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Abstract The study of knotted surfaces in 4-space is a natural generalization of the
theory of classical knots and links. In the 4-dimensional setting special techniques
are needed for a 3-dimensional mathematician to describe and manipulate these
surfaces, similar to how knot theorists use knot projections and Reidemeister moves
to study knot diagrams on a 2-dimensional plane. These lectures notes give an
introduction to knotted surfaces and some different techniques used to study them,
focusing primarily on banded unlink diagrams in 𝑆4 and other closed 4-manifolds.

1 Introduction to knotted surfaces

About these notes

These lecture notes were developed as part of a graduate mini-course taught by the
author at the 2024 Georgia Topology Conference at the University of Georgia. The
purpose of this mini-course was to introduce students to diagrammatic techniques
used to describe knotted surfaces in 4-space, along with isotopies between them.
While there are certainly other excellent (and much more complete) references on
the theory of knotted surfaces and their diagrams (see, e.g. [4, 5, 10, 11]), these
references focus primarily on surfaces in the 4-sphere. The primary goal of these
notes will therefore be to develop the theory of banded unlink diagrams, which
can be adapted to study knotted surfaces in arbitrary smooth, closed 4-dimensional
manifolds and isotopies between them.
We assume no prior knowledge of knotted surfaces, though some familiarity with

classical knot theory will be helpful. Some experience with differential topology
will also be useful, including concepts such as embeddings, immersions, transver-
sality, Morse functions, and tubular neighborhoods. As our goals include explicitly
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describing surfaces in smooth closed 4-manifolds, the reader will benefit from some
background with 4-dimensional handlebody (Kirby) diagrams, though we will re-
view these later.
We proceed as follows: In Section 1 we introduce the idea of a knotted surface

in 𝑆4, and give examples by defining several important families of knotted surfaces.
We also discuss how knotted surfaces can be described by way of broken surface
diagrams, which are an immediate analogue of classical knot diagrams in the plane.
In Section 2 we discuss motion picture diagrams of knotted surfaces, and show how
the relevant information in such a diagram can be encoded in a single cross-section
of the surface, called a banded unlink diagram. We also present Swenton’s Theorem,
which provides a set of moves that are sufficient to relate the banded unlink diagrams
of any two isotopic surfaces. Finally, in Section 3, after a brief detour to discuss
handle decompositions of 4-manifolds, we generalize the idea of a banded unlink
diagram to surfaces in arbitrary smooth closed 4-manifolds. We also reformulate
Swenton’s theorem in this setting, and show how these ideas can also be used to
describe immersed surfaces in 4-manifolds.
As this mini-course was taught through a combination of lectures and interactive

problem sessions, many of the concrete examples are posed as homework problems
at the end of each section. The interested reader is encouraged to try working through
them.
In what follows, we will let 𝐵𝑛 = {(𝑥1, . . . , 𝑥𝑛) ∈ R𝑛 | 𝑥21 + · · · + 𝑥2𝑛 ≤ 1} denote

the 𝑛-dimensional ball, and 𝑆𝑛 = {(𝑥1, . . . , 𝑥𝑛+1) ∈ R𝑛+1 | 𝑥21 + · · · + 𝑥2
𝑛+1 = 1} the

𝑛-dimensional sphere. If 𝑚 < 𝑛, we can think of 𝐵𝑚 as sitting inside of 𝐵𝑛 by
identifying 𝐵𝑚 with the set {(𝑥1, . . . , 𝑥𝑛) ∈ 𝐵𝑛 | 𝑥𝑚+1 = 𝑥𝑚+2 = · · · = 𝑥𝑛 = 0},
which we refer to as the standard 𝑚-ball in 𝐵𝑛. We define the standard 𝑚-sphere in
𝑆𝑛 in a similar way, as the set {(𝑥1, . . . , 𝑥𝑛+1) ∈ 𝑆𝑛 | 𝑥𝑚+2 = 𝑥𝑚+3 = · · · = 𝑥𝑛+1 = 0}.

1.1 Knotted and unknotted surfaces

We are ready to jump right in, by immediately defining our main object of interest:

Definition 1 A knotted surface (or surface knot) is a smooth embedding 𝐾 : 𝐹2 ↩→
𝑆4, where 𝐹2 is a closed (compact,without boundary) surface. If 𝐹2 is homeomorphic
to the 2-sphere 𝑆2, then 𝐾 is sometimes called a 2-knot.

It will often be convenient for us to identify a knotted surface 𝐾 with its image
𝐾 = 𝐾 (𝐹) in 𝑆4, when there is no risk of this causing confusion. Indeed, for any
two smooth embeddings 𝐾, 𝐾 ′ : 𝐹 ↩→ 𝑆4 with 𝐾 (𝐹) = 𝐾 ′(𝐹) we can find a
diffeomorphism 𝜎 : 𝐹 → 𝐹 such that 𝐾 ◦ 𝜎 = 𝐾 ′. Hence we can think of 𝐾 and 𝐾 ′

as differing by a smooth reparametrization.

Example 1 The standard 𝑆2 in 𝑆4 is a knotted surface (admittedly not the most
exciting example, but we’ll need additional techniques to describe more interesting
examples).
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Because a knotted surface 𝐾 : 𝐹 ↩→ 𝑆4 is assumed to be smooth, its image
𝐾 = 𝐾 (𝐹) ⊆ 𝑆4 is locally-flat; in other words every 𝑝 ∈ 𝐾 is contained in an open
neighborhood𝑈 ⊆ 𝑆4 such that the pair (𝑈,𝑈∩𝐾) is homeomorphic to the standard
pair (𝐵4, 𝐵2).
To obtain a first non-example of a knotted surface, consider the classical tre-

foil knot 𝐿 sitting inside the 3-sphere 𝑆3. As the suspension of an 𝑛-sphere
is an (𝑛 + 1)-sphere, taking the suspension of the pair (𝑆3, 𝐿) gives a pair
(𝑆(𝑆3), 𝑆(𝐿)) � (𝑆4, 𝑆(𝐿)). Here, 𝑆(𝐿) is homeomorphic to 𝑆2, however it is not
embedded locally-flatly in 𝑆4. Indeed, if𝑈 is any 4-ball neighborhood of a cone point
of 𝑆(𝐿) whose boundary intersects 𝑆(𝐿) transversely, then 𝜕𝑈 ∩ 𝑆(𝐿) will contain
a trefoil component 𝐿 ⊆ 𝜕𝑈 � 𝑆3. Since 𝐿 is knotted, the pair (𝜕𝑈, 𝜕𝑈 ∩ 𝑆(𝐿)) is
not homeomorphic to the standard pair (𝑆3, 𝑆1) � (𝜕𝐵4, 𝜕𝐵2), which demonstrates
that the cone points of 𝑆(𝐿) are not embedded locally-flatly. Thus 𝑆(𝐿) is not the
image of a smooth knotted surface.

∼
=

Fig. 1 The cone points of the suspension of a nontrivial classical knot in 𝑆3 are not locally-flat.

Definition 2 Two knotted surfaces 𝐾1 : 𝐹1 ↩→ 𝑆4 and 𝐾2 : 𝐹2 ↩→ 𝑆4 are equivalent
if there exists a smooth isotopy 𝜑 : [0, 1] × 𝑆4 → 𝑆4 with 𝜑(1, 𝐾1 (𝐹1)) = 𝐾2 (𝐹2).

Thus, two knotted surfaces are equivalent if the image of one of them can con-
tinuously be deformed through diffeomorphisms of the ambient space to agree with
the other.
As in the classical setting, we need to define what it means for a knotted surface to

be “unknotted". To do this, we turn to the classical setting for inspiration. Specifically,
recall that the unknot is the only knot in 𝑆3 which can be isotoped to lie entirely on
the standard 2-sphere 𝑆2 (attempting to isotope any other knot to the standard 𝑆2 will
necessarily create double points, corresponding to crossings of the resulting knot
diagram). This leads to our first definition of unknottedness for orientable knotted
surfaces:

Definition 3 An orientable knotted surface in 𝑆4 is unknotted if it is equivalent to a
knotted surface which lies entirely in the standard 𝑆3 ⊆ 𝑆4.

Note that since the standard 𝑆2 in 𝑆4 lies within the standard 𝑆3, any surface knot
which is equivalent to the standard 𝑆2 is unknotted (as reason dictates it should be).
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Alternatively, in 𝑆3 the unknot is the only knot that bounds an embedded disk (i.e.,
the simplest possible surface with boundary). While we could use similar thinking
to define an unknotted 2-knot in 𝑆4 to be one which bounds an embedded 3-ball,
for higher genus knotted surfaces we need a simple 3-manifold whose boundary has
nonzero genus. One simple class of 3-manifolds with boundary are those consisting
of only 0 and 1-handles, which we refer to as 3-dimensional 1-handlebodies. Handles
are discussed in the 4-dimensional setting in Section 3.1. For now, you can think of
a 3-dimensional 1-handlebody as being obtained by taking a 3-ball 𝐵3 and attaching
some number of solid tubes to the boundary in an orientation-preserving manner
(see Figure 2, right). The solid torus 𝑆1 × 𝐷2 is a 3-dimensional 1-handlebody, and
any 3-dimensional 1-handlebodies can be obtained by taking boundary sums of 𝐵3
with some number of 𝑆1 × 𝐷2.
This leads to our second, equivalent, definition of unknottedness for knotted

surfaces:

Definition 4 An orientable knotted surface in 𝑆4 is unknotted if it is the boundary
of a 3-dimensional 1-handlebody 𝐻 embedded in 𝑆4.

S2 S2

Fig. 2 Left and center: The unknot in 𝑆3 is the only knot which can be isotoped to lie in the standard
2-sphere 𝑆2 ⊆ 𝑆3, and the only knot in 𝑆3 which bounds a disk. Right: A genus 3-handlebody 𝐻 ,
whose boundary is an unknotted surface of genus 3.

It can be shown that for orientable surface knots Definitions 3 and 4 are equivalent
(see Exercise 1.4). We call any orientable surface which satisfies these equivalent
definitions unknotted. We will define unknottedness for nonorientable surfaces in
Exercise 2.3.
It may be worth noting that unknotted surfaces may sometimes look knotted at

first glance. Consider the two knotted surfaces in Figure 3. Here, we have drawn
two surfaces in 𝑆3, which we think of as being the standard 𝑆3 in 𝑆4. Because
both surfaces can be isotoped to lie in 𝑆3 they are both unknotted by Definition 3.
Moreover, they both bound embedded 3-dimensional 1-handlebodies and hence are
also unknotted by Definition 4. Indeed, although the knotted surfaces in Figure 3 are
not isotopic to each other in 𝑆3 they are both unknotted in 𝑆4, and are equivalent
to each other as surfaces in 𝑆4. Any isotopy relating these two surfaces necessarily
must push one of the surfaces at least partially outside of 𝑆3 to make them agree (see
Exercise 1.1).
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Fig. 3 Two genus 3 knotted surfaces. We’ve drawn them both in 𝑆3, which implies that they are
both unknotted and equivalent to each other. Isotoping either one of them to the other requires
pushing the surface outside of 𝑆3 at some point in the isotopy.

1.2 Broken surface diagrams

Without additional techniques we are somewhat limited in the examples of knotted
surfaces we can describe, and what we can do with them. In this section we’ll
describe our first set of diagrammatic tools for representing andmanipulating knotted
surfaces. The following techniques are directly analogous to the classical approach
of representing a knot in 3-space by first projecting it to the plane, and then breaking
one strand at each crossing to record the relative heights of the crossing strands.
We begin by identifying R4 with a punctured 𝑆4, and letting

𝜋 : 𝑆4 \ {pt} � R4 → R3

be a projection of R4 onto R3. Let 𝐾 be a knotted surface in 𝑆4 \ {pt} � R4. After a
small perturbation, we can arrange 𝐾 so that its image under 𝜋 is a generic surface
in R3. In other words, after a small perturbation every point 𝑝 in 𝜋(𝐾) will have a
neighborhood 𝑈 such that (𝑈,𝑈 ∩ 𝜋(𝐾)) is diffeomorphic to one of the following
local models:

1. (𝐵3, {(𝑥, 𝑦, 𝑧) ∈ 𝐵3 | 𝑧 = 0}), the 𝑥𝑦-plane in 𝐵3,
2. (𝐵3, {(𝑥, 𝑦, 𝑧) ∈ 𝐵3 | 𝑦𝑧 = 0}), the union of the 𝑥𝑦- and 𝑥𝑧-planes in 𝐵3,
3. (𝐵3, {(𝑥, 𝑦, 𝑧) ∈ 𝐵3 | 𝑥𝑦𝑧 = 0}), the union of the three coordinate planes in 𝐵3,
4. (𝐵3, {(𝑥, 𝑦, 𝑧) ∈ 𝐵3 | 𝑥2 = 𝑦2𝑧}), a Whitney umbrella.

Notice that aside from the first model above, each of the remaining local pictures
contain arcs of self-intersections of the surface 𝜋(𝐾). Each arc corresponds to the
transverse intersection of two ormore sheets of𝐾 which coincide under the projection
𝜋. (Note that although the central point of theWhitney umbrella is not a double point,
it is in the closure of such a double point arc.) Along the double point arcs we can
record the relative heights of the two intersecting sheets with respect to 𝜋 by adding
a break along the lower of the two sheets.
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Fig. 4 Local models of the surface 𝜋 (𝐾 ) in R3. The four models include three that consist of
intersections of coordinate planes, and one local model of the Whitney umbrella.

Fig. 5 Local models of the surface 𝜋 (𝐾 ) in R3 with breaks along double point arcs to record the
relative heights of the corresponding sheets with respect to the projection 𝜋.

By adding breaks along the double point arcs of 𝜋(𝐾) in this way we obtain a
3-dimensional representation of the knotted surface 𝐾 ⊆ 𝑆4, from which 𝐾 can be
recovered up to equivalence. The surface 𝜋(𝐾), decorated with breaks along the
double point arcs in this way, is called a broken surface diagram of 𝐾 .
Given a knotted surface 𝐾 , there are a number of choices that must be made in

order to obtain a broken surface diagram of 𝐾 , including the choice of the projection
𝜋 and the initial perturbation. Different choices will result in different broken surface
diagrams for 𝐾 . Despite this ambiguity, there are a collection of moves that allow
us to relate any two broken surface diagrams of equivalent knotted surfaces. These
seven moves are called Roseman moves, and they play the same role as Reidemeister
moves for classical knot diagrams.

Theorem 1 (Roseman [16]) Let 𝐾 and 𝐾 ′ be equivalent knotted surfaces in 𝑆4. Let
𝐷 and 𝐷 ′ be broken surface diagrams in R3 for 𝐾 and 𝐾 ′ respectively. Then the
diagram 𝐷 ′ can be converted to 𝐷 ′ by applying a sequence of Roseman moves in
Figure 6, along with ambient isotopies in R3.

1.3 Examples of knotted surfaces

Armed with our first set of diagrammatic tools, we now proceed to define two
important families of knotted surfaces: ribbon 2-knots and twist/roll spun knots.
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Fig. 6 Seven Roseman moves which, along with isotopy in R3, allow us to relate the broken surface
diagrams of any two equivalent knotted surfaces (see Theorem 1). Here, the breaks in the diagrams
are omitted for clarity. This image was taken from the article Showing distinctness of surface
links by taking 2-dimensional braids by Inasa Nakamura, first published in the Pacific Journal of
Mathematics in Vol. 278 (2015), No. 1, published by Mathematical Sciences Publishers [14].

1.3.1 Ribbon 2-knots

To construct our first family of knotted surfaces, we start with a collection of 𝑘
disjoint, unknotted 2-spheres 𝑆1, 𝑆2, . . . , 𝑆𝑘 in 𝑆4. We also choose 𝑘 − 1 disjoint
embedded arcs 𝛼1, . . . , 𝛼𝑘−1, each of which has its endpoints in 𝑆1 ∪ · · · ∪ 𝑆𝑘 , but
whose interiors are disjoint from the 𝑆 𝑗 . We chose these arcs so that the union
𝑆1 ∪ · · · ∪ 𝑆𝑘 ∪ 𝛼1 ∪ · · · ∪ 𝛼𝑘−1 is connected.
Along the arcs 𝛼1, . . . , 𝛼𝑘−1 we can embed a collection of disjoint 3-dimensional

1-handles ℎ1, . . . , ℎ𝑘−1, which are attached to the spheres 𝑆1, . . . , 𝑆𝑘 . In other words,
each ℎ 𝑗 the image of an embedding 𝑖 𝑗 : 𝐵2 × [0, 1] ↩→ 𝑆4 such that 𝛼 𝑗 = 𝑖 𝑗 ({0} ×
[0, 1]), and ℎ 𝑗 ∩ (𝑆1 ∪ · · · ∪ 𝑆𝑘 ) = 𝑖 𝑗 (𝐵2 × {0, 1}). We can surger the 2-spheres
𝑆1, . . . , 𝑆𝑘 along each of ℎ 𝑗 by forming the set(

𝑆1 ∪ · · · ∪ 𝑆𝑘 \ 𝑖 𝑗 (𝐵2 × {0, 1})
)
∪ 𝑖 𝑗 (𝜕𝐵2 × [0, 1]).

The result of surgering along each of these 1-handles ℎ 𝑗 will be an embedded
2-sphere in 𝑆4 (see Exercise 1.5). We call a knotted surface obtained in this way a
ribbon 2-knot.
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S1

S2

S3

α1

α2

Fig. 7 A collection of disjoint, embedded, unknotted 2-spheres 𝑆1, . . . 𝑆𝑘 with arcs 𝛼1, . . . , 𝛼𝑘−1,
which specify the cores of the 3-dimensional 1-handles ℎ1, . . . , ℎ𝑘−1. Note that because this
diagram lives in 4-space the arcs can loop through and link with the 2-spheres in nontrivial ways.

hj

surgery

Fig. 8 Performing surgery to a pair of spheres along an embedded 3-dimensional 1-handle.

1.3.2 Twist and roll spun knots

The next family of knots we’ll describe are called spun knots, and were originally
described by Artin [3], with later enhancements described by Zeeman (twist spun
knots) [19] and Fox (roll spun knots) [6]. Our description below is due to Litherland
[13].
Let 𝐿 be a classical knot in 𝑆3. By removing an open 3-ball from 𝑆3 which

intersects 𝐿 in a trivial 1-stranded tangle, we obtain a 1-strand tangle pair (𝐵3, 𝐿̊).
Now, imagine drilling out an open tubular neighborhood 𝜈( 𝐿̊) of the tangle 𝐿̊ from
the 3-ball 𝐵3. The complement 𝐵3\𝜈( 𝐿̊) has a torus boundary𝑇 = 𝜕 (𝐵3\𝜈( 𝐿̊)), and
along this boundary we can embed a collar neighborhood𝑇 × [0, 1]. We will think of
𝑇 � 𝑆1×𝑆1, where 𝑆1×{pt} is a meridian of 𝐿, and {pt}×𝑆1 is a 0-framed longitude
of 𝐿. Finally, since 𝑇 × [0, 1] ⊆ 𝐵3 \ 𝜈( 𝐿̊) ⊆ 𝐵3 we will think of the thickened torus
𝑇 × [0, 1] as living in 𝐵3 and running parallel along the union 𝜕𝐵3 ∪ 𝐿̊.
For integers𝑚, 𝑛 let 𝜑𝑚,𝑛 : 𝐵3 → 𝐵3 be a diffeomorphism defined on𝑇× [0, 1] �

𝑆1 × 𝑆1 × [0, 1] by setting



Knotted surfaces in 4-manifolds and their diagrams 9

Fig. 9 A broken surface diagram of a ribbon 2-knot constructed from the arcs and spheres in
Figure 7.

(B3, L̊)

Fig. 10 A 1-strand tangle pair (𝐵3, 𝐿̊) , obtained by removing a small 3-ball neighborhood of a
point on 𝐿 from 𝑆3.

𝜑𝑚,𝑛 (𝜃1, 𝜃2, 𝑡) = (𝜃1 + 2𝜋𝑚𝑡, 𝜃2 + 2𝜋𝑛𝑡, 𝑡),

and defined to be the identity away from 𝑇 × [0, 1]. Note that 𝜑𝑚,𝑛 serves to twist the
torus 𝑇 (a total of 𝑚 times in the meridional direction and 𝑛 times in the longitudinal
direction) as we travel from 0 to 1 in the second factor of 𝑇 × [0, 1].
We now take the product of the tangle pair (𝐵3, 𝐿̊) with the interval [0, 1], and

glue the endpoints together via the map 𝜑𝑚,𝑛:(
𝐵3, 𝐿̊

)
× [0, 1]

/
(𝑥, 0) ∼ (𝜑𝑚,𝑛 (𝑥), 1) .

Since 𝜑𝑚,𝑛 is isotopic to the identity on 𝐵3, the resulting ambient space is
diffeomorphic to 𝐵3 × 𝑆1, while 𝐿̊ traces out an annulus 𝐴 properly embedded in
𝐵3 × 𝑆1. Furthermore, since 𝜑𝑚,𝑛 restricts to the identity on 𝜕𝐵3, we have 𝜕𝐴 =

𝜕𝐿̊ × 𝑆1 ⊆ 𝜕𝐵3 × 𝑆1. We can thus glue (𝑆2 × 𝐷2, 𝜕𝐿̊ × 𝐷2) to the pair (𝐵3 × 𝑆1, 𝐴)
to obtain a 2-sphere 𝜏𝑚𝜌𝑛 (𝐿) embedded in 𝑆4 = (𝐵3 × 𝑆1) ∪ (𝑆2 × 𝐷2):

(𝑆4, 𝜏𝑚𝜌𝑛 (𝐿)) := (𝐵3 × 𝑆1, 𝐴) ∪ (𝑆2 × 𝐷2, 𝜕𝐿̊ × 𝐷2).



10 Mark Hughes

ϕm,n

(B3, L̊)× [0, 1]

Fig. 11 Constructing a twist roll spun knot, by forming the mapping torus of a tangle pair (𝐵3, 𝐿̊)
under the diffeomorphism 𝜑𝑚,𝑛. We construct a torus (in green) by taking a parallel copy of 𝜕𝐵3,
and then adding a tube that follows along the tangle 𝐿̊. The diffeomorphism 𝜑𝑚,𝑛 is constructed
by twisting 𝐵3 a total of 𝑚-times along a meridian of this torus, and 𝑛-times along it’s longitude.

We call 𝜏𝑚𝜌𝑛 (𝐿) the 𝑚-twist 𝑛-roll spin of 𝐿. Up to equivalence 𝜏𝑚𝜌𝑛 (𝐿) only
depends on the choice of 𝐿. When 𝑛 = 0 we simply call 𝜏𝑚 (𝐿) := 𝜏𝑚𝜌0 (𝐿) the
𝑚-twist spin of 𝐿, while 𝜌𝑛 (𝐿) := 𝜏0𝜌𝑛 (𝐿) is called the 𝑛-roll spin of 𝐿.
A more geometric description of twist and roll spun knots can be obtained as

follows [15]. Starting with the knot 𝐿, take the connected sum of 𝐿 with its mirror
𝐿. The knot 𝐿#𝐿 bounds a disk 𝐷𝐿 in 𝐵4, which can be seen by starting with a
symmetric diagram of 𝐿#𝐿, and rotating the left half of the diagram through 𝐵4
about its axis of symmetry, ending at the right half of the diagram as in Figure 12.

S3

DL B4

Fig. 12 A disk in 𝐵4 bounded by 𝐿#𝐿.



Knotted surfaces in 4-manifolds and their diagrams 11

Now, let𝐶 ⊆ 𝑆3×[0, 1] be a concordance between 𝐿#𝐿 and itself. In other words,
𝐶 is an annulus properly embedded in 𝑆3× [0, 1] with𝐶 ∩ (𝑆3× {0}) = (𝐿#𝐿) × {0}
and𝐶 ∩ (𝑆3× {1}) = (𝐿#𝐿) × {1}. We may glue separate copies of the disk/ball pair
(𝐵4, 𝐷𝐿) to both ends of (𝑆3 × [0, 1], 𝐶), by identifying 𝜕 (𝐵4, 𝐷𝐿) = (𝑆3, 𝐿#𝐿)
with (𝑆3 × {0}, 𝐿#𝐿) and (𝑆3 × {1}, 𝐿#𝐿) respectively. This results in a 2-sphere
Σ𝐶 embedded in 𝑆4 � 𝐵4 ∪ (𝑆3 × [0, 1]) ∪ 𝐵4.
Different choices of concordance 𝐶 will give rise to different 2-knots Σ𝐶 . If we

take 𝐶 to be the trivial concordance (𝐿#𝐿) × [0, 1] ⊆ 𝑆3 × [0, 1] then after capping
off we obtain the (0-twist, 0-roll) spun knot 𝜏0𝜌0 (𝐿).
We can instead modify the trivial concordance 𝐶 = (𝐿#𝐿) × [0, 1] by adding

𝑚 twists to one of the connect summands of 𝐿#𝐿 as we travel up from 0 to 1 (see
Figure 13). We’ll denote the resulting concordance 𝐶𝜏𝑚 . Capping off 𝐶𝜏𝑚 with
copies of (𝐵4, 𝐷𝐿) as above gives 𝜏𝑚 (𝐿), the 𝑚-twist spin of 𝐿.
Alternatively, we can modify 𝐶 by shrinking one of the connect summands of

𝐿#𝐿, and pulling it along its strand (through the other connected summand, see again
Figure 13) and back to its starting position. If we do this 𝑛 times as we travel along
the concordance from 0 to 1 we obtain a concordance we denote by 𝐶𝜌𝑛 . By capping
𝐶𝜌𝑛 off we now obtain 𝜌𝑛 (𝐿), the 𝑛-roll spin of 𝐿.
Finally, the 𝑚-twist 𝑛-roll spin 𝜏𝑚𝜌𝑛 (𝐿) is obtained by stacking the two con-

cordances 𝐶𝜏𝑚 and 𝐶𝜌𝑛 together, before capping the resulting concordance off as
before.

DL DL DL

DL DL DL

C Cτm Cρn

m− times n− times

Fig. 13 Building twist roll spun knots by capping off concordances with ribbon disks.
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Exercises

1.1. Show that the two knotted surfaces in Figure 3 are equivalent.
1.2. Consider a spun trefoil knot 𝐾 . How would you draw a broken surface diagram

for 𝐾? (It may be difficult to actually draw it, but give it a shot.)
1.3. Show that the 0-twist 0-roll spun left-handed trefoil is isotopic to the 0-twist

0-roll spun right-handed trefoil. (Hint: You’ll need to think carefully about the
orientation of the ambient space here.) Does your proof still work if you consider
an 𝑛-twist spun trefoil?

1.4. Let 𝐾 be an orientable surface knot, and let 𝑆3 denote the standard 3-sphere lying
in 𝑆4. Show that if 𝐾 bounds a 3-dimensional handlebody then 𝐾 can be isotoped
to lie entirely in 𝑆3 ⊆ 𝑆4. Can you prove the converse? (It’s true, but more difficult
to prove.)

1.5. Prove that the result of performing surgery along a connected complex of 𝑘
embedded 2-spheres 𝑆1, . . . , 𝑆𝑘 and 𝑘 − 1 arcs 𝛼1, . . . , 𝛼𝑘−1 as described in
Section 1.3.1 is orientable, and is an embedded 2-sphere.

1.6. A ribbon disk 𝐷 ⊆ 𝑆3 is an immersed disk with only ribbon intersections, i.e.
intersections of the form shown below:

D

A (classical) ribbon knot 𝐽 ⊆ 𝑆3 is a knot which arises as the boundary of a
ribbon disk. Any ribbon disk can be pushed slightly into 𝐵4 to yield a properly
embedded disk which does not have any local maxima with respect to the radial
distance function on 𝐵4. (Here, we think of 𝑆3 as the boundary of 𝐵4.)

a. Show that any ribbon 2-knot in 𝑆4 can be isotoped so that its intersection with
the equatorial 3-sphere is a classical ribbon knot.

b. In the above situation, does the ribbon knot 𝐽 = 𝑆3 ∩ 𝐾 depend only on the
2-knot 𝐾? If not, how do the choices we make affect 𝐽?

c. Show that any ribbon 2-knot 𝐾 in 𝑆4 can be obtained as the double of an
embedded ribbon disk 𝐷 ⊆ 𝐵4. In other words, (𝑆4, 𝐾) can be obtained by
gluing two copies of (𝐵4, 𝐷) together via the identity along 𝑆3 = 𝜕𝐵4.

1.7. Let 𝐿 be an 𝑚-component unlink in 𝑆3, and let 𝐸 and 𝐸 ′ each be a set of 𝑚 disks
smoothly embedded in 𝑆3 whose boundaries are the unlink 𝐿. Show that 𝐸 and
𝐸 ′ are smoothly isotopic rel boundary in 𝐵4. In other words, after pushing the
interiors of 𝐸 and 𝐸 ′ slightly into 𝐵4, show that there is an isotopy which takes 𝐸
to 𝐸 ′, fixing their boundaries. (Hint: Try to work out the 𝑚 = 1 case first. You’ll
probably want to invoke the 3-dimensional Schoenflies theorem here, which states
that any smoothly embedded 2-sphere in 𝑆3 bounds a smoothly embedded 3-ball.)
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2 Banded unlink diagrams of knotted surfaces and Swenton’s
theorem

Although broken surface diagrams are useful for representing knotted surfaces in
𝑆4, they can be difficult to draw and somewhat cumbersome to work with, espe-
cially for particularly complicated surfaces. In this section we discuss banded unlink
diagrams, which allow us to represent surfaces via a single diagram of a classical
(1-dimensional) link with bands attached. In addition to being easier to draw, they
also have the advantage of generalizing to surfaces in arbitrary smooth 4-manifolds,
which we discuss in Section 3.

2.1 Motion picture diagrams

We begin by outlining a natural technique for describing knotted surfaces in 𝑆4,
using motion picture diagrams. It will be convenient to think of our knotted surfaces
as living in a punctured 4-sphere, 𝑆4 \ {pt} � R4 � R3 × R, where we think of the
last R factor in the product as describing a time coordinate. Now, given a knotted
surface 𝐾 for each 𝑡 ∈ R we define

𝐾𝑡 = 𝐾 ∩
(
R3 × {𝑡}

)
.

We think of the set {𝐾𝑡 }𝑡 ∈R as being a family of cross-sections of our surface 𝐾 , and
we call the set {𝐾𝑡 }𝑡 ∈R a motion picture of 𝐾 . Taken together, these cross-sections
(called stills or frames of the motion picture) allow us to perfectly reconstruct the
knotted surface 𝐾 .
In general, these cross-sections 𝐾𝑡 may be complicated. However, after an arbi-

trarily small perturbation we may arrange 𝐾 so that the projection 𝜋 : R3 × R→ R
restricts to a Morse function on 𝐾 , where each 𝑡 ∈ R is the image of at most one
critical point of 𝜋 |𝐾 . In this situation 𝐾𝑡 will be a link in R3 × {𝑡} � R3 for all but
finitely many 𝑡 (which correspond to the critical values of the Morse function 𝜋 |𝐾 ).
When 𝑡 ∈ R is a critical value of 𝜋 |𝐾 the set 𝐾𝑡 will be a singular link in R3, with

singular points corresponding to either relative minima, relative maxima, or saddle
points of the Morse function 𝜋 |𝐾 . Thus, for nearby regular values 𝑡, 𝑡 ′ ∈ R, the links
𝐾𝑡 and 𝐾𝑡′ will differ by one of the following (see Figure 15):

1. the deletion of an unknotted component, if [𝑡, 𝑡 ′] contains a local maximum,
2. two strands recombining, if [𝑡, 𝑡 ′] contains a saddle point,
3. the addition of an unknotted component, if [𝑡, 𝑡 ′] contains a local minimum, or
4. an ambient isotopy, if [𝑡, 𝑡 ′] contains only regular values.

In practice, we don’t need to keep track of the infinite family of cross-sections
{𝐾𝑡 }𝑡 ∈R. Instead, we only need to record a finite sequence 𝐾𝑡0 , 𝐾𝑡1 , . . . , 𝐾𝑡𝑁 of
cross-sections for some regular values 𝑡0 < 𝑡1 < · · · < 𝑡𝑁 . We represent these cross-
sections as a sequence of link diagrams 𝐷𝑡0 , 𝐷𝑡1 , . . . , 𝐷𝑡𝑁 . In order to preserve
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t = 6

t = 5

t = 4

t = 3

t = 2

t = 1

t = 0

∅ = K6

= K5

= K4

= K3

= K2

= K1

∅ = K0

Fig. 14 Representing a surface by a sequence of cross-sections. Notice that this figure depicts a
surface in 3-space, and hence all of the nonsingular cross-sections are unlinks. For knotted surfaces
in 4-space, the level sets 𝐾𝑡 will in general be knotted.

local maximum

saddle point

local minimum

isotopy

∅

∅

Fig. 15 Nearby regular values 𝑡 and 𝑡′ of 𝜋 |𝐾 will give rise to level sets 𝐾𝑡 and 𝐾𝑡′ which differ by
one of the above modifications, corresponding to passing a Morse critical point (local maximum,
saddle point, or local minimum), or ambient isotopy if the interval [𝑡 , 𝑡′] doesn’t contain any
critical values.

enough information to accurately recover the surface 𝐾 , we need enough 𝑡 𝑗 values so
that when reconstructing 𝐾 it is clearly evident how to interpolate between adjacent
cross-sections𝐾𝑡 𝑗 and𝐾𝑡 𝑗−1 , whether it be by a singleMorse critical point or a specific
isotopy. (Choosing a different isotopy taking 𝐾𝑡 𝑗−1 to 𝐾𝑡 𝑗 may result in inequivalent
knotted surfaces after reconstructing.) To accomplish this, the 𝑡 𝑗 values are often
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chosen so that each pari of adjacent diagrams 𝐷𝑡 𝑗 and 𝐷𝑡 𝑗−1 differ by either a single
Reidemeister move, Morse critical point, or simple planar isotopy. The family of
diagrams {𝐷𝑡0 , 𝐷𝑡1 , . . . , 𝐷𝑡𝑁 } is called a motion picture diagram of 𝐾 .

t

Fig. 16 Amotion picture diagram of a knotted sphere, with two (global) minima, two saddle points,
and two (global) maxima. In this figure we illustrate the singular level sets for clarity, though they
are often omitted from the motion picture.

2.2 Banded unlink diagrams

Motion picture diagrams are easy to interpret, though the sequences of frames needed
to adequately describe complicated surfaces can still be quite long. In this section
we will see how all of the important topological information contained in a motion
picture diagram can be expressed in a single frame of the diagram, significantly
reducing the number of diagrams that need to be drawn.
The first step will be to “flatten" a small neighborhood of each critical point of

the surface 𝐾 . By applying an isotopy supported in a small neighborhood of each
critical point, we can flatten the local maxima, local minima, and saddle points to
obtainminimum disks,maximum disks, and saddle bands as in Figure 17. Themotion
picture in Figure 18 shows the result of flattening the critical points in the knotted
surface defined in Figure 16.
Notice that passing a minimum disk in our surface results in a new unknotted

component appearing in the subsequent cross-sections of the motion picture. Passing
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maximum disk

saddle band

minimum disk ∅

∅

Fig. 17 By applying a small isotopy in a neighborhood of each critical point we can flatten out
the local minima, local maxima, and saddle points to obtain minimum disks, maximum disks, and
saddle bands respectively.

t

Fig. 18 The knotted surface from Figure 16, with critical points flattened.

a maximum disk likewise removes an unknotted component from appearing in the
subsequent cross-sections. When passing a saddle band the cross-sections of 𝐾
change by a band surgery, as in Figure 19. In fact, it will be convenient to establish
some notation here for what follows. Suppose that 𝐿 is a link in 𝑆3, and that 𝐵 is
a collection of bands attached along 𝐿. Then the result of performing surgery to 𝐿
along the bands 𝐵 is denoted by 𝐿𝐵 (see Figure 20).
Returning to our example, note that the representation of the surface in Figure 18

can be simplified further, by elongating the saddle bands and stretching out the
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Fig. 19 The effect of passing a saddle band in a motion picture with flattened critical points.

L

B

LB

Fig. 20 Performing surgery to a link 𝐿 along bands 𝐵, resulting in a new link 𝐿𝐵 .

maximum disks. Indeed, much of the diagram in Figure 18 is dedicated to describing
the isotopies of the two circles that are created by the pair of minima, as well as the
pair of circles that disappear at the maxima. Instead of isotoping the circles around
shortly after they are created, we can isotope the surface so that the circles stay in
a fixed position after they appear. To compensate for fixing the circles, the saddle
bands must be stretched along the path of the isotopy of the circles from the original
diagram. Similarly, if we want to keep the circles fixed after the saddle bands we
can do so, at the expense of stretching the maximal disks to compensate. These
modifications are illustrated in Figure 21, which represents the same surface as in
Figures 16 and 18.

t

Fig. 21 The knotted surface from Figures 16 and 18, where we have fixed the position of the circles
that appear from the minimum disks by lengthening the bands and stretching the maximum disks
accordingly.

Notice that in the surfaces we have drawn so far, the critical points have all been
ordered so that the minimal disks occur first, followed by the saddle bands, and
finally the maximal disks. While this won’t be the case with every knotted surface
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that you encounter in the wild, the following useful fact can be used to exchange the
relative heights of critical points to achieve this:

Lemma 1 Given a knotted surface 𝐾 ⊆ R4 represented by a motion picture diagram
with flattened critical points as above, the following rearrangements can always be
achieved by an ambient isotopy:

1. a maximum disk can be pushed above any other critical point,
2. a minimum disk can be pushed below any other critical point,
3. the relative heights of two saddle bands can be interchanged, and
4. a saddle band can be pushed above any minimal disk, or below any maximal disk.

Notice that Lemma 1 does not allow us to push a saddle band below a minimum
disk or above a maximum disk. This will not be possible if the saddle band of
interest is attached to the circle that is created by the minimum disk, for example.
See Figure 22 for an illustration of Lemma 1. Notice that in Figure 22 the saddle
bands can be kept disjoint while their heights are exchanged. This won’t always be
the case, as we will see below.

Fig. 22 The relative heights of a pair of maximum disks is exchanged, as well as the relative
heights of two saddle bands. See Lemma 1 for a more detailed description of when the heights of
two critical points may be exchanged.

By repeated application of Lemma 1 to our knotted surface 𝐾 , we can actually
arrange something stronger:
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Proposition 1 After ambient isotopy, 𝐾 can be arranged with respect to the height
function on R4 � R3 × R such that

1. all minimum disks lie in R3 × {−1},
2. all saddle band lie in R3 × {0}, and
3. all maximum disks lie in R3 × {1}.

For a surface arranged as in Proposition 1 all of the important information about
the surface is contained in𝐾0 = 𝐾∩(R3×{0}) (see Figure 23). In fact, once the central
cross-section 𝐾0 is fixed, the minimum and maximum disks are uniquely determined
up to isotopy inR3× (−∞,−1] andR3× [1,∞) respectively (see Exercise 1.7). Thus,
up to ambient isotopy the knotted surface 𝐾 can be entirely described by the central
cross-section 𝐾0.

t = 1

t = 0

t = −1

band surgery

Fig. 23 A knotted surface whose minimum disks, saddle bands, and maximum disks are arranged
as in Proposition 1.

Note that for a knotted surface 𝐾 as in Proposition 1, the central cross-section 𝐾0
will consist of a link 𝐿 with a collection of bands 𝐵 attached. Since the link 𝐿 was
created as the boundaries of disjoint minimal disks at height 𝑡 = −1, the link 𝐿 will
necessarily be an unlink. Furthermore, since 𝐾 must be capped off with maximal
disks at height 𝑡 = 1, we necessarily end up with an unlink after performing the band
surgeries along the bands in 𝐵. In other words, the cross-section 𝐾0 must consist
of an unlink 𝐿, together with a set of bands 𝐵 such that 𝐿𝐵 is also an unlink. This
motivates the following definition:

Definition 5 A banded unlink diagram is a pair (𝐿, 𝐵), where
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1. 𝐿 is an unlink in R3,
2. 𝐵 is a finite collection of bands attached along 𝐿, and
3. 𝐿𝐵 is an unlink in R3.

LBL

Fig. 24 Left: An unlink 𝐿 with bands 𝐵 attached. Right: Since the result of performing band
surgery to 𝐿 along 𝐵 is again an unlink, the pair (𝐿, 𝐵) is a banded unlink diagram.

Given a banded unlink diagram (𝐿, 𝐵) ⊆ R3, we obtain a knotted surface Σ(𝐿, 𝐵)
in R4 as follows. First, we view (𝐿, 𝐵) as living in R3 × {0} ⊆ R4, and we cap off
𝐿 with boundary parallel disks embedded in R3 × (−∞, 0], and cap off 𝐿𝐵 with
boundary parallel disks embedded in R3 × [0,∞) as in Figure 25. Because these
embedded disks are unique up to isotopy rel boundary, the resulting surface Σ(𝐿, 𝐵)
is well-defined up to isotopy.

Σ(L,B)

Fig. 25 Building a knotted surface Σ(𝐿, 𝐵) ⊆ R4 from a banded unlink diagram (𝐿, 𝐵) in
R3 × {0}. Embedded disks are used to cap off the unlink 𝐿 from below, and the unlink 𝐿𝐵 from
above.

Theorem 2 If (𝐿, 𝐵) ⊆ R3 is a banded unlink diagram, then the surface Σ(𝐿, 𝐵) ⊆
R4 obtained from capping off 𝐿 and 𝐿𝐵 with boundary parallel disks as described
above is unique up to isotopy.

In light of Theorem 2, once we’ve positioned all of the saddle bands at height
𝑡 = 0 we can represent a knotted surface 𝐾 via the banded unlink at its central
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cross-section 𝐾0. This gives us a compact way of representing knotted surfaces in
R4 and 𝑆4.
It’s worth noting that banded unlink diagrams are related to another technique of

representing knotted surfaces called normal forms. For surfaces in normal form the
saddle bands are separated between two different levels, while the cross sections in
between are connected. See [2, 11], for example, for more details.

2.3 Swenton’s theorem

Now that we’ve seen how knotted surfaces gives rise to banded unlink diagrams and
vice versa, it’s worth asking to what extent a knotted surface uniquely determines a
banded unlink diagram. To see this, it’s instructive to try converting a motion picture
diagram to a banded unlink diagram.
Consider again the motion picture in Figure 21. Because the second band is

attached along segments of the link that were created by the first band surgery,
directly pushing the two bands to the same level will result in intersections between
the bands. To avoid this, we may slide the second band along the link slightly, so
that it avoids the other band when the two bands are pushed to the same level (see
Figure 26).

banded unlink diagrams

Fig. 26 Converting a motion picture diagram to a banded unlink diagram. This requires sliding
one of the bands out of the way of the other band so that they can be pushed to the same level. The
choice of which direction to push the band will result in banded unlink diagrams that differ by a
sequence of band slides as illustrated in Figures 28 and 29.
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band slide

Fig. 27 If the endpoint of one band intersects the edge of a different band when pushed to the
same level then the intersection can be resolved in one of two ways. The resulting banded unlink
diagrams will differ by a band slide operation.

Note, however, that there were two directions we could have slid the band (or, we
could have slid one end of the band one direction, and the other end of the band in
the other direction). Sliding the band in the other direction would have resulted in
a different banded unlink diagram for the same knotted surface. The resulting two
banded unlink diagrams will differ from each other by a sequence of band slides,
where the endpoint of one band is dragged along the edge of another band as in
Figure 28.

band slide

Fig. 28 A band slide operation, which changes the banded unlink diagram but does not change the
isotopy class of the resulting surface.

Alternatively, a motion picture of 𝐾 may involve a pair of bands which (if pushed
to the same level) would intersect in the interior of one band as in Figure 30. Avoiding
such self-intersections requires choosing a direction to push the band out of the way,
and the choice of pushing direction results in banded unlink diagrams that differ by
a band swim operation, illustrated in Figure 31.
The band slide and band swimmoves are sufficient to capture the choices required

when converting a given motion picture diagram into a banded unlink diagram. It
is also possible, however, for different motion picture representations of the same
surface to have different critical points under the Morse height function. For ex-
ample, via a local isotopy we can always create a pair of canceling critical points,
consisting of a saddle point and either a local minimum or local maximum point.
When converted to the language of banded unlink diagrams, adding these pairs of
canceling critical points correspond to cap and cupmoves as illustrated in Figure 32.
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band

slide

band

slide

Fig. 29 A pair of band slides allows us to relate the two banded unlink diagrams of the surface
depicted in Figure 26. We first slide the left endpoint of the smaller band along the edge of the
larger band, before sliding the right endpoint of the smaller band along the larger band. Notice that
the band has a half-twist after the first slide, which is undone by the second slide.

band swim

Fig. 30 There are two ways of pushing a band out of the way to avoid intersections in the interior
of a band. The resulting pair of diagrams differ by a band swim as illustrated in Figure 31.

band swim

Fig. 31 A band swim operation, which changes the banded unlink diagram but does not change
the isotopy class of the resulting surface.

The following theorem establishes that the above moves are sufficient to relate
the banded unlink diagrams of any two isotopic knotted surfaces. It was originally
conjectured by Yoshikawa [18] and was proved by Swenton, with an alternate proof
being given by Kearton and Kurlin. We won’t discuss the proof here, but will outline
the proof of a generalized version of this theorem in Section 3.
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cupcap

Fig. 32 The cap and cup moves, each of which correspond to adding/removing pairs of canceling
critical points.

Theorem 3 (Swenton [17], Kearton-Kurlin [12]) Let (𝐿, 𝐵) and (𝐿 ′, 𝐵′) be banded
unlink diagrams. Then the knotted surfaces Σ(𝐿, 𝐵) and Σ(𝐿 ′, 𝐵′) are isotopic in R4
if and only if (𝐿, 𝐵) and (𝐿 ′, 𝐵′) can be joined by a sequence of band slides, band
swims, cap and cup moves, and isotopy in R3.

Exercises

2.1. For the following pairs of banded unlink diagrams, try to determine which pairs
determine isotopic surfaces. Can you identify the underlying surfaces? (Hint: Try
to find band slides/swims to convert one diagram to the other if you can, or find
a reason why no such sequence of moves exists.)

Pair 1 Pair 2 Pair 3

2.2. Convert both the motion picture diagram and broken surface diagram below to
banded unlink diagrams. Can you convert the broken surface diagram to a motion
picture diagram, and vice versa?
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2.3. A projective plane in 𝑆4 is said to be unknotted if it is isotopic to the surface
𝑃0 below or its mirror (the figure below has a single saddle point in the central
frame):

A nonorientable surface in 𝑆4 is said to be unknotted if it is isotopic to a connected
sum of a finite number of unknotted RP2 in 𝑆4.

a. Starting from the motion picture above, draw a banded unlink diagram of 𝑃0.
b. Draw a banded unlink diagram of the ribbon 2-knot 𝐾 below:

c. Show that the connected sumof the above 2-knot𝐾 and 𝑃0 is another unknotted
RP2. In other words, 𝐾#𝑃0 = 𝑃0.

This example is due to Viro. It can be shown that 𝐾 is knotted by looking at
𝜋1 (𝑆4\𝐾). It shows that unlike in the classical dimension, unknotted surfaces
may remain unknotted, even after taking connected sums with knotted surfaces.
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2.4. a. Draw a banded unlink diagram of the spun trefoil. (Hint: Start by drawing a
symmetric diagram of the connected sum of the trefoil with its mirror. Think of
this as the middle cross-section of the spun knot, so half of the spinning takes
place above the plane of the diagram and the other half takes place below
it. Can you identify which parts of the diagram will contribute min/max disks
when spun? And where the saddle bands will appear? As an extra hint, notice
that the bands will appear in pairs, each pair contributing one band above the
plane of the diagram and one band below it.)

b. Can you generalize your approach in part (a) to find an algorithm for producing
a banded unlink diagram of any spun knot? What will determine the number
of link components, and the number of bands?

2.5. a. Draw a banded unlink diagram of the 1-twist spun trefoil. (Hint: Start with
the diagram of the spun trefoil you drew in Exercise 2.4. Separate each pair
of bands in your diagram, pushing one band above the level of the plane and
one band below it. Then keep track of what will happen to these bands as you
apply the twisting above plane.)

b. How will the result in part (a) change if you add 𝑛 twists? Or if you apply it to
an arbitrary knot?

2.6. (Challenging Problem/Bonus Question) In 1965 Zeeman proved that the 1-twist
spin of any knot in 𝑆3 is unknotted. (More precisely, he proved that the 𝑛-twist
spin of a knot 𝐽 is a fibered 2-knot, whose fiber is the punctured 𝑛-fold cyclic
covering of 𝑆3 branched over 𝐽.) Using band moves and the diagram you obtained
in Exercise 2.5, show directly that the 1-twist spun trefoil is unknotted.

3 Banded unlink diagrams in arbitrary 4-manifolds

The previousmethodswe discussed for representing knotted surfaces (broken surface
diagrams, motion picture diagrams, and banded unlink diagrams) all work well
for describing surfaces in 𝑆4 or R4. Working with surfaces in arbitrary smooth 4-
manifolds requires additional work, however. In this section we focus on generalizing
the notion of banded unlink diagrams to closed surfaces smoothly embedded in
arbitrary smooth 4-manifolds.

3.1 Kirby diagrams and handle decompositions of smooth 4-manifolds

One important ingredient when defining and working with banded unlink diagrams
in R4 was the the height function, which we took to be the restriction of the standard
projection 𝜋 : R4 � R3 × R→ R. We used this height function to describe surfaces
in terms of minimum disks, maximum disks, and saddle bands. We also used this
height function (implicitly) to “push" the saddle bands around vertically, so that they
could all be arranged in the central cross-section of the surface.
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Consider now the situation when we want to describe a knotted surface which
is smoothly embedded in a smooth closed 4-manifold. If we wish to describe the
surface again terms of minimum disks, maximum disks, and saddle bands we need
to define a height function on the ambient space. Ideally, this height function would
be encoded in a way which allows us to easily understand how the knotted surface
interacts with the topology of the ambient manifold. Fortunately for us, 4-manifolds
are often described and studied via handle decompositions which are induced by
Morse functions, and these Morse functions can be used to simultaneously describe
both the embedded surface and the ambient 4-manifold.
Let 𝑋 be a closed (compact, without boundary) connected smooth 4-manifold.

Let ℎ : 𝑋 → R be a self-indexing Morse function. In other words, ℎ is a Morse
function on 𝑋 with the property that every critical point 𝑝 with index 𝑖 has ℎ(𝑝) = 𝑖
(every Morse function can be homotoped throughMorse functions to a self-indexing
one).
Recall that a Morse function ℎ : 𝑋 → R induces a decomposition of 𝑋 into

handles. A 4-dimensional 𝑘-handle is a space which is diffeomorphic to 𝐵𝑘 × 𝐵4−𝑘 ,
and which is attached to a 4-manifold 𝑌 via an embedding

𝜓 : (𝜕𝐵𝑘 ) × 𝐵4−𝑘 → 𝜕𝑌

which defines a gluing map for 𝑌 ∪𝜓 (𝐵𝑘 × 𝐵4−𝑘 ). The set (𝜕𝐵𝑘 ) × 𝐵4−𝑘 is called
the attaching region of the handle. The set 𝐵𝑘 × {0} is called the core of the handle,
while {0} × 𝐵4−𝑘 is called its cocore.
For example, a 4-dimensional 0-handle is a simply a copy of 𝐵4, which has

an empty attaching region, and hence is “attached" to 𝑌 as a disjoint union. A
4-dimensional 1-handle is diffeomorpic to 𝐵1 × 𝐵3, which is attached to 𝑌 by an
embedding of 𝜕𝐵1 × 𝐵3 = {−1, 1} × 𝐵3 into 𝜕𝑌 . In other words, we simply specify
where the “feet" of the 1-handle are to be attached in 𝜕𝑌 . A 4-dimensional 2-
handle is diffeomorphic to 𝐵2 × 𝐵2, which is attached to 𝑌 by an embedding of
𝜕𝐵2 × 𝐵2 = 𝑆1 × 𝐵2 in 𝜕𝑌 . See Figure 33 for an illustration of 4-dimensional 0-, 1-,
and 2-handles, and their attaching regions.
A handle decomposition on 𝑋 is a decomposition of 𝑋 = ℎ1 ∪ ℎ2 ∪ · · · ∪ ℎℓ

into handles {ℎ1, ℎ2, . . . , ℎℓ }, such that the handles ℎ 𝑗 all have pairwise disjoint
interiors, and each ℎ 𝑗 is attached to ℎ1∪ ℎ2∪ · · ·∪ ℎ 𝑗−1 as described above. AMorse
function ℎ : 𝑋 → R induces a handle decomposition of 𝑋 , with one 4-dimensional
𝑘-handle for each Morse critical point of index 𝑘 . If ℎ is self-indexing, then this
handle decomposition is build by first attaching the 0-handles, then attaching the
1-handles, then 2-handles, and so on, where each 𝑘-handle can be assumed to be
attached to the union of the handles of index < 𝑘 .
Conveniently, it turns out that if 𝑋 is connected then we may assume that it has

precisely one 0-handle 𝐵4. Futhermore, if 𝑋 is a closed 4-manifold, then there is a
unique way to glue in the 3- and 4-handles once the 0-, 1-, and 2-handles are attached.
Thus to describe a handle decomposition of a closed, connected, smooth 4-manifold
𝑋 , it suffices to specify how the 1- and 2-handles are attached to the boundary 𝑆3
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Fig. 33 Illustrations of 4-dimensional 0-, 1-, and 2-handles, along with their attaching regions (in
blue). In Kirby diagrams 1-handles are specified by a pair of embedded 3-balls (the “feet" of the
1-handle), or equivalently by a dotted circle. On the other hand, 2-handle attachments are specified
by framed circles, which determine embeddings of the individual handle attaching regions 𝑆1×𝐵2.

of the unique 0-handle of 𝑋 . These 1- and 2-handle attachments are described by a
Kirby or handlebody diagram of 𝑋 .
Each 1-handle attachment is specified by a pair of embedded 3-balls in 𝑆3, or

equivalently, a dotted unknotted circle. (Adding a 1-handle is equivalent to deleting
a 2-handle from inside the 0-handle 𝐵4, and this dotted circle specifies the boundary
of the 2-handle that is to be deleted.)
Once the 1-handles attachments are drawn in 𝑆3, the 2-handles are then specified

as a link in the complement of the 1-handle components, where each 2-handle link
component is assigned an integer framing. The 2-handles are attached along a tubular
neighborhood of this link, where the integer framing determines how each 2-handle
attaching region twists along the embedding. More precisely, a 2-handle attaching
circle 𝐶 with framing 𝑛 indicates that the attaching region 𝑆1 × 𝐵2 is to be glued
in such a way that 𝑆1 × {0} is sent to 𝐶, while 𝑆1 × {1} is sent to a curve that is a
parallel push-off of 𝐶, but which represents the class 𝑛 ∈ 𝐻1 (𝑆3 \ 𝐶) � Z.
See Figure 34 for an example of a Kirby diagram of a closed, connected 4-

manifold. For much more thorough treatments of 4-manifolds and Kirby diagrams,
see [1] or [7].
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0

−1

0

∪ two 3− handles

∪ 4− handle

Fig. 34 A Kirby diagram of a closed, connected 4-manifold 𝑋 . This diagram takes place in
𝑆3, which is thought of as the boundary of the unique 0-handle of 𝑋 . It contains one 1-handle
(represented by the dotted circle) and three 2-handles (represented by the link components with
framings specified). Attaching two 3-handle and a single 4-handle (whose gluing maps are uniquely
determined) caps off the handle decomposition to give a closed 4-manifold.

3.2 Banded unlink diagrams in arbitrary 4-manifolds

Now, if ℎ : 𝑋 → R is a self-indexing Morse function on 𝑋 , letK be a Kirby diagram
for the handle decomposition induced on 𝑋 by ℎ. We think of K as being a link
in 𝑆3, where each component of K is decorated with either a dot and is unknotted
(corresponding to a 1-handle attachment), or an integer framing (corresponding to a
2-handle attachment).
For each 𝑡 ∈ R, we set 𝑀𝑡 := ℎ−1 (𝑡). We can think of 𝑀𝑡 as being the boundary

of ℎ−1 ((−∞, 𝑡]). Since ℎ is self-indexing, 𝑀1/2 = 𝑆3 is the boundary of the unique
0-handle (which is attached at time 𝑡 = 0), 𝑀3/2 is the boundary of the union of the
0- and 1-handles (attached at time 𝑡 = 1), and 𝑀5/2 is the boundary of the 0-, 1-, and
2-handles (attached at time 𝑡 = 2).
It can be seen that each 1-handle that is attached changes 𝑀𝑡 by a 0-framed Dehn

surgery along the corresponding dotted 1-handle circle inK. Likewise, each 2-handle
attachment changes 𝑀𝑡 by a Dehn surgery along the corresponding framed 2-handle
attaching circle in K. Thus we can identify 𝑀3/2 with the result of performing 0-
surgery to 𝑆3 = 𝑀1/2 along the 1-handle attaching circles of K, and we can identify
𝑀5/2 with the result of performingDehn surgery to𝑀3/2 along the 2-handle attaching
circles of K.
Now, let (𝐿, 𝐵) be a pair consisting of a link 𝐿 and a finite collection of bands

𝐵 attached to 𝐿, and suppose that (𝐿, 𝐵) lies in the complement of a tubular neigh-
borhood of K, i.e. (𝐿, 𝐵) ⊆ 𝑆3 \ 𝜈(K). Then, since (𝐿, 𝐵) avoids the 1-handle and
2-handle surgeries, we may think of (𝐿, 𝐵) as living simultaneously in 𝑀1/2, 𝑀3/2,
and 𝑀5/2.

Definition 6 A banded unlink diagram in the Kirby diagramK is a triple (K, 𝐿, 𝐵),
such that

1. (𝐿, 𝐵) is a banded link in the complement 𝑆3 \ 𝜈(K) of K,
2. 𝐿 bounds disjointly embedded disks 𝐷− in 𝑀1/2 that are disjoint from the dotted
1-handle circles, and

3. 𝐿𝐵 bounds disjointly embedded disks 𝐷+ in 𝑀5/2.
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We would like to see how we can interpret a banded unlink diagram (K, 𝐿, 𝐵) as
defining a closed surface Σ embedded in 𝑋 . To do this, we will define Σ ∩ 𝑀3/2 to
be union of the link 𝐿 and the bands 𝐵. We would like to extend the surface Σ from
this cross-section downwards over ℎ−1 ( [1/2, 3/2]) as a product 𝐿 × [1/2, 3/2], and
upwards over ℎ−1 ( [3/2, 5/2]) as a product 𝐿𝐵 × [3/2, 5/2] of the surgered link 𝐿𝐵.
Here, to define the product surfaces 𝐿 × [1/2, 3/2] and 𝐿𝐵 × [3/2, 5/2] we are

implicitly using product structures on the ambient space which are induced by the
Morse function ℎ and its gradient flow. Note that because there are critical points in
ℎ−1 ( [1/2, 3/2]) and ℎ−1 ( [3/2, 5/2]) corresponding to 1-handles and 2-handles of
𝑋 respectively, the gradient ∇ℎ doesn’t induce global product structures on either of
these sets. However, if we avoid a neighborhood of the ascending and descending
manifolds of these critical points (see Section 3.3 for more details) we obtain product
structures (𝑆3 \ 𝜈(K)) × [1/2, 3/2] and (𝑆3 \ 𝜈(K)) × [3/2, 5/2] on proper subsets
of ℎ−1 ( [1/2, 3/2]) and ℎ−1 ( [3/2, 5/2]) respectively. Since (𝐿, 𝐵) ⊆ 𝑆3 \ 𝜈(K), we
can use these product structures to define

𝐿 × [1/2, 3/2] ⊆ (𝑆3 \ 𝜈(K)) × [1/2, 3/2] ⊆ ℎ−1 ( [1/2, 3/2])

and
𝐿𝐵 × [3/2, 5/2] ⊆ (𝑆3 \ 𝜈(K)) × [3/2, 5/2] ⊆ ℎ−1 ( [3/2, 5/2]).

We can therefore extend Σ over these sets by setting

Σ ∩ ℎ−1 ( [1/2, 3/2]) = 𝐿 × [1/2, 3/2]

and
Σ ∩ ℎ−1 ( [3/2, 5/2]) = 𝐿𝐵 × [3/2, 5/2] .

We can cap off the surface Σ that we’ve built so far by adding disks along
each remaining boundary component. Since 𝐿 bounds a family of disks in 𝑀1/2 =
𝜕ℎ−1 ((−∞, 1/2]), we may embedded a family of boundary parallel disks 𝐷− in
ℎ−1 ((−∞, 1/2])whose boundary is 𝐿 ⊆ 𝑀1/2. Likewise, since 𝐿𝐵 bounds a family of
embedded disks in𝑀5/2 = 𝜕ℎ−1 ( [5/2,∞)), wemay embed a family of boundary par-
allel disks 𝐷+ in ℎ−1 ( [5/2,∞)) with boundary 𝐿𝐵 ⊆ 𝑀5/2. Note that the boundary
parallel disks (with fixed boundary) in ℎ−1 ( [5/2,∞)) = {3−handles}∪{4−handles}
are unique up to isotopy rel boundary, just as they are in ℎ−1 ((−∞, 3/2]) � 𝐵4. Thus,
we can use the disks𝐷− and𝐷+ to cap off our surface on the bottom and top uniquely,
giving a closed surface Σ in 𝑋 .
In summary, the surface Σ is build as follows
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Σ ∩ ℎ−1 ( [5/2,∞)) = 𝐷+

Σ ∩ ℎ−1 ((3/2, 5/2]) = 𝐿𝐵 × (3/2, 5/2]
Σ ∩ ℎ−1 (3/2) = 𝐿 ∪ 𝐵

Σ ∩ ℎ−1 ( [1/2, 3/2)) = 𝐿 × [1/2, 3/2)
Σ ∩ ℎ−1 ((−∞, 1/2]) = 𝐷−.

See Figure 35 for a schematic of the surface Σ described above.

4− handle

3− handles

2− handles

1− handles

0− handle

M5/2

M3/2

M1/2

Fig. 35 A schematic of the surface Σ = Σ(K , 𝐿, 𝐵) constructed from the banded unlink diagram
(K , 𝐿, 𝐵) , where K is a Kirby diagram for the 4-manifold 𝑋 .

Given a banded unlink diagram (K, 𝐿, 𝐵), whereK is a Kirby diagram for 𝑋 , we
denote the surface Σ constructed above by Σ(K, 𝐿, 𝐵) ⊆ 𝑋 . Note that the surface
Σ(K, 𝐿, 𝐵) is uniquely defined up to isotopy by the banded unlink diagram (K, 𝐿, 𝐵),
once we’ve fixed an identification of 𝑋 with the handle decomposition defined by
K. See Figure 36 for an example of a banded unlink diagram describing a surface in
CP2#(𝑆1 × 𝑆3).

3.3 Isotopies of banded unlink diagrams

Now that we have a method for describing knotted surfaces in a 4-manifold equipped
with a Morse function or handle decomposition, we’d like to understand to what
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1

Fig. 36 A banded unlink diagram representing a closed surface in CP2#(𝑆1 × 𝑆3) . Note that the
unlink 𝐿 in black bounds a pair of disks in 𝑆3, while the band-surgered link 𝐿𝐵 bounds a pair
of disks in 𝑆1 × 𝑆2 (the 3-manifold boundary obtained by performing surgery along the 1- and
2-handle attaching circles).

extent the resulting banded unlike diagrams are uniquely defined. Similar to the
situationwe encounteredwith banded unlink diagrams in 𝑆4, banded unlink diagrams
of isotopic surfaces in 𝑋 may differ by a combination of band slides and band swims.
In the general case, however, we also must consider how the surfaces interact with the
topology (as captured by the Kirby diagram) of the ambient manifold 𝑋 . As a result,
we also obtain moves which involve sliding or swimming the banded unlink over or
through some combination of 1-handle or 2-handle attaching circles, as illustrated
in Figure 37. Similar to Swenton’s theorem (Theorem 3) for knotted surfaces in 𝑆4,
Theorem 4 established that the moves in Figure 37 (together with isotopy in 𝑆3) are
sufficient to relate the banded unlink diagrams of any two isotopic surfaces in 𝑋 .

Theorem 4 (Hughes-Kim-Miller [9]) If Σ and Σ′ are closed surfaces smoothly
embedded in 𝑋 which are described by banded unlink diagrams (K, 𝐿, 𝐵) and
(K, 𝐿 ′, 𝐵′) respectively, then Σ and Σ′ are isotopic if and only if (K, 𝐿, 𝐵) and
(K, 𝐿 ′, 𝐵′) can be related by a sequence of ambient isotopies and the moves shown
in Figure 37.

A few comments regarding the moves in Figure 37 are in order. Notice that in
the moves involving the Kirby diagram the 1- and 2-handles aren’t interchangeable.
This is because we think of the banded unlink diagram as existing in the 𝑀3/2 level
set, with the 1-handles being added below, and 2-handles being added above. Thus,
for example, it’s possible to swim a 2-handle attaching circle through a band (right,
second row, Figure 37) since the 2-handle is attached after the band surgeries are
performed, and hence the 2-handle attaching circle can be isotoped through the lane
created by band surgery. The same can’t be achieved with a 1-handle dotted circle,
as the 1-handle attachments take place before the band surgeries are performed (and
thus, there is no gap in the link for the dotted circle to travel through). In fact,
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Fig. 37 A full set of moves which, together with isotopy in 𝑆3, are sufficient to related the banded
unlink diagrams of any two isotopic surfaces in 𝑋 .

swimming a dotted 1-handle circle through a band would involve forcing the link 𝐿
to travel over the corresponding 1-handle, which cannot be achieved through isotopy
of the surface. These points will become more evident as we sketch the proof of
Theorem 4 in Section 3.4.

3.4 Sketch of the proof of Theorem 4

Before sketching the proof of Theorem 4 we make a few comments about the proof
of Theorem 3, which says that isotopies of knotted surfaces in 𝑆4 can be captured
by band moves and isotopies of banded unlink diagrams in 𝑆3. Recall that given a
knotted surface we obtain a banded unlink diagram by pushing all maximum disks
up to 𝑡 = 1, pushing all minimum disks down to 𝑡 = −1, and pushing all of the saddle
bands to 𝑡 = 0. Given an isotopy of a knotted surface 𝐾 , we can track the images of
the saddle points of 𝐾 under the projection to time 𝑡 = 0 as the isotopy progresses.
Band moves arise at times in the isotopy when the images of two saddle bands
intersect under the projection. Furthermore, during the isotopy of 𝐾 the induced
Morse function 𝜋 |𝐾 : 𝐾 → R may change, and may involve cancellations between
pairs of critical points. These critical points pair cancellations give rise to cup moves
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(aminimumpoint cancelling a saddle point) and capmoves (a saddle point cancelling
a maximum point).
Proving the same results in an arbitrary closed 4-manifold equipped with a handle

decomposition is similar, thoughmore technical. The first step involvesmaking sense
of how to project the critical points of a surface 𝐾 down to a central cross-section.
Recall that if ℎ : 𝑋 → R is a Morse function, and 𝑡0 < 𝑡1 are two regular values of ℎ
with no critical values in [𝑡0, 𝑡1], then the gradient flow of ±∇ℎ allows us to identify
nearby level sets of ℎ and we obtain a diffeomorphism ℎ−1 ( [𝑡0, 𝑡1]) � 𝑀𝑡0 × [𝑡0, 𝑡1].
In particular, this identification of level allows us to project subsets of 𝑀𝑡1 down to
𝑀𝑡0 , and vice versa.
Our situation in 𝑋 is complicated by the fact that we often need to project saddle

bands up or down past critical points of ℎ (i.e. handle attachments in 𝑋), so we
cannot assume that [𝑡0, 𝑡1] is free of critical values of ℎ. However, if we avoid the
critical points in ℎ−1 ( [𝑡0, 𝑡1]), as well as all of the points that would project to those
critical points under the flow of ±∇ℎ, then we are able to identify the remaining
points using ±∇ℎ as before. This fact motivates the following definitions:

Definition 7 Let ℎ : 𝑋 → R be a Morse function, and let 𝜑𝑡 : 𝑋 → 𝑋 denote the
flow of −∇ℎ. If 𝑝 ∈ 𝑋 is a critical point of ℎ, then we define

• the ascending manifold of 𝑝 is

asc(𝑝) = {𝑥 ∈ 𝑋 | lim
𝑡→∞

𝜑𝑡 (𝑥) = 𝑝}

• the descending manifold of 𝑝 is

des(𝑝) = {𝑥 ∈ 𝑋 | lim
𝑡→−∞

𝜑𝑡 (𝑥) = 𝑝}.

Note that these are sometimes referred to as the stable and unstable manifolds of 𝑝
respectively.

From a handlebody perspective, note that the descending manifold of a critical
point corresponds to the core of the associated handle, while its ascending manifold
corresponds to its cocore.
Now, back to our surface 𝐾 embedded in 𝑋 . By dimensionality arguments we

may push 𝐾 off of the 0-, 3- and 4-handles, and assume that it lives in the union
of the 1- and 2-handles of 𝑋 , which we think of as being attached during the
time interval [1/2, 5/2]. Because the set ℎ−1 ( [1/2, 5/2]) contains critical points
the Morse gradient −∇ℎ will not induce a global product structure on it. However,
if we let 𝑊 denote the union of the ascending and descending manifolds of the
index 1- and 2-critical points of ℎ, then −∇ℎ will induce a product structure on
ℎ−1 ( [1/2, 5/2]) \𝑊 , which we denote by ℎ−1 ( [1/2, 5/2]) \𝑊 � 𝑀1/2 × [1/2, 5/2].
Thus, for any 𝑡0, 𝑡1 ∈ [1/2, 3/2] we may identify subsets of ℎ−1 (𝑡0) with subsets of
ℎ−1 (𝑡1) as long as they avoid the ascending and descending manifolds of the 1- and
2-handles of 𝑋 . We can use this identification as a projection function to push the
minimum disks of 𝐾 down to 𝑀1/2, the maximum disks of 𝐾 up to 𝑀5/2, and the
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Fig. 38 Ascending manifolds (blue) and descending manifolds (red) of low-index critical points
in a 4-manifold. Left: An index 0 critical point 𝑝, whose descending manifold is just {𝑝}, and
whose ascending manifold is 4-dimensional. Center: An index 1 critical point, with 1-dimensional
descendingmanifold and 3-dimensional ascendingmanifold.Right: An index 2 critical point, whose
descending and ascending manifolds are both 2-dimensional.

saddle bands of 𝐾 to 𝑀3/2. These projections can again be tracked during an isotopy
of 𝐾 to give a set of moves relating the banded unlink diagrams of isotopic surfaces.
Similar to the situation in 𝑆4, we run into issues when the projection of two

bands intersect in 𝑀3/2. Once again, these intersections give rise to band slides and
band swims, as in 𝑆4. We also obtain cap and cup moves which correspond to the
cancelling pairs of critical points of the induced Morse function ℎ|𝐾 : 𝐾 → R.

n
K

n
K

n
n

K

n n n

Fig. 39 Situations where the projection of a saddle band or link component may intersect other
saddle bands or the ascending/descending manifolds of index 1 and 2 critical points. Each such
intersection gives rise to a move between bands, link components, and handles. For the situations
on the right, the strands passing through the handle attaching circles represent any combination of
link components, handle attaching circles, and bands.

Unfortunately, during an isotopy of 𝐾 we can’t completely avoid the ascending
and descending manifolds of all of the index 1 and 2 critical points, and each time
a saddle band passes through these manifolds the resulting banded unlink diagram
changes by a band/handle move. For example, if a saddle band passes through the
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ascending manifold of an index 2-critical point (i.e. the cocore of the corresponding
2-handle) then after pushing that band down to 𝑀3/2 the resulting banded unlink
diagram will differ by a band slide over the 2-handle attaching circle (see top right,
Figure 39). Alternatively, if a saddle band passes through the descending manifold
of an index 2 critical point during the isotopy (i.e. the core of the corresponding 2-
handle), then after pushing that band up to𝑀1/2 the resulting banded unlink diagrams
will differ by a swim of the attaching circle of the 2-handle through the band (see
top left, Figure 39). The two dotted circle moves in Figure 37 correspond to sliding
part of the surface, either a link component or band, underneath a 1-handle (i.e. in
between the two 3-balls which make up the attaching region of the handle). See the
center and bottom right illustrations in Figure 39.

3.5 Banded unlink diagrams for immersed surfaces

In this final sectionwe briefly discuss howbanded unlink diagrams can bemodified to
described immersed surfaces in 4-manifolds. The main difference from the surfaces
we’ve considered previously is that immersed surfaces may have self-intersections
which must be represented in our diagrams.
Suppose then that𝐾 is a surfacewhich is immersed in 𝑋 . After a small perturbation

of 𝐾 we may assume that it is embedded away from a finite set of transverse double
points. Similar to howwe pushed all of the saddle bands of our surfaces to the central
cross-section 𝑀3/2 = ℎ−1 (3/2) in the embedded setting, through ambient isotopy
of 𝑋 we can also arrange for the self-intersections of 𝐾 to all sit inside 𝑀3/2. This
results in a singular banded link (𝐿, 𝐵), in which the link 𝐿 may have transverse
double points. Away from the 𝑀3/2 level the surface 𝐾 is embedded.
In the language ofmotion pictures, a transverse double point of𝐾 will be observed

as a crossing change in the link diagrams of the level sets. As 𝑡 increases, one strand
of the surface will approach another, before the two strands pass through each other
precisely at time 𝑡 = 3/2, before they separate again (see Figure 40).

t =
3

2
− ε t =

3

2
+ εt =

3

2

Fig. 40 A motion picture in a neighborhood of a singular point. The local intersection information
is recorded by decorating the singular point in the banded unlink diagram as above.
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We will record this local crossing information at each self-intersection of 𝐾 by
adding a decorated vertex at each singular point of the banded link (𝐿, 𝐵). By
choosing the direction of the vertex appropriately as in Figure 40, we can record
which strand is pushed above the other when we move slightly forward in time from
the singular banded unlink at time 𝑡 = 3/2. In other words, we orient each decorated
vertex so that the motion picture of 𝐾 looks locally like Figure 40 in a neighborhood
of each self-intersection, when read from left to right. Let 𝐿− denote the link we
obtain from 𝐿 by resolving each vertex as in the left of Figure 40, and let 𝐿+ denote
the link we obtain from 𝐿 by resolving each vertex as in the right of Figure 40.
We can now define the notion of a singular banded unlink diagram similar to a

banded unlink diagram. The only difference is that now, in addition to performing the
band surgeries at time 𝑡 = 3/2, we must also perform crossing changes as prescribed
by the vertex decorations:

Definition 8 A singular banded unlink diagram in the Kirby diagram K is a triple
(K, 𝐿, 𝐵) such that

1. (𝐿, 𝐵) is a singular banded link in the complement 𝑆3 \ 𝜈(K) of K, where each
singular point of 𝐿 is decorated with a vertex as in Figure 40,

2. 𝐿− bounds disjointly embedded disks in 𝑀1/2 which are disjoint from the dotted
1-handle circles, and

3. 𝐿+
𝐵
bounds disjointly embedded disks in 𝑀5/2.

11 1

(L,B) L− L+

B

Fig. 41 Left: A singular banded unlink diagram of a singular sphere in CP2#(𝑆1 ×𝑆3) . Center and
right:We draw the resolved links 𝐿− and 𝐿+

𝐵
, which can be thought of as the cross-sections of the

surface at heights 𝑡 = 3/2 − 𝜀 and 𝑡 = 3/2 + 𝜀 respectively.

Given a singular banded unlink diagram we can construct an immersed surface
very similar to how we constructed embedded surfaces before. After resolving the
singular crossings and band surgeries locally in a neighborhood of 𝑀3/2, we extend
the resulting surfaces as a product to𝑀1/2 and𝑀5/2, before capping offwith boundary
parallel disks in ℎ−1 ((−∞, 1/2]) and ℎ−1 ( [5/2,−∞)).
As before, we also obtain a set of moves which are sufficient to relate any two

singular banded unlink diagrams of isotopic surfaces. In addition to the ordinary
band/handle swims and slides which we saw in Theorem 4, we also obtain moves
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which involve the decorated singular vertices and the bands. We summarize this
result in our final theorem:

Theorem 5 (Hughes-Kim-Miller [8]) If Σ and Σ′ are closed surfaces smoothly
immersed in 𝑋 which are described by singular banded unlink diagrams (K, 𝐿, 𝐵)
and (K, 𝐿 ′, 𝐵′) respectively, then Σ and Σ′ are ambiently isotopic if and only if
(K, 𝐿, 𝐵) and (K, 𝐿 ′, 𝐵′) can be related by a sequence of ambient isotopies and the
moves shown in Figures 37 and 42.

intersection/band
slide

intersection/band
pass

intersection/band
swim

Fig. 42 Together with the moves in Figure 37, the above moves are sufficient to relate the singular
banded unlink diagrams of any two ambiently isotopic immersed surfaces.

Exercises

3.1. Can you identify the following 4-manifolds and embedded surfaces?

1

L

0

0

L

L
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3.2. Verify that the following diagram is a banded unlink diagram (i.e. check that the
link 𝐿 in black bounds an family of embedded disks in𝑀1/2, and that the surgered
link 𝐿𝐵 bounds a family of embedded disks in𝑀5/2). What is the topological type
of the resulting surface? Can you describe the resulting surface as a connected
sum of simpler surfaces in 𝑆4,CP2, and 𝑆1 × 𝑆3?

1

3.3. Show that the surface below is the connected sum of an unknotted torus 𝑇 in 𝑆4
with CP1 inside CP2.

1

3.4. In this exercise you will prove a fact that is needed to show that banded unlink
diagrams in 𝑋4 can be capped off uniquely.

Consider ♮𝑘 (𝑆1 × 𝐵3), i.e. the boundary sum of 𝑘 copies of 𝑆1 × 𝐵3. We can think
of ♮𝑘 (𝑆1 ×𝐵3) as being the 3- and 4-handles of a handle decomposition of 𝑋 , and
𝜕 (♮𝑘 (𝑆1 × 𝐵3)) = ♯𝑘 (𝑆1 × 𝑆2) as being the level set 𝑀5/2 of 𝑋 .

Suppose that 𝐸 and 𝐸 ′ are two sets of boundary parallel disks properly embedded
in ♮𝑘 (𝑆1 × 𝐵3) with the same boundary. Show that 𝐸 and 𝐸 ′ are isotopic rel
boundary. (Hint: Can you isotope both 𝐸 and 𝐸 ′ so that they live inside some
4-ball inside of ♮𝑘 (𝑆1 × 𝐵3)?)

3.5. Show that the diagram on the left of Figure 41 is a valid singular banded unlink
diagram, and that it defines a sphere immersed in CP2#(𝑆1 × 𝑆3).
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