error term on average in the prime
number theorem for arithmetic progressions. The celebrated Bombieri-Vinogradov Theorem
is the estimate ∑

q≤Q

max
y≤x

max
a mod q
(a,q)=1

∣∣∣∣ψ(y; a mod q)− y

ϕ(q)

∣∣∣∣� Q
√
x(log x)5

where
√
x(log x)−A ≤ Q ≤

√
x. To see the strength of this estimate, consider that GRH gives

the bound �
√
x log2 x for each term in the sum, so that (up to log factors) the estimate

above is essentially of the same strength as what GRH yields. On the other hand, if we
estimate the left-hand side trivially: there are at most y

q
+ 1 integers n ≤ y such that n ≡ a

(mod q), from which it follows that maxy≤x ψ(y; a mod q)� 1
q
x log x for q ≤ x1/2. Similarly,

one can show that ϕ(q) � q/ log q, from which it follows that the term y/ϕ(q) is also at
most 1

q
x log x for q ≤ x1/2 and y ≤ x. So

∑
q≤Q

max
y≤x

max
a mod q
(a,q)=1

∣∣∣∣ψ(y; a mod q)− y

ϕ(q)

∣∣∣∣� x(log x)2

if Q ≤ x. Note that

Q
√
x(log x)5 � x(log x)2 ⇐⇒ Q�

√
x(log x)−3,

so the Bombieri-Vinogradov estimate is only nontrivial in the small range
√
x(log x)−A �

Q�
√
x(log x)−3. However, for applications, this turns out to be enough.

20.1 The large sieve inequality

A key step in the proof of the Bombieri-Vinogradov Theorem is a large sieve inequality for
Dirichlet characters. There are many inequalities in analytic number theory that have the
name “large sieve” and this is merely one of them. It’s also a bit of a misnomer, because it
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really has nothing to do with sieve theory; the name traces back to an idea of Linnik which
has since been completely transformed into nothing resembling a sieve. Such inequalities
can often be used to prove sieve-type results, however. The result we need is the following
theorem.

Theorem 20.1 (The Large Sieve Inequality for Dirichlet Characters). For any Q ≥ 1 and
any complex numbers an we have

∑
q≤Q

q

ϕ(q)

∑
χ(q)∗

∣∣∣∣∣
M+N∑
n=M+1

anχ(n)

∣∣∣∣∣
2

≤ (πN +Q2)
M+N∑
n=M+1

|an|2,

where the notation χ(q)∗ indicates that only primitive characters appear in the sum.

The constants appearing on the right-hand side of the inequality don’t matter for our
purposes, and with a bit more effort we could improve them. But we won’t do that here.

We begin with a theorem which is also itself called the Large Sieve. Some notation will
be helpful in what follows. Let us fix the integers M , N , and the complex numbers an
throughout this subsection. For any real number α, let

S(α) =
M+N∑
n=M+1

ane(nα).

Let ‖α‖ denote the distance from α to the nearest integer, so that ‖α1− α2‖ is the distance
from α1 to α2 in R/Z.

Theorem 20.2. Let M , N , and an be as above, and suppose that α1, . . . , αR are real numbers
which are distinct modulo 1 such that ‖αr − αs‖ ≥ δ for r 6= s. Then

R∑
r=1

|S(αr)|2 ≤
(
πN +

1

δ

) M+N∑
n=M+1

|an|2.

Before proving Theorem 20.2, we first need an elementary lemma.

Lemma 20.3. If g : [a− h, a+ h]→ C is differentiable then

|g(a)| ≤ 1

2h

∫ a+h

a−h
|g(t)| dt+

1

2

∫ a+h

a−h
|g′(t)| dt.

Proof. Define

ρ(t) =

{
t− a+ h if a− h ≤ t ≤ a,

t− a− h if a < t ≤ a+ h.

Then integration by parts on the intervals [a− h, a] and [a, a+ h] gives∫ a+h

a−h
ρ(t)g′(t) dt = 2hg(a)−

∫ a+h

a−h
g(t) dt.

The lemma follows after using that |ρ(t)| ≤ h.
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Proof of Theorem 20.2. We begin by noting that the value of M is irrelevant: if we set

TK(α) =
K+N∑
n=K+1

aM−K+ne(nα) =
M+N∑
n=M+1

ane((n+K −M)α) = e((K −M)α)S(α)

then |TK(α)| = |S(α)|. So we only need to prove the theorem for the sum

SK(α) =
K∑

n=−K

ane(nα)

in the form
R∑
r=1

|SK(αr)|2 ≤
(

2πK +
1

δ

) K∑
n=−K

|an|2.

Indeed, if N is odd then we let K be such that N = 2K+1, and if N is even we let K = N/2
and let a−K = 0.

We apply the lemma above with g(α) = SK(α)2 and h = 1
2
δ to get

R∑
r=1

|S(αr)|2 ≤
R∑
r=1

∫ αr+
1
2
δ

αr− 1
2
δ

(
1

δ
|SK(α)|2 + |SK(α)S ′K(α)| dα

)
.

Since the intervals of integration are non-overlapping and the integrand is nonnegative, we
have (note that we can always reduce αr modulo 1 without affecting S(α))

R∑
r=1

|S(αr)|2 ≤
1

δ

∫ 1

0

|SK(α)|2 dα +

∫ 1

0

|SK(α)S ′K(α)| dα.

For the first integral, we expand out |SK(α)|2 = SK(α)SK(α) to get∫ 1

0

|SK(α)|2 dα =
K∑

n=−K

K∑
m=−K

anam

∫ 1

0

e(α(n−m)) dα =
K∑

n=−K

K∑
m=−K
m=n

anam =
K∑

n=−K

|an|2.

For the second integral, we apply Cauchy-Schwarz to get∫ 1

0

|SK(α)S ′K(α)| dα ≤
(∫ 1

0

|SK(α)|2 dα
)1/2(∫ 1

0

|S ′K(α)|2 dα
)1/2

=

(
K∑

n=−K

|an|2
)1/2( K∑

n=−K

|2πinan|2
)1/2

≤ 2πK
K∑

n=−K

|an|2.

The large sieve inequality follows.
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In our application to Dirichlet characters, we will take the numbers αr to be the Farey
fractions

FQ =
{
a

q
: 1 ≤ a ≤ q, (a, q) = 1, q ≤ Q

}
.

For any two distinct Farey fractions a
q

and a′

q′
we have∥∥∥a

q
− a′

q′

∥∥∥ =
∥∥∥aq′ − a′q

qq′

∥∥∥ ≥ 1

qq′
≥ 1

Q2 .

So the large sieve in this case (with δ = Q−2) reads

∑
q≤Q

∑
a mod q
(a,q)=1

∣∣∣S(a
q

)∣∣∣2 =
∑
a
q
∈FQ

∣∣∣S(a
q

)∣∣∣2 ≤ (πN +Q2)
M+N∑
n=M+1

|an|2. (20.1)

We are now ready to prove Theorem 20.1.

Proof of Theorem 20.1. Recall that for primitive characters χ we have the expansion into
additive characters

χ(n) =
1

τ(χ̄)

∑
a mod q

χ̄(a)e(an/q).

From this and |τ(χ)|2 = q we have

∑
χ(q)∗

∣∣∣∣∣
M+N∑
n=M+1

anχ(n)

∣∣∣∣∣
2

=
1

q

∑
χ(q)∗

∣∣∣∣∣ ∑
a mod q

χ̄(a)S
(
a

q

)∣∣∣∣∣
2

≤ 1

q

∑
χ(q)

∣∣∣∣∣ ∑
a mod q

χ̄(a)S
(
a

q

)∣∣∣∣∣
2

.

In the last inequality we have forgotten the condition that χ be primitive.7 Expanding the
right-hand side, we find that

1

q

∑
χ(q)

∣∣∣∣∣ ∑
a mod q

χ̄(a)S
(
a

q

)∣∣∣∣∣
2

=
1

q

∑
χ(q)

∑
a mod q

χ̄(a)S
(
a

q

) ∑
b mod q

χ(b)S
(−b
q

)
=

1

q

∑
a mod q

∑
b mod q

S
(
a

q

)
S
(−b
q

)∑
χ(q)

χ̄(a)χ(b)

=
ϕ(q)

q

∑
a mod q
(a,q)=1

∣∣∣S(a
q

)∣∣∣2.
The theorem now follows from (20.1).

7This is sometimes called “boosting by positivity” and is frequently used to study a subset of a more
“complete” family of objects. In this case the complete family is all the Dirichlet characters modulo q; since
we have the orthogonality relations this family is easier to deal with.
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20.2 Bilinear forms with Dirichlet characters

In our proof of Bombieri-Vinogradov, the following estimate will be essential.

Proposition 20.4. For any complex numbers am and bn we have

∑
q≤Q

q

ϕ(q)

∑
χ(q)∗

max
u≤MN

∣∣∣∣∣∣∣
∑
m≤M

∑
n≤N
mn≤u

ambnχ(mn)

∣∣∣∣∣∣∣
� (M +Q2)1/2(N +Q2)1/2

(∑
m≤M

|am|2
)1/2(∑

n≤N

|bn|2
)1/2

log(2MN).

We begin with a straightforward lemma that allows us to approximate the condition
mn ≤ u in the inner sum above.

Lemma 20.5. For α, T > 0 and all x 6= ±α we have{
1 if |x| < α

0 if |x| > α

}
=

1

π

∫ T

−T
eixy

sinαy

y
dy +O

(
1

T |α− |x||

)
.

Proof. Recall the integral ∫
R

sinx

x
dx = π

from the section on Mellin inversion. Using that the integral of an odd function over R
vanishes, we have

1

π

∫
R
eixy

sinαy

y
dy =

1

π

∫
R

cos(xy)
sinαy

y
dy =

1

2π

∫
R
(sin((α + x)y) + sin((α− x)y))

dy

y
,

using a trig identity. After the obivous changes of variable, each piece of the integral evaluates
to ±π depending on the sign of α + x and α− x. So the expression above equals

sgn(α + x) + sgn(α− x)

2
= δ(x).

To estimate the tail of the integral, we use integration by parts to get∫ ∞
T

sinλx

x
dx =

cosλT

λT
+

∫ ∞
T

cos(λx)

x2
dx� 1

λT
.

It follows that∫ ∞
T

sin((α± x)y)
dy

y
� 1

T
max

(
1

|α− x|
,

1

|α + x|

)
� 1

T |α− |x||

as desired.

87



Proof of Proposition 20.4. We first note that the condition mn ≤ u only depends on the
value of buc, so we can choose a convenient sequence of u, say u = k+ 1/2 for k ≤MN . We
set α = log u and x = − logmn in the lemma to get{

1 if mn < u

0 if mn > u

}
=

1

π

∫ T

−T
(mn)−iy

sin(y log u)

y
dy +O

(
T−1

∣∣∣log
(mn
u

)∣∣∣−1
)
.

It follows that∑
m≤M

∑
n≤N
mn≤u

ambnχ(mn)

=
1

π

∫ T

−T
A(y, χ)B(y, χ)

sin(y log u)

y
dy +O

(
T−1

∑
m≤M

∑
n≤N

|ambn|
∣∣∣log

(mn
u

)∣∣∣−1
)
,

where
A(y, χ) =

∑
m≤M

amχ(m)m−iy, B(y, χ) =
∑
n≤N

bnχ(n)n−iy.

We first deal with the error term. Note that the closest mn ever gets to u is mn = u±1/2.
So we have∣∣∣log

(
mn

u

)∣∣∣� min
(

1,
∣∣∣mn
u
− 1
∣∣∣) ≥ min

(
1,
∣∣∣u± 1/2

u
− 1
∣∣∣)� 1

u
≥ 1

MN
,

from which we get (by Cauchy-Schwarz)

T−1
∑
m≤M

∑
n≤N

|ambn|
∣∣∣log

(mn
u

)∣∣∣−1

� (MN)3/2

T

(∑
m≤M

|am|2
)1/2(∑

n≤N

|bn|2
)1/2

.

Note that the latter expression does not depend on χ or q, so since∑
q≤Q

q

ϕ(q)

∑
χ(q)∗

1 ≤
∑
q≤Q

q � Q2,

the total contribution from this error term is

� Q2 (MN)3/2

T

(∑
m≤M

|am|2
)1/2(∑

n≤N

|bn|2
)1/2

.

To deal with the integral, we note that

sin(y log u)� min(1, |y log u|)� min(1, |y| log(2MN)),

from which we get

max
u≤MN

∣∣∣∣∫ T

−T
A(y, χ)B(y, χ)

sin(y log u)

y
dy

∣∣∣∣� ∫ T

−T
|A(y, χ)B(y, χ)|min

(
1

|y| , log(2MN)
)
dy.
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By the Large Sieve for Dirichlet characters, together with Cauchy-Schwarz, we get∑
q≤Q

q

ϕ(q)

∑
χ(q)∗

|A(y, χ)B(y, χ)|

≤

∑
q≤Q

q

ϕ(q)

∑
χ(q)∗

∣∣∣∣∣∑
m≤M

amχ(m)m−iy

∣∣∣∣∣
2
1/2∑

q≤Q

q

ϕ(q)

∑
χ(q)∗

∣∣∣∣∣∑
n≤N

bnχ(n)n−iy

∣∣∣∣∣
2
1/2

� (M +Q2)1/2(N +Q2)1/2

(∑
m≤M

|am|2
)1/2(∑

n≤N

|bn|2
)1/2

.

The remaining integral is∫ T

−T
min

(
1

|y| , log(2MN)
)
dy �

∫ 1

0

log(2MN) dy +

∫ T

1

dy

y
� log(2MN) + log T.

Setting T = (MN)3/2 we see that all of the estimates together are at most

(M +Q2)1/2(N +Q2)1/2

(∑
m≤M

|am|2
)1/2(∑

n≤N

|bn|2
)1/2

log(2MN),

which is what we wanted.

20.3 The proof of Bombieri-Vinogradov

For convenience, we restate the theorem here.

Theorem 20.6 (Bombieri-Vinogradov). For
√
x(log x)−A ≤ Q ≤

√
x we have∑

q≤Q

max
y≤x

max
a mod q
(a,q)=1

∣∣∣∣ψ(y; a mod q)− y

ϕ(q)

∣∣∣∣� Q
√
x(log x)5. (20.2)

Recall that

ψ(y; a mod q) =
1

ϕ(q)

∑
χ(q)

χ̄(a)ψ(y, χ),

where
ψ(y, χ) =

∑
n≤y

χ(n)Λ(n).

If we let

ψ′(y, χ) =

{
ψ(y, χ) if χ 6= χ0,

ψ(y, χ)− y if χ = χ0,

then we can write

ψ(y; a mod q)− y

ϕ(q)
=

1

ϕ(q)

∑
χ

χ̄(a)ψ′(y, χ).
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It follows that

max
a(q)

∣∣∣∣ψ(y; a mod q)− y

ϕ(q)

∣∣∣∣ ≤ 1

ϕ(q)

∑
χ

|ψ′(y, χ)|.

For each χ, let χ′ denote the unique primitive character inducing χ. Then (recall that)

|ψ′(y, χ)− ψ′(y, χ′)| ≤
∑
p|q

∑
pm≤y

log p� (log y)(log q)� (log qy)2.

Thus

max
y≤x

max
a(q)

∣∣∣∣ψ(y; a mod q)− y

ϕ(q)

∣∣∣∣� (log qx)2 +
1

ϕ(q)

∑
χ

max
y≤x
|ψ′(y, χ′)|.

Each primitive character χ modulo q induces characters to moduli kq for k ≥ 1; thus the
left-hand side of (20.2) is

� Q(logQx)2 +
∑
q≤Q

∑
χ(q)∗

max
y≤x
|ψ′(y, χ)|

∑
k≤Q/q

1

ϕ(kq)
.

The first term is much smaller than the desired upper bound, so we will ingore it from now
on. For the second term, we use

ϕ(kq) = kq
∏
p|kq

(1− p−1) ≥ kq
∏
p|k

(1− p−1)
∏
p|q

(1− p−1) = ϕ(k)ϕ(q),

to get the upper bound (using Q ≤ x)

∑
k≤Q/q

1

ϕ(kq)
≤ 1

ϕ(q)

∑
k≤x

1

ϕ(k)
≤ 1

ϕ(q)

∏
p≤x

∞∑
k=0

1

ϕ(pk)
.

For the inner sum,

∞∑
k=0

1

ϕ(pk)
= 1 +

∞∑
k=0

1

pk(p− 1)
= 1 +

p

(p− 1)2
,

from which we get

∏
p≤x

∞∑
k=0

1

ϕ(pk)
= exp

(∑
p≤x

log
(

1 +
p

(p− 1)2

))
≤ exp

(∑
p≤x

(
1

p
+O

(
1

p2

)))
� exp(log log x) = log x

by Mertens’ second theorem. Thus we have shown that∑
q≤Q

max
y≤x

max
a mod q
(a,q)=1

∣∣∣∣ψ(y; a mod q)− y

ϕ(q)

∣∣∣∣� (log x)
∑
q≤Q

1

ϕ(q)

∑
χ(q)∗

max
y≤x
|ψ′(y, χ)|. (20.3)

Note that we have essentially traded the complete sum over all χ mod q for the restricted
sum over primitive characters, at the cost of one factor of log x.
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We split the sum on q into two ranges. In the initial range q ≤ (log x)A we use the
Siegel-Walfisz theorem |ψ′(x, χ)| � x exp(−c

√
log x) to obtain∑

q≤(log x)A

1

ϕ(q)

∑
χ(q)∗

max
y≤x
|ψ′(y, χ)| � x exp

(
−c
√

log x
)

(log x)A � x(log x)4−A � x1/2Q(log x)4

(20.4)
for Q�

√
x(log x)−A. So it suffices to prove the analogous upper bound in the second range

(log x)A ≤ q ≤ Q. We first prove the following upper bound.

Proposition 20.7. For all x ≥ 2 and Q ≥ 1 we have∑
q≤Q

q

ϕ(q)

∑
χ(q)∗

max
y≤x
|ψ′(y, χ)| �

(
x+ x5/6Q+ x1/2Q2

)
(logQx)4.

Proof. Suppose first that x < Q2. Then Proposition 20.4 with M = 1, a1 = 1, N = x, and
bn = Λ(n) gives

∑
q≤Q

q

ϕ(q)

∑
χ(q)∗

max
u≤x

∣∣∣∣∣∑
n≤u

Λ(n)χ(n)

∣∣∣∣∣� Q(x+Q2)1/2

(∑
n≤x

Λ(n)2

)1/2

log x� Q2x1/2 log2 x,

using the crude bound Λ(n)� log x.
Now suppose that Q2 ≤ x. We will apply the following idea of Vaughan. For any

functions F (s) and G(s) we have the formal identity

−ζ
′

ζ
(s) = F (s)− ζ(s)F (s)G(s)− ζ ′(s)G(s) +

(
−ζ
′

ζ
(s)− F (s)

)
(1− ζ(s)G(s)).

We apply this identity with the Dirichlet polynomials

F (s) =
∑
m≤U

Λ(m)

ms
, G(s) =

∑
d≤V

µ(d)

ds
,

where µ(d) is the Mobius function (the Dirichlet coefficients of 1/ζ(s)). By comparing
Dirichlet coefficients on each side of the identity, we find that

Λ(n) = a1(n) + a2(n) + a3(n) + a4(n),

where

a1(n) =

{
Λ(n) if n ≤ U,

0 otherwise,

a2(n) = −
∑
md|n
m≤U
d≤V

Λ(m)µ(d),

a3(n) =
∑
d|n
d≤V

µ(d) log(n/d),

a4(n) = −
∑
mk=n
m>U
k>1

Λ(m)
∑
d|k
d≤V

µ(d).
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It follows that

ψ(y, χ) =
∑
n≤y

χ(n)Λ(n) =
∑

1≤j≤4

∑
n≤y

χ(n)aj(n) =:
∑

1≤j≤4

Sj(y, χ, U, V ).

So our goal is now to bound the sums∑
q≤Q

q

ϕ(q)

∑
χ(q)∗

max
y≤x
|Sj(y, χ, U, V )|

under the conditions Q ≤
√
x and UV ≤ x.

(j = 1) This is the simplest one.

∑
q≤Q

q

ϕ(q)

∑
χ(q)∗

|S1(y, χ, U, V )| =
∑
q≤Q

q

ϕ(q)

∑
χ(q)∗

∣∣∣∣∣∣
∑

n≤min(y,U)

χ(n)Λ(n)

∣∣∣∣∣∣ ≤
∑
n≤U

Λ(n)� UQ2

by the (weak version of the) prime number theorem.

(j = 4) We begin by writing

S4 = −
∑
n≤y

χ(n)
∑
mk=n
m>U
k>1

Λ(m)
∑
d|k
d≤V

µ(d) = −
∑

U<m≤y/V

Λ(m)
∑

V <k≤y/m

χ(mk)
∑
d|k
d≤V

µ(d).

The lower bound on k (and thus the upper bound on m) comes from the fact that∑
d|k,d≤V µ(d) = 0 if k > 1 and k ≤ V (if k ≤ V then all of the divisors of k are auto-

matically ≤ V ). We restrict to dyadic blocks m ∈ [M, 2M ] and write the contribution
from S4 in that range in the form of the bilinear estimate to get

∑
q≤Q

q

ϕ(q)

∑
χ(q)∗

max
y≤x

∣∣∣∣∣∣∣∣
∑

U<m≤y/V
M≤m≤2M

Λ(m)
∑

V <k≤y/m

χ(mk)
∑
d|k
d≤V

µ(d)

∣∣∣∣∣∣∣∣
� (Q2 +M)1/2(Q2 + x/M)1/2

(
2M∑
m=M

Λ(m)2

)1/2
 ∑
k≤x/M

d(k)2

1/2

log x.

In order to get this, we take

am =

{
Λ(m) if m ∈ [M, 2M ] ∩ [U, y/V ]

0 otherwise

bn =


∑
d|k
d≤V

µ(d) if k > V,

0 otherwise.
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We have the bound∑
M≤m≤2M

Λ(m)2 ≤ log(2M)
∑

M≤m≤2M

Λ(m)�M logM

from the prime number theorem and the bound∑
k≤z

d(k)2 � z log z

which you can prove using the fact that d(k) =
∑

d|k f(d), where f is the multiplicative

function defined by f(pr) = 2r+ 1. For the sake of brevity I will skip the details here.
It follows that

∑
q≤Q

q

ϕ(q)

∑
χ(q)∗

max
y≤x

∣∣∣∣∣∣∣∣
∑

U<m≤y/V
M≤m≤2M

Λ(m)
∑

V <k≤y/m

χ(mk)
∑
d|k
d≤V

µ(d)

∣∣∣∣∣∣∣∣
�
(
Q2x1/2 +QxM−1/2 +Qx1/2M1/2 + x

)
(log x)3.

Summing over the dyadic intervals, we find that∑
q≤Q

q

ϕ(q)

∑
χ(q)∗

max
y≤x
|S4(y, χ, U, V )|

≤
log2(x/UV )∑

j=0
M=2jU

∑
q≤Q

q

ϕ(q)

∑
χ(q)∗

max
y≤x

∣∣∣∣∣∣∣∣
∑

U<m≤y/V
M≤m≤2M

Λ(m)
∑

V <k≤y/m

χ(mk)
∑
d|k
d≤V

µ(d)

∣∣∣∣∣∣∣∣
�

log2(x/UV )∑
j=0

M=2jU

(
Q2x1/2 +QxM−1/2 +Qx1/2M1/2 + x

)
(log x)3

� (Q2x1/2 +QxU−1/2 +QxV −1/2 + x)(log x)4.

(j = 2) We write the sum S2 as

−S2 =
∑
n≤y

∑
md|n
m≤U
d≤V

χ(n)Λ(m)µ(d) =
∑
m≤U
d≤V

Λ(m)µ(d)
∑

r≤y/md

χ(rmd)

=
∑
t≤UV

∑
md=t
m≤U
d≤V

Λ(m)µ(d)
∑
r≤y/t

χ(rt) = S ′2 + S ′′2 ,

where S ′2 comprises the terms t ≤ U and S ′′2 comprises the terms U < t ≤ UV . For
S ′′2 , we proceed as in (j = 4), considering dyadic intervals t ∈ [T, 2T ] and applying the
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bilinear estimate with

at =


∑
md=t
m≤U
d≤V

Λ(m)µ(d) if t ∈ [T, 2T ] ∩ [U,UV ],

0 otherwise,

br = 1 for 1 ≤ r ≤ x/T.

We obtain

∑
q≤Q

q

ϕ(q)

∑
χ(q)∗

max
y≤x

∣∣∣∣∣∣
∑

T≤t≤2T

∑
1≤r≤x/T

atbrχ(rt)

∣∣∣∣∣∣
� (Q2 + T )1/2

(
Q2 +

x

T

)1/2
( ∑
T≤t≤2T

|at|2
)1/2(

x

T

)1/2

log x.

For the at sum we have
|at| ≤

∑
m|t

Λ(m) = log t,

from which it follows that( ∑
T≤t≤2T

|at|2
)1/2

≤

( ∑
T≤t≤2T

log2 t

)1/2

�
√
T log T.

Summing the dyadic intervals as before, we find that∑
q≤Q

q

ϕ(q)

∑
χ(q)∗

max
y≤x
|S ′′2 (y, χ, U, V )| �

(
Q2x1/2 +QxU−1/2 +Qx1/2U1/2V 1/2 + x

)
(log x)3.

For the sum S ′2 we estimate at as before to get

|S ′2| �
∑
t≤U

|at|

∣∣∣∣∣∣
∑
r≤y/t

χ(r)χ(t)

∣∣∣∣∣∣� logU
∑
t≤U

∣∣∣∣∣∣
∑
r≤y/t

χ(r)

∣∣∣∣∣∣.
In the case q = 1, we have

logU
∑
t≤U

∣∣∣∣∣∣
∑
r≤y/t

χ(r)

∣∣∣∣∣∣ ≤ y logU
∑
t≤U

1

t
� y(logU)2,

and when q > 1 we apply the Polya-Vinogradov inequality to get

logU
∑
t≤U

∣∣∣∣∣∣
∑
r≤y/t

χ(r)

∣∣∣∣∣∣� q1/2U(log qU)2.

Thus, using that Q ≤ x1/2 and that U ≤ UV ≤ x we get∑
q≤Q

q

ϕ(q)

∑
χ(q)∗

max
y≤x
|S ′2(y, χ, U, V )| �

(
x+Q5/2U

)
(log x)2.
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(j = 3) We use the same sorts of ideas for S3:

S3 =
∑
n≤y

χ(n)
∑
hd=n
d≤V

µ(d) log h =
∑
d≤V

µ(d)
∑
h≤y/d

χ(hd) log h.

By partial summation and Polya-Vinogradov we have (for q > 1)

∑
h≤y/d

χ(h) log h = log(y/d)
∑
h≤y/d

χ(h)−
∫ y/d

1

(∑
h≤t

χ(t)

)
dt

t
� q1/2(log qy)2,

while for q = 1 we have ∑
h≤y/d

χ0(h) log h� (log y)y/d.

Together these yield∑
d≤V

(
q1/2(log qy)2 + (log y)y/d

)
� q1/2V (log qy)2 + y(log yV )2.

We end up with the same bound as we got with S ′2:∑
q≤Q

q

ϕ(q)

∑
χ(q)∗

max
y≤x
|S3(y, χ, U, V )| �

(
x+Q5/2U

)
(log x)2.

We put all four cases together to get∑
q≤Q

q

ϕ(q)

∑
χ(q)∗

max
y≤x
|ψ′(y, χ)|

�
(
Q2x1/2 + x+QxU−1/2 +QxV −1/2 +Qx1/2U1/2V 1/2 +Q5/2U +Q5/2V

)
(log x)4.

If x1/3 ≤ Q ≤ x1/2 then we take U = V = x2/3Q−1 to get∑
q≤Q

q

ϕ(q)

∑
χ(q)∗

max
y≤x
|ψ′(y, χ)| �

(
Q2x1/2 +Q3/2x2/3 + x7/6

)
(log x)4 � Q2x1/2(logQx)4.

If Q ≤ x1/3 then we take U = V = x1/3 to get∑
q≤Q

q

ϕ(q)

∑
χ(q)∗

max
y≤x
|ψ′(y, χ)| �

(
Q2x1/2 + x+Qx5/6 +Q5/2x1/3

)
(logQx)4

�
(
Q2x1/2 + x+Qx5/6

)
(logQx)4.

In each case this is less than the desired bound, so we win.
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Recall that we need to show that∑
(log x)A≤q≤x1/2

1

ϕ(q)

∑
χ(q)∗

max
y≤x
|ψ′(y, χ)| � x1/2Q(log x)4.

To this end, consider the dyadic sum∑
U≤q≤2U

1

ϕ(q)

∑
χ(q)∗

max
y≤x
|ψ′(y, χ)| � 1

U

∑
U≤q≤2U

q

ϕ(q)

∑
χ(q)∗

max
y≤x
|ψ′(y, χ)|.

By the proposition with Q = 2U , the latter expression is

�
(
x

U
+ x5/6 + x1/2U

)
(logUx)4.

Summing the dyadic pieces in the interval [(log x)A, Q] the total error is

�
(
x(log x)−A + x5/6 + x1/2Q

)
(log x)4 � Qx1/2(log x)4

since Q ∈ [x1/2(log x)−A, x1/2]. Putting this together with (20.3) and (20.4) we finish the
proof of Bombieri-Vinogradov.
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