EXTENSIONS OF TOTALLY REAL DIHEDRAL FIELDS
RAMIFIED AT ONLY ONE PRIME

DARRIN DOUD AND PABLO RODRIGUEZ

ABsTrRACT. We prove that under certain conditions on an odd prime ¢, every
totally real Dgg-extension L/Q that is ramified at only one prime is contained
in a W x Doy-extension that is also ramified at only one prime, where W is
the deleted permutation module for Doy over Fa. If the degree ¢ subextension
of L/Q has odd narrow class number, then our theorem holds regardless of the
value of 4.

1. INTRODUCTION

In [9], Wong conjectures that any totally real Ss-extension of Q that is ramified
at a single prime is contained in an Sj-extension of Q that is ramified only at that
prime. This conjecture was proved in [3]. We note that Ss is isomorphic to the
dihedral group Dg of order 6, and that S4 can be described as a semidirect product
(Z)27Z,)* x Ds.

In [7], a similar result was proved: if Dy is the dihedral group of order 10, then
any totally real Djg-extension L/Q that is ramified at a single prime is contained
in a Galois extension M/Q that is ramified at only one prime and has Galois
group isomorphic to (Z/2Z)* x Dyo, where Dy acts on (Z/2Z)* in a specific way
independent of L.

In this paper, we generalize the results of [3] and [7]. Our main theorem is as
follows:

Theorem 1.1. Fiz a prime £ > 2, and let L/Q be any totally real Galois extension
that is ramified at only one prime p 1 2¢ and has Gal(L/Q) = Dy, (the dihedral
group of order 2¢). Let K/Q be a degree £ subfield of L. If

(1) K has odd narrow class number, or
(2) 2 is a primitive root modulo ¢, or

(8) 2 has order (£ —1)/2 modulo £ and £ =3 (mod 4),

then there is a Galois extension M/Q that is ramified only at p and contains L,
and

Gal(M/Q) = (Z/27)"~ x Dy,
where the action of Doy on (Z/27)' makes (Z/27)~" isomorphic as an FoDagp-
module to the quotient W (defined in Definition 5.2) of the permutation Dag-module
by its unique trivial submodule.

For ¢ = 3 or £ = 5, Theorem 1.1 yields the results of [3] and [7] mentioned above,
since 2 is a primitive root modulo ¢ for both of these values of £. The primes below
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100 which satisfy conditions (2) or (3) are
¢=3,5,7,11,13,19,23,29,37,47, 53,59, 61,67, 71,79, 83.

For these primes, every totally real Dsj-extension ramified only at a single prime
is contained in a W x Dgys-extension of Q ramified only at that same prime. The
primes below 100 which do not satisfy conditions (2) or (3) are

¢ =17,31,41,43,73,89,97.

2. D9y-EXTENSIONS RAMIFIED AT ONE PRIME

Throughout this paper, we fix a prime £ > 2 and a prime p not dividing 2¢, and
let L/Q be a totally real Dys-extension of Q ramified only at p. We denote by K/Q
a fixed degree ¢ subextension of L/Q. Since L/Q is totally real, ramified only at
p, and has a unique quadratic subfield, this quadratic subfield must be Q(,/p), and
we see that we must have p =1 (mod 4).

Since p t 2¢, we see that p is tamely ramified in L/Q, so for any prime p of L lying
over p, the inertia group of p/p in Gal(L/Q) must be cyclic. Since p has ramification
index 2 in Q(/p), this inertia group must have order 2. Since the inertia group is
normal in the decomposition group, we see that p/p must have inertial degree 1.
Thus, in L/Q, p splits into £ primes with ramification index 2 and inertial degree
1.

Using this information, we now describe the decomposition of p into primes in

K/Q.
Theorem 2.1. With ¢, p, and K as above, we have the prime decomposition

POK :plpg"'pz

with r = 1 4+ (¢ — 1)/2, where each p; is a prime of K lying over p with inertial
degree 1.

Proof. We note that all ¢ elements of order 2 in Doy, are conjugate in Dyp. Thus,
each element of Gal(L/Q) having order 2 generates the decomposition group of a
unique prime of L lying over p. Hence, Gal(L/K) is the decomposition group for
exactly one prime p of L lying over p. Let p; = p N K. Then p; is a prime of K
lying over p with ramification index 1. All other primes po,...,p, of K lying over
p must have ramification index 2 over p since their decomposition groups do not
intersect Gal(L/K) nontrivially. Thus, the decomposition of p in D is

PO = p1p3 - p2.

Letting e; and f; be the ramification index and inertial degree of p; over p, and
using the facts that each f; =1 and

T

S eufi = deg(K/Q) = £,

i=1

we see easily that r =1+ (¢ —1)/2. O

Finally, we remark that since K/Q is totally real of degree ¢, any system of
fundamental units of K consists of £ — 1 units.
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3. PRELIMINARY LEMMAS

We wish to construct a quadratic extension of K with prescribed ramification.
To do this, we will need to know the structure of (Ox/40k)*. This will be
accomplished using the following lemmas, which are true for general number fields

F/Q.

Lemma 3.1. Let F be a degree n extension of Q in which 2 is unramified. Write
the prime decomposition of 2D as

20p = q1 -+ qs,

and for each i, denote the inertial degree of q; by f;, and note that the sum of the
fi equals n. Then we have an isomorphism of abelian groups

(Op/49p)* = (Z)27)" x ﬁZ/(Zfi —1)Z.
=1

Proof. By [4, Prop. 4.2.12], we see that each
(Or/a})* = (2/22) x 2/ (2" = 1)Z.

Combining these via the Chinese Remainder Theorem, we find that

Or/40p)* = [[@Z/2) x [[ 2/ - 1)z
>~ (Z/27)" x f[Z/(zfi —1)Z. O

Since each 2/ — 1 is odd, the following corollary is immediate.

Corollary 3.2. With notation as above, let S be the subgroup of squares in (O p/4Op)*.
Then
(DF/4DF)X/S = (Z/QZ)"
The following lemma, proved in [5], allows us to construct quadratic extensions
of a number field F' with controlled ramification.

Lemma 3.3. [5, Lemma 5.32] Let F be a number field, let M = F(\/a) be a
quadratic extension of F with o € O, and let q be a prime ideal of Op.
i If 2a ¢ q, then q is unramified in M.
i If2€q, a¢q, and o = 2 — 4 for some B3,y € OF, then q is unramified
in M.
4. EXISTENCE OF A QUADRATIC EXTENSION OF K

Using Lemmas 3.1 and 3.3, we prove the following two propositions. Both are
proved for £ =5 in [7]; the proofs, which generalize easily to the case of arbitrary
prime ¢, are included here for completeness.

Proposition 4.1. Let uy,...,ups—1 be a system of fundamental units of K, and let

-1
T= {:I:Huf’ : each € € {0,1}}.
i=1

If the narrow class number of K is odd, then there is a surjective map @ : T —

(DK /40K)* /S = (Z/27)".
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Proof. Suppose that the narrow class number of K is odd. Since elements of O
are relatively prime to 2, we can define the natural homomorphism ¥ : 9% —
(Ok/4OK)* /S taking a € O% to (o + 49k) (mod S). We will show that the
restriction ® = ¥|7 of this homomorphism is the desired surjection.

We note that |T| = |(Dx/40k)* /S| = 2%, so to prove that the given map is
surjective, it suffices to prove that it is injective. Suppose then that a1,y € T and
®(ay) = P(az). Then ¥(ay) = ¥U(ag), and since ¥ is a homomorphism, ¥(ay/as)
is the identity. Let @ = a1 /a. We note that we can write

-1
_ ¥i
a== H u;’,
i=1

where each v; € {—1,0,1}.

If o is not a square in K, then we can construct the quadratic extension K (v/a)/K.
Since « is a unit, by Lemma 3.3 this extension can only be ramified at 2. However,
since ¥(a) = (o +49k) (mod S) is the identity, we see that o + 49Ok must be an
element of S, and so a +49  is equal to some 3% + 49 . Hence, « is congruent to
a square modulo 40 . Then by Lemma 3.3, we see that K(v/a)/K is unramified
at primes above 2. Thus, K(y/a)/K is an unramified quadratic extension of K,
which cannot exist (since the narrow class number of K is odd). Hence, o must be
a square in K.

Since « is a square in K, we see that each ; = 0 and the sign on « is positive.
In this case, we must have a; = as, proving that ® is injective. O

Proposition 4.2. Let L/Q be a totally real Galois extension with Gal(L/Q) 2 Dy,
for some prime £. Assume that L/Q is ramified only at the rational prime p, and let
K/Q be a degree £ subextension of L. Then there is an element 7 € Ok such that
K(\/7) is a quadratic extension of K not equal to L and K(\/7)/Q is unramified
outside p.

Proof. We break the proof into two cases.

Case 1: Assume that the narrow class number of K is even.

Then there is a quadratic extension of K that is unramified over K. This ex-
tension has the form K (/m) for some 7 € Ok, and is clearly ramified over Q only
at the primes that ramify in K, namely at p. Since the primes in K lying over p
do not all have the same ramification indices, neither do the primes in K(1/7), so
K(y/7) is not Galois, and thus not equal to L.

Case 2: Assume that the narrow class number of K is odd.

Denote by h the narrow class number of K. As described in Theorem 2.1, we
see that the prime factorization of pOx is

POk = Ppip3---p2

with r = 1 + (£ — 1)/2. Then p” is the identity in the narrow class group, and is
hence principal. Let 7 € Ok be a generator of p”. Then 7 is relatively prime to
4, and so gives rise to an element 7 € (O /40 k)*. Then 7 + 40k = o + 40k
(mod S) for some o € T. Then we see that 7o~ + 49, = 2 + 40 for some
B € Ok. Since a is a unit in O, we see that 7 = 7o~ € O is also a generator
of p". Applying Lemma 3.3, we then see that K (,/7)/K is a quadratic extension of
K unramified outside p,.. Since the narrow class number of K is odd, we see that,
in fact, K(y/7)/K must be ramified at p,. As in the even class number case, we
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see that the primes in K (y/7) have different ramification indices over Q, so K (/)
is not Galois, and thus not equal to L. ([

From this point on, we will denote by M the Galois closure of K (/7)/Q, with
7 as described above. The following facts about M are easily observed:

(1) M/L is a Galois extension and Gal(M/L) is an elementary abelian 2-group.
(2) M/Q is ramified only at p.
In the next sections, we will (under certain conditions) determine Gal(M/Q).

5. COMPUTING THE (GALOIS GROUP

5.1. Galois groups for small ¢. Theorem 1.1 is proven in [3] for £ = 3 and in
[7] for £ = 5 by examining tables of transitive subgroups of Sg,. The idea is that
K(y/7) = Q(y/7) (since K = Q(m)), and /7 has degree 2¢ over Q. Hence, we know
that Gal(M/Q) is a transitive group of degree 2¢. It must have order divisible by
4¢, since it contains L(y/7), which has degree 4¢ over Q. In addition, it has exactly
one subgroup of index 2 (since M/Q is only ramified at p > 2, and so must have
at most one quadratic subfield, but M contains L, which has a quadratic subfield),
and it has Dyy as a quotient. By examining tables of transitive groups of degree
2¢, [3, 7] find that there is a unique (up to isomorphism) group satisfying these
conditions when ¢ = 3 or £ = 5. Using tables of transitive groups of degree 2/
contained in Magma [1], we can similarly prove Theorem 1.1 for £ =7,11,13,19,23
(note that each of 7, 11, 13, 19, and 23 satisfies either condition (2) or condition (3)
of Theorem 1.1). Since these tables do not extend to arbitrary degree, they cannot
be used to prove the theorem for arbitrarily large primes. Because our methods
below will include all of these cases, we omit any further detail about this method.

5.2. Some F3Dyp-modules. In preparation for studying Gal(M/Q), we define a
specific Fo Dop-module, and record some of its properties. As generators for Doy,
we take the permutations a = (1,2,...,¢) and b= (2,£)(3,/—1)--- ({+1)/2,1 +
(€4 1)/2). Let Cy = (a) be the cyclic subgroup of order ¢ in Dyy. We will identify
Dy with Gal(L/Q) via an isomorphism that makes K the fixed field of b.

Definition 5.1. For a prime ¢, let V' be the standard permutation module for Doy
over Fy. It has basis vy, ..., vy, with 0 € Doy acting via ov; = v4;.

We note that V' has a unique one-dimensional submodule that is fixed by Dyy.

Definition 5.2. Let W be the quotient of V' by its unique trivial submodule, and
let 7 : V. — W be the quotient map. We take as a basis for W the elements
w; =m(v;), for 1 <i<€—1.

One checks easily that with this notation, 7(ve) = w1 + -+ + we—1. In terms of
this basis for W, the left action of Dy is given by

0 0 0 1 1 10 0 0
010 0 0
1 0 0 1
0 10 0 1
ars |01 - 01 =A b—=o 1 0 1 o| =B.
00 L 0 1 1 0 0]
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Let W* = hom (W, Fs) be the dual module of W. The action of g € Doy is given
on f € hom(W,Fz) by (g9f)(w) = f(g~ w).

Lemma 5.3. There is an isomorphism W = W™* of Fy Dog-modules.

Proof. The action of Doy on W* is given (in terms of the standard dual basis) by
the matrices A’ = *A~! and B’ = *B~!. It then suffices to find a change of basis
matrix on W* that conjugates A’ to A and B’ to B. This matrix is the tridiagonal

matrix P = (p;;) with
1 ifli—j|=1
Dij = .

0 otherwise.

Note that P is invertible, since £ is odd. It is a simple (but tedious) matrix calcu-
lation to show that P~'A’P = A and P"'B’'P = B. O

Lemma 5.4. W contains no nonzero elements fixed by the action of Cy C Day.

Proof. Any such element would span a one-dimensional space on which a € Doy
acts with eigenvalue one. However, the matrix representing a has no eigenvalue
equal to one. (I

Definition 5.5. Let N be the set of quadratic extensions of L contained in M,
together with L itself. We put an abelian group structure on N in the standard
way; for distinct quadratic extensions Ly /L and Lo/L, we define their product to
be the third quadratic subfield contained in LiLy/L. If we also define L1 Ly = L,
and Ly L = Ly, then N is an elementary abelian 2-group, or in other words, an
Fy-vector space. We define an action of Doy on N as follows: for o € Dgy and
L, = L(v/a) with @ € L, we define 0L; = L(y/oa). With these definitions it is
easy to check that N is an FyDsog-module.

Definition 5.6. Let G = Gal(M/L). Then G is an Fap-vector space. If we let
Dy = Gal(L/Q) act on it via conjugation in the standard way, then G becomes a
left FyDgy-module.

Theorem 5.7. There is an isomorphism N = G* of FoDog-modules.

Proof. There is a bijection between elements of N (field extensions of L of degree
1 or 2) and subgroups of G of index 1 or 2, with the field L' € N corresponding to
the subgroup Gal(M/L’).

Further, there is a bijection between subgroups of G of index 1 or 2 and elements
of G* = hom(G,Fy), with a subgroup H corresponding to the unique homomor-
phism ¢ : G — Fs with kernel equal to H.

Composing these gives a bijection from N to G*. Given two elements L; and Lo
corresponding to homomorphisms ¢ and ¢, with kernels H; and Hs, we note that
the subgroup Hj corresponding to the product Lz (in N) of Ly and Lo consists
of all elements of G that fix either both of L1 and Ly, or neither. Thus, the
homomorphism ¢3 corresponding to L3 is the sum of ¢ and ¢. Hence, the given
bijection is a homomorphism of groups.

For L' € N, let H' be the corresponding subgroup of G, and ¢’ the corresponding
element of G*. Then for x € Dy, the field L’ corresponds to zH'z~!. We note
that for g € G, 2¢'(g9) = ¢'(xz7! - g) = ¢'(z~*gx) has kernel zH'z~!. Thus xL’
maps to x¢’, and we see that N = G*. |

Lemma 5.8. N is a quotient of the Dog-module W defined in Definition 5.2.
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Proof. Tt is clear that as an abelian group, N is generated by the ¢ conjugates of
L(y/7). These conjugates are of the form L; = L(va?~17), and we see that for
o € Dyy, we have 0L; = L,;. Thus, there is a surjective module homomorphism
0 from the standard permutation module V' to N defined by v; — L;. The sum
of the L; in N is L(/T[;a’r) = L({/N§(r)). Let o = N§(w) € Q. Then the
sum of the L; is an extension of L of degree 1 or 2, unramified outside p, and
contains Q(y/a). Since Q(v/«)/Q must then be unramified outside p, we see that
Q(va) € Q(y/p) € L. Thus the sum of the L; is equal to the identity element L
in N.

Since the sum of the v; maps to the identity under 6, we see that 6 factors
through W, yielding a surjective homomorphism from W to IV, as desired. O

5.3. The Hochschild—Serre spectral sequence.

Lemma 5.9. Let A be a finite-dimensional FoDop-module on which the unique
normal subgroup of Doy of order £ acts with no nonzero fized elements. Then
H?(Dgy, A) = 0.

Proof. We use the Lyndon-Hochschild-Serre spectral sequence [8, 6.8.2], denoting
the normal subgroup of order ¢ in Dy, by Cy and the quotient Dyy/Cy by Cs.
We have the spectral sequence

HP(Cy, H1(Cy, A)) = HP1I(Dqyy, A).
Of the three terms on the Fy page of this sequence with p + ¢ = 2, the two with
q > 0 are zero since Cy and A have relatively prime order [2, Corollary I11.10.2].

The third (with ¢ = 0) is zero since A has no nonzero fixed element under the
action of Cy. Hence, H2(Dqy, A) = 0. O

Corollary 5.10. We have
Gal(M/Q) = Gal(M/L) x Gal(L/Q) = (Z/2Z)" x Doy

where r is the rank of Gal(M/L) as an elementary abelian 2-group, and the action
of Doy on (Z/27)" is induced by the conjugation action of Gal(L/Q) on Gal(M/L).

Proof. By Lemma 5.8, N is a quotient of W. Then Gal(M/L) = N* is isomorphic
to a submodule of W*. By Lemma 5.3, W is self-dual, so Gal(M/L) is isomorphic
to a submodule of W. Since W has no nontrivial fixed elements, neither does
Gal(M/L).
Thus,
H?(Dgy, Gal(M/L)) = 0
by Lemma 5.9, so the sequence
1— Gal(M/L) = Gal(M/Q) — Gal(L/Q) — 1

splits, giving the desired semidirect product decomposition. O

6. PROOF OF THEOREM 1.1 ASSUMING CONDITION (1)

In this section, we will assume that K has odd narrow class number. In this
case, by Proposition 4.2, we obtain a quadratic extension K(y/7)/K in which a
single prime p = p,. of K having ramification index 2 over QQ further ramifies in
K(y/m)/K. Since p already has ramification index 2 over Q, and the inertial degree
of the primes of L lying over p is 1, we see that p must split in L. Thus, in L, there
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must be two primes lying over the prime p of K, each of which ramifies in L(+/7).
The other £ — 2 primes of L lying over p will be unramified in L(1/7)/L, since they
lie over a prime of K that is unramified in K(y/7)/K (see [6, Exercise 4.10(c)]).

Let q; and g2 be the two primes of L lying over the prime p in K. Since
Gal(L/Q(,/p)) acts transitively on the primes of L lying above p, we can choose
an (-cycle o € Gal(L/Q) such that o(q;) = q2. Number the remaining primes of
L lying over p as qs, ..., qe such that o(q;) = ¢;41 for 1 <4 < ¢, where we reduce
the indices modulo £. Then for each 0 < i < £ — 1, we see that o'(q1) = git1
and 0%(q2) = ;12 are the primes of L lying over the prime o%(p) in o/(K). Then
L(\/o#(n))/L is ramified only at q;4+1 and q;o.

Recall that N is the elementary abelian 2-group of quadratic extensions of L
inside M, which is generated by the L(/o?(7)), with 0 <4 < ¢ — 1. Let E = F}
be the standard ¢-dimensional vector space over Fo, with standard basis eq, ..., ¢ep.

We define a map ¢y : N — E by

¢
(L) =) e,
i=1

where ¢; = 0 if g; is unramified in L' /L and ¢; = 1 if q; is ramified in L'/L. Using
the operation in N, one sees easily that this map is a linear transformation, since
a prime q; is ramified in the product of two quadratic extensions if and only if it is
ramified in exactly one of the two extensions. With the numbering as chosen above,
the image of v is generated by e; +e2,e0+€3,...,€p-1+€g,e,+e1. The first £ —1
of these are clearly linearly independent, and the last is the sum of all the others.
Hence, the dimension of the image is £ — 1. Now dimp, N > £ — 1, since N has a
homomorphic image of dimension ¢ — 1. However, dimp, N < dimp, W = ¢ — 1,
since, by Lemma 5.8, N is the homomorphic image of W as an FsDsp-module.
Thus, dimp,(N) = ¢ — 1, and we see that N = W as FyDyp-modules. Then
G N*ZW* =W by Theorem 5.7 and Lemma 5.3. Hence,

Gal(M/Q) = W x Day,
as desired. This completes the proof of Theorem 1.1 when condition (1) holds.

7. PROOF OF THEOREM 1.1 ASSUMING CONDITION (2) OR (3)

If K has even narrow class number, then the extension K (y/7)/K described by
Proposition 4.2 may be unramified everywhere. In this case L(+/7)/L is unramified
everywhere, and we cannot proceed as in Section 6. Instead, we will show that either
condition (2) or condition (3) of Theorem 1.1 guarantees that W is an irreducible
F3Dyp-module, and thus that N = W since N is a nontrivial quotient of W.

Theorem 7.1. W is an irreducible Fo Dog-module if one of the following conditions
holds:

(1) 2 is a primitive root modulo .
(2) 2 has order (£ —1)/2 modulo £ and £ =3 (mod 4).

Proof. Let Cy = {a) C Dyy. By Maschke’s theorem, W is a direct sum of irre-
ducible FoCp-modules. Since the characteristic polynomial of a acting on W is
the /th cyclotomic polynomial, the irreducible FoCy-constituents in W correspond
to the irreducible factors of the ¢th cyclotomic polynomial over Fy. Since the ¢th
cyclotomic polynomial has no repeated roots in characteristic 2, these factors are
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distinct. It is well known that they all have the same degree, namely the multiplica-
tive order of 2 modulo ¢, which we denote by d = ord,(2). Thus, W decomposes
into a direct sum of (¢ —1)/d nonisomorphic irreducible FoCp-modules, each having
dimension d.

If we assume that 2 is a primitive root modulo ¢, then d = ord,(2) = ¢—1. Thus,
W is an irreducible FoCp-module, hence also an irreducible Fy Dog-module.

If we assume that 2 has multiplicative order (¢ — 1)/2 modulo ¢ and that ¢ = 3
(mod 4), then the ¢th cyclotomic polynomial has two irreducible factors of degree
(¢ —1)/2, and W is a direct sum of two nonisomorphic irreducible FoCy-modules
of dimension (¢ — 1)/2, one for each factor. Since £ =3 (mod 4), the dimension of
each of these modules is odd. Denote these submodules by M and M’, and note
that they are the only proper nontrivial FoC¢-submodules of W. Assume by way of
contradiction that M is stable under the action of b € Dyy. Let M = M ®p, F, be
the module obtained from M by extending scalars to Fy. Now M is a direct sum
of its nontrivial eigenspaces under a, each of which will have dimension 1. Since
ab = ba~!, multiplication by b will take an eigenspace of a with eigenvalue ¢ to an
eigenspace with eigenvalue (~!. Since FQX has no elements of order 2, the nontrivial
eiggrivalues of a acting on M must come in pairs, implying that the dimension
of M (and thus the dimension of M) must be even. This is a contradiction, so
M cannot be stable under the action of b, and is not an Fy Dys-submodule of W.
Similarly, M’ is not an FyDsp-submodule of W. Since M and M’ are the only
nontrivial proper FoCy-submodules of W, we see that W must be irreducible as an
Fo Dyp-module. ([l

In cases where ¢ satisfies the conditions in parts (2) or (3) of Theorem 1.1, we
see that the conclusion of Theorem 1.1 holds, since the extension M/Q described
at the end of Section 4 has Galois group G x Doy, where G* = N, and N is a
quotient of W, which is irreducible by Theorem 7.1. Thus, G* = N = W, and by
Lemma 5.3, G &2 W* =2 W. Hence,

Gal(M/Q) =W x Dy,

as desired.
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