CONVOLUTION OPERATORS AND ENTIRE FUNCTIONS WITH SIMPLE ZEROS

DAVID A. CARDON AND PACE P. NIELSEN

Abstract. Let G(z) be an entire function of order less than 2 that is real for real z with only real zeros. Then we classify certain distribution functions F such that the convolution (G ∗ dF )(z) = ∫_∞ −∞ G(z − is) dF (s) of G with the measure dF has only real zeros all of which are simple. This generalizes a method used by Pólya to study the Riemann zeta function.

1. Introduction

In this paper we continue the investigation [Car99] of the first author on the effect of certain operators on entire functions having all of their zeros on a line. The main result of this paper is the following theorem:

Theorem 1. Suppose G is an entire function of order < 2 that is real on the real axis and has only real zeros. Let {a_i} be a nonincreasing sequence of positive real numbers, let {X_i} be the sequence of independent random variables such that X_i takes values ±1 with equal probability, and let F_n be the distribution function of the normalized sum Y_n = (a_1X_1 + · · · + a_nX_n)/s_n where s^2_n = a^2_1 + · · · + a^2_n. The functions F_n converge pointwise to a continuous distribution F = lim_{n→∞} F_n. Define H by the integral

H(z) = (G ∗ dF )(z) =

∫_∞ −∞ G(z − is) dF (s).

Then H is an entire function of order < 2 that is real on the real axis. If H is not identically zero, then H has only real zeros. Furthermore, the zeros of H are simple.

This theorem is stated in [Car99] without the simplicity condition. The new result in this paper is that the zeros are also simple. The proof of Theorem 1 is given in §3. Several examples and comments are given in §4.

1991 Mathematics Subject Classification. 44A35, 46F12.

Key words and phrases. Convolution, Simple Zeros of Entire Functions, Laguerre- Pólya Class. 1

Theorem 1 generalizes a fact used by Pólya in an attempt to understand the Riemann Hypothesis. Let ξ(s) =^1_2 s(s − 1)π^{−s/2} Γ(s/2)ζ(s) where, for ℜ(s) > 1, the Riemann zeta function ζ(s) is defined by

∑_∞ n=1 n^{−s} .

The function ξ(s) extends to an entire function and satisfies the functional equation ξ(s) = ξ(1 − s). Riemann conjectured [Rie59] that the zeros of ξ(s) lie on the line in the complex plane with real part 1/2. Among the reasons for the intense interest in the Riemann Hypothesis is that its truth would give a much better error term in the Prime Number Theorem than is currently known to hold. The validity of the Riemann Hypothesis is equivalent to π(x) = Li(x) + O( √ x log x)

where Li(x) is the principal value integral

∫_x 0 dt/ log(t) and π(x) is the number of primes up to size x. The reader is referred to the texts [Edw74], [Ivi85], [Pat88], [Tit86] for basic theory of the Riemann zeta function.

In 1926 Pólya [Pól26] approximated the first term in a rapidly converging series for the function ξ(s) obtaining

ξ(^1_2 + it) ≈ ξ^∗ (^1_2 + it) = 4π^2 ( K_{it/2+9/4}(2π) + K_{it/2−9/4} (2π) ) where K_z(u) =

∫_∞ 0 exp(−u cosh(w)) cosh(zw)dw is the K-bessel function.

He showed that all of the zeros of K_{it/2}(2π) are real. By applying Proposition 2 (stated below) with a = 9/2 and b = 0 he showed that the ‘fake’ zeta function ξ^∗ (s) has zeros only on the line ℜ(s) = 1/2. Additionally, let N(T ) be the number of zeros of the ξ(s) in the strip 0 < ℜ(s) < 1 and 0 < ℑ(s) < T and let N^∗ (T ) be the number of zeros of ξ^∗ (s) in the same region. Then N(T ) ∼ N^∗ (T ). Furthermore, the zeros of ξ^∗ (s) are simple in agreement with empirical evidence for the zeros of ξ(s). This tantalizing result has been extended in [Pól27] and [Hej90].

Theorem 1 generalizes the following observation by Pólya which was needed in his analysis of the fake zeta function ξ^∗ (s).

Proposition 2 (Pólya [Pól26], Hilfssatz II). Let a be a positive constant, let b be real, and let G(z) be an entire function of genus 0 or 1 that for real z takes real values, has at least one real zero, and has only real zeros. Then the function e^{ib}G(z + ia) + e^{−ib} G(z − ia)

has only real zeros.

For completeness we include Pólya’s short proof.

Proof. By hypothesis G has a Weierstrass product of the form

G(z) = cz^qe^{αz} ∏ (1 − z/α_n) e^{z/α n} where q is a nonnegative integer, c and α are real, and the α_n are the nonzero real zeros of G. Suppose z = x + iy is a zero of

e^{ib}G(z + ia) + e^{−ib} G(z − ia).

Then |G(z + ia)| = |G(z − ia)| and 1 = | |G(z − ia) G(z + ia) | |^2 = ( x^2 + (y − a)^2 x^2 + (y + a)^2

)_q ∏ (x − α_n)^2 + (y − a)^2 (x − α_n)^2 + (y + a)^2 . If y > 0 then the right hand side of the last expression is < 1. If y < 0 then the right hand side of the last expression is > 1. Both of these cases are impossible. Hence, y = 0 and e^{ib}G(z + ia) + e^{−ib} G(z − ia) has only real zeros. □

2. Important Notation and Preliminaries

The Laguerre-Pólya class LP of functions consists of the entire functions with a Weierstrass factorization of the form

az^qe^{αz−βz 2} ∏ (1 − z/α_n)e^{z/α n}

where a, α, β are real, β ≥ 0, q is a nonnegative integer, and the α_n are nonzero real numbers such that

∑_∞

n=1 α^{−2}_n < ∞. We will be most interested in the subset LP^∗ of the Laguerre-Pólya class consisting of all elements of LP of order < 2. For functions in LP^∗ , β is necessarily zero.

We will consider the following types of random variables and their distribution functions: Let {a_i} be a nonincreasing sequence of positive real numbers. Let {X_i} be a sequence of independent random variables such that X_i takes values ±1 with equal probability. Let Y_n be the sum

Y_n = a_1X_1 + · · · + a_nX_n s_n

where s^2_n = a^2_1 + · · · + a^2_n. F_n will denote the distribution function of Y_n. Iteration of the formula in Proposition 2 with the values a_1/s_n, . . . , a_n/s_n in place of the constant a and with b = 0 results in an expression of the type H_n(z) = 2^{−n} ∑ G ( z − i(±a_1 ± a_2 · · · ± a_n)/s_n ) , where the sum is over all possible sign combinations. This may be written as the Riemann-Stieltjes integral

H_n(z) = (G ∗ dF_n)(s) =

∫_∞ −∞ G(z − is)dF_n(s) using the measure determined by F_n. This is a convolution of G with the measure dF_n(s) along the imaginary axis. The sequence F_n converges to a limiting distribution as described in the following lemma:

Lemma 1 ([Car99]). The sequence F_n converges pointwise to a continuous distribution function F . If the sequence s_n is unbounded, F is a normal distribution. If the sequence s_n is bounded, F is not a normal distribution.

Although we have normalized the random variables to have variance σ^2 = 1, by simply rescaling, we may suppose the variance σ^2 takes any positive value. If F is a normal distribution, we will sometimes write F = N_σ 2 to make the dependence on the variance explicit. Then

F (s) = N_σ 2 (s) =

∫_x −∞ dN_σ 2 (x) =

∫_s −∞ e^{−x 2/(2σ 2)} √ 2π σ dx. 3. Proof of Theorem 1

In this section G will always be a function in LP^∗ and F will always be the limit lim_{n→∞} F_n described in §2. There are two main parts of the proof of Theorem 1. First, it must be shown that the zeros of H(z) = ∫_∞ −∞ G(z − is)dF (s) are real. We state this as

Proposition 3. For G ∈ LP^∗ , the function

H(z) = (G ∗ dF )(z) =

∫_∞ −∞ G(z − is) dF (s)

is also in LP^∗ .

Proof. Full details of this argument are carried out in [Car99]. The basic strategy is to observe that Proposition 2 may be applied repeatedly any finite number of times. That is, if H_n(z) =

∫_∞ −∞ G(z − is)dF_n(s), then H_n(z) ∈ LP^∗ . Next it is shown that the limit lim_{n→∞} H_n(z) = H(z) is uniform on compact sets. By Hurwitz’s Theorem the zeros of H(z) are limit points of the zeros of H_n(z) which are real. □

We now give the second part of the proof of Theorem 1 which will show that the zeros of H(z) =

∫_∞ −∞ G(z − is)dF (s) are simple. The proof will be broken up into a sequence of lemmas. Lemmas 2 through 4 deal with the case

∑_∞ i=1 a^2_i < ∞. Lemmas 5 through 9 deal with the case

∑_∞ i=1 a^2_i = ∞.

Lemma 2. If G ∈ LP^∗ , then G^′ ∈ LP^∗ .

Proof. G^′ has order < 2 because differentiation does not increase the order. Since G(z) is real for real z, so is G^′(z). By Proposition 2, the difference quotient G(z + ia) − G(z − ia) 2ia has only real zeros. The limit as a → 0 is uniform for z in compact sets. So, by Hurwitz’s Theorem, G^′ has only real zeros. Thus, G^′ ∈ LP^∗ . □

Lemma 3. Let G ∈ LP^∗ and let a > 0. If

G(z + ia) + G(z − ia)

is not identically zero, then its zeros are simple.

Proof. Suppose, by way of contradiction, that G(z + ia) + G(z − ia) has a non-simple zero which, we may suppose, occurs at z = 0. After multiplying G by an appropriate constant if necessary, we may write

(1) G(z + ia) + G(z − ia) = z^n(1 + f(z))

where n ≥ 2, f is entire, and f(0) = 0. Assume z is bounded to be inside of a disk for radius R > 0 about the origin. We will perturb a by real ϵ where 0 < |ϵ| < a.

G(z + i(a + ϵ)) + G(z − i(a + ϵ))

= G(z + ia) + G(z − ia) + ( G^′(z + ia) − G^′(z − ia) ) (iϵ) + O(ϵ^2)

= z^n(1 + f(z)) + ( G^′(ia) − G^′(−ia) + O(z) ) (iϵ) + O(ϵ^2)

= z^n + ( G^′(ia) − G^′(−ia) ) (iϵ) + O(z^{n+1}) + O(zϵ) + O(ϵ^2).

Evaluating the derivative of equation (1) at z = 0 gives G^′(ia) = −G^′(−ia). By Lemma 2, G^′(ia) is not zero. Then

G(z + i(a + ϵ)) + G(z − i(a + ϵ))

= z^n + 2iG^′(ia)ϵ + O(z^{n+1}) + O(zϵ) + O(ϵ^2).

The last expression will have roots near the nth roots of −2iG^′(ia)ϵ provided that ϵ is small enough. We will prove this with an application of Rouché’s Theorem. Write A = −2iG^′(ia) and restrict z so that

|z| < 2|Aϵ|^{1/n}.

Then

G(z + i(a + ϵ)) + G(z − i(a + ϵ)) = z^n − Aϵ + O(ϵ^{1+1/n}).

Set g(z) equal to the last expression and let h(z) = z^n−Aϵ. Let α = (Aϵ)^{1/n} denote one of the non-real n roots of h(z). Such a choice always exists if n ≥ 3. If n = 2, we can choose the sign of ϵ to guarantee that h(z) has non-real roots. Let β be a real number such that 1 < β < 1 + 1/n, and let γ denote the path circling α parametrized by z = (Aϵ + e^{iθ} |ϵ|^β )^{1/n} for 0 ≤ θ ≤ 2π and for the appropriate nth root. When ϵ is sufficiently small this path does not include any other roots of h(z) or any points on the real line. For z ∈ γ, |g(z) − h(z)| = O(ϵ^{1+1/n}) and |h(z)| = |ϵ|^β .

Then by letting ϵ be sufficiently small we obtain |g(z) − h(z)| < |h(z)| for all z ∈ γ. The path γ encloses a single non-real root of h(z). By Rouché’s Theorem, g(z) = G(z + i(a + ϵ)) + G(z − i(a + ϵ)) also has a non-real root inside the path γ. However, Proposition 2 says that the zeros of G(z + i(a + ϵ)) + G(z − i(a + ϵ)) are real. This contradiction shows that all the zeros of G(z + ia) + G(z − ia) are simple. □ Now we can prove one case of Theorem 1 in the next lemma. We continue to use the notation described in §2. Lemma 4. Suppose

∑_∞ i=1 a^2_i < ∞ and G ∈ LP^∗ . If H(z) =

∫_∞ −∞ G(z − is)dF (s) is not identically zero, then the zeros of H(z) are real and simple. Proof. F is the distribution function for the random variable Y = 1 σ (a_1X_1 + a_2X_2 + a_3X_3 + · · · ) where σ^2 =

∑_∞

i=1 a^2_i . Let F^′ denote the distribution function for the random variable Y^′ = 1 σ (a_2X_2 + a_3X_3 + · · · ).

By Proposition 3, the function K(z) =

∫_∞ −∞ G(z − is)dF^′(s) is in LP^∗ . Then

H(z) =

∫_∞ −∞ G(z − is)dF (s) = 1 2 ( K(z − i(a_1/σ)) + K(z + i(a_1/σ)) ) . If H is not identically zero, Proposition 2 and Lemma 3 show that H(z) has simple, real zeros. □

We now turn our attention to the proof of Theorem 1 when s^2_n =

∑_n i=1 a^2_i is unbounded. In this case, as mentioned in Lemma 1, F = N_1 is the normal distribution with variance 1. We will prove this case in a way similar to the proof of Lemma 3 by considering convolution of G with the distribution N_{1−ϵ} 2 for small ϵ. The expression

∫_∞ −∞ G(z − is)dN_{1−ϵ} 2 (s) must have real zeros by Proposition 3. However, assuming that

∫_∞ −∞ G(z − is)dN_1(s) has a multiple zero will cause

∫_∞ −∞ G(z − is)dN_{1−ϵ} 2 (s) to have a nonreal zero which is a contradiction. Thus, the zeros of

∫_∞ −∞ G(z−is)dN_1(s) are simple.

The remaining lemmas will make this argument precise. Lemmas 5 through 8 highlight several basic, but useful, observations. Lemma 9 finishes the proof of Theorem 1.

Lemma 5. For G ∈ LP^∗ , (G ∗ N_α 2 ) ∗ N_β 2 = G ∗ N_α 2_{+β} 2 .

Proof. This results from the observation that the sum of a normal random variable with variance α^2 with another normal random variable of variance β^2 is a normal random variable of variance α^2 + β^2. □

The next lemma shows that the effect of convolution with a normal distribution can be undone.

Lemma 6. For G ∈ LP^∗ , if

H(z) =

∫_∞ −∞ G(z − is)dN_σ 2 (s),

then

G(z) =

∫_∞ −∞ H(z − s)dN_σ 2 (s).

Notice that the second integral is a convolution along the real axis instead of the imaginary axis.

Proof. This is a standard exercise in integration using the mean value property for analytic functions. □

An immediate corollary of the previous two lemmas is the following:

Lemma 7. Assume G ∈ LP^∗ and let 0 < ϵ < σ. Let

H(z) =

∫_∞ −∞ G(z − is)dN_σ 2 (s).

Then ∫_∞ −∞ G(z − is)dN_σ 2_{−ϵ} 2 (s) =

∫_∞ −∞ H(z − s)dN_ϵ2 (s).

Proof. By Lemma 5,

H = G ∗ dN_σ 2 = G ∗ (dN_σ 2_{−ϵ} 2 ∗ dN_ϵ2 ) = (G ∗ dN_σ 2_{−ϵ} 2 ) ∗ dN_ϵ2 .

Then apply Lemma 6. □

We will need to understand the convolution of the function z^n against the normal distribution. Define the polynomial p_{n,σ} (z) for σ > 0 by

p_{n,σ} (z) =

∫_∞ −∞ (z − s)^ndN_σ 2 (s) =

∫_∞ −∞ (z − s)^n e^{−s 2/(2σ 2)} √ 2πσ ds. Also we will write P_n(z) = p_{n,1}(z).

These polynomials are, in fact, expressible in terms of the Hermite polynomial of degree n. The nth Hermite polynomial h_n(z) may be defined (see [Sze75]) as

h_n(z) = (−1)^ne^{z2} d^n dz^n ( e^{−z 2} ) . Then p_{n,σ} (z) =

(_σ i √ 2 )_n h_n

(_i σ √ 2 z ) . From the classical theory of orthogonal polynomials it is well known that the roots of Hermite polynomials are real and simple; therefore, the roots of p_{n,σ} (z) are imaginary and simple. Our proof does not rely on these known facts about Hermite polynomials. Instead, we independently derive any needed facts about the zeros of these polynomials.

Lemma 8.

(a) If n is even, p_{n,σ} (z) = p_{n,σ} (−z). If n is odd, p_{n,σ} (z) = −p_{n,σ} (−z). (b) All roots of p_{n,σ} (z) are of the form αi for α ∈ R. (c) For n ≥ 2, p_{n,σ} (z) has a root of the form αi where α > 0. (d) p_{n,σ} (z) = σ^nP_n(z/σ).

Proof. Parts (a) and (d) are immediate from the definitions of p_{n,σ} (z) and P_n(z). Proposition 3 is stated for convolutions along the imaginary axis. However, after changing variables, the proposition applies to functions whose zeros are on the imaginary line and the convolution is performed along the real axis. Therefore, p_{n,σ} (z) has only imaginary zeros. This proves (b). For part (c) we notice that p_{n,σ} (z) is an nth degree polynomial that is not a constant times z^n. Thus it has a root different different from zero. By (b) this root is of the form αi for some real α ≠ 0. By (a) both αi and −αi are roots. So, we may suppose α > 0. □

We are finally ready to complete the proof of Theorem 1.

Lemma 9. Suppose

∑_∞ i=1 a^2_i = ∞ and G ∈ LP^∗ . If

H(z) =

∫_∞ −∞ G(z − is)dF (s)

is not identically zero, then the zeros of H(z) are real and simple. Proof. Suppose, by way of contradiction, that H(z) = (G ∗ dN_1)(z) =

∫_∞ −∞ G(z − is)dN_1(s)

has a real zero that is not simple. Without loss of generality we may suppose that this zero occurs at z = 0 and that H(z) = z^n + f(z) where n ≥ 2 and f vanishes to order n + 1 at z = 0. We now perturb the variance by ϵ. For 0 < ϵ < 1, let K(z) = (G ∗ N_{1−ϵ} 2 )(z).

By Proposition 3 the zeros of K(z) are real. Using Lemma 7 we may also calculate K(z) as K(z) =

∫_∞ −∞ H(z − s)dN_ϵ2 (s)

= ϵ^nP_n(z/ϵ) +

∫_∞ −∞ f(z − s)dN_ϵ2 (s)

We will apply Rouché’s Theorem to the pair of functions K(z) and ϵ^nP_n(z/ϵ). Let αi denote the root of P_n(z) with largest positive α. Such a root exists by Lemma 8. Choose γ to be a circular path centered at αi with small enough radius so that γ does not contain any other root of P_n(z) or any points on the real axis. Then there exist positive κ_1 and κ_2 such that κ_1 < |P_n(z)| < κ_2 for all z ∈ γ. Let ϵγ denote the path obtained from γ by multiplying the points of γ by ϵ. The path ϵγ encircles the root ϵαi of P_n(z/ϵ) and contains no other roots of P_n(z/ϵ) or any points on the real axis. Then ϵ^nκ_1 < |ϵ^nP_n(z/ϵ)| < ϵ^nκ_2 for all z ∈ ϵγ. On the other hand, for z ∈ ϵγ,

|K(z) − ϵ^nP (z/ϵ)| = | | ∫_∞ −∞ f(z − s)dN_ϵ2 (s) | |= O(ϵ^{n+1})

since f(z) = O(z^{n+1}). Therefore, by taking ϵ to be sufficiently small the inequality |K(z) − ϵ^nP (z/ϵ)| < |ϵ^nP (z/ϵ)| is true on the path ϵγ. Rouché’s Theorem implies that K(z) has a nonreal root contained inside the path ϵγ. This contradicts the fact that K(z) has only real roots. Therefore, we conclude that the roots of H(z) = ∫_∞ −∞ G(z − is)dN_1(s) are simple and real. □

This completes the proof of Theorem 1.

4. Examples and Questions 1. We may normalize the random variables Y_n in Theorem 1 to have variance σ^2 instead of 1. Let F_σ 2 denote the resulting limit distribution and write F = F_1. Suppose G ∈ LP^∗ . By letting σ vary from 0 to 1 we deform the function G which has real zeros to the function

H(z) =

∫_∞ −∞ G(z − is)dF (s)

which has simple, real zeros. This shows that the convolution causes zeros to repel.

2. Can the function Ξ(t) = ξ(1/2 + it) where ξ(s) = 1 2 s(s − 1)π^{−s/2} Γ(s/2)ζ(s) be realized as a convolution Ξ(t) = (G ∗ dF )(t) for some appropriate choice of G as in Theorem 1? This would prove the Riemann Hypothesis. Pólya’s “fake” zeta function ξ^∗ (^1_2 + it) is a convolution of this type which is why we have generalized his technique of Proposition 2 in this paper. Pólya, however, did not claim that his method was likely to lead to a proof of the Riemann Hypothesis. 3. Let G(z) = z^n. Proposition 2 implies that the zeros of^1_2 ( G(z + ia) + G(z − ia) ) are real, and Lemma 3 implies that the zeros are simple. This polynomial can be explicitly factored as 1 2 ( G(z + ia) + G(z − ia) ) = n−1∏ k=0 ( z − a cot ( (2k + 1)π 2n )) . 4. Let G(z) be either sin(z) or cos(z). Then 1 2 ( G(z + ia) + G(z − ia) ) = cosh(a) G(z).

For a distribution F , as in Theorem 1, (G ∗ dF )(z) = λ G(z) where λ =

∫_∞ −∞ cosh(s)dF (s). Thus, the sine and cosine functions are eigenfunctions of convolution with the measure dF . This is not surprising in light of the first example which shows that convolution causes zeros to repel. Since the zeros of the sine and cosine are evenly spaced the repulsion of zeros does not alter the location of the zeros.

5. Let Y_n =

X_1 + X_2 + · · · + X_n √ 2n were X_i = ±1. The distribution function for Y_n converges to the normal distribution with variance 1/2. That is,

F (s) = 1 √ π ∫_s −∞ e^{−u 2} du.

Let G(z) = z^n. Then

(G ∗ dF )(z) =

∫_∞ −∞ (z − is)^ndF (s) = 1 √ π ∫_∞ −∞ (z − is)^ne^{−s 2} ds

= 2^{−n} h_n(z)

where h_n(z) is the nth degree Hermite polynomial defined by

h_n(z) = (−1)^ne^{z2} d^n dz^n ( e^{−z 2} ) . Therefore, Theorem 1 gives a new proof that the zeros of Hermite polynomials are simple and real. We do admit, however, that the classical proof involving inner products is simpler.

6. The hypotheses in Proposition 2 and Theorem 1 appear to be necessary. Relaxing them produces non-examples with non-real zeros.

(a) For arbitrary symmetric distribution functions F , Theorem 1 does not necessarily hold. The function G(z) = z^4 has only real zeros, but H(z) =^1_{19} ( G(z + i) + 17G(z) + G(z − i) ) has no real zeros.

(b) The function G(z) = ze^{z2} has genus 2 which is not permitted in either Proposition 2 or Theorem 1. Then

H(z) = 1 2 ( G(z + i) + G(z − i) ) does not have only real zeros. There is a zero approximately at z = 0.957505i.

(c) By Lemma 2, if G ∈ LP^∗ , then the derivative G^′ is also in LP^∗ .

The function G(z) = ze^{z2} in part (b) does have only real zeros but its genus it too large. G^′(z) = (1 + 2z^2)e^{z2} has non-real zeros.

7. In Theorem 1 let a_i = 2^{−i} . The distribution function of the random variable Y =

∑_∞ i=1 2^{−i} X_i is

F (x) =

{_1

2 +^x_2 if −1 ≤ x ≤ 1, 0 otherwise.

For G as in Theorem 1,

H(z) = (G ∗ dF )(z) = 1 2 ∫_1 −1 G(z − is)ds

has only simple, real zeros.

8. An interesting question to consider is how the distribution of the spacing of the zeros of G compares with the distribution of the spacing of the zeros of G ∗ dF .

Experimental data obtained by Andrew Odlyzko (see for example [Odl87] and [Odl00]) has supported the Montgomery pair-correlation conjecture [Mon73] as well as the idea that the the zeros of the zeta function have a distribution corresponding to the distribution of eigenvalues in the Gaussian Unitary Ensemble. Examples of recent work relating to a spectral interpretation of the zeros of the zeta function are [KS99], [KS], and [Rub98].

Perhaps, one could hypothesize that G ∗ dF satisfies the type of distribution of zeros expected to hold for the Riemann zeta function and then derive consequences for G.

References

[Car99] David A. Cardon, Convolution operators and zeros of entire functions, (in review) (1999).

[Edw74] H. M. Edwards, Riemann’s zeta function, Academic Press [A subsidiary of Harcourt Brace Jovanovich, Publishers], New York-London, 1974.

[Hej90] Dennis A. Hejhal, On a result of G. Pólya concerning the Riemann ξ-function, J. Analyse Math. 55 (1990), 59–95.

[Ivi85] Aleksandar Ivić, The Riemann zeta-function, John Wiley & Sons Inc., New York, 1985, The theory of the Riemann zeta-function with applications.

[KS] J. Keating and M. Snaith, Random matrix theory and ζ(1/2 + it), (to appear). [KS99] Nicholas M. Katz and Peter Sarnak, Random matrices, Frobenius eigenvalues, and monodromy, American Mathematical Society, Providence, RI, 1999.

[Mon73] H. L. Montgomery, The pair correlation of zeros of the zeta function, Analytic number theory (Proc. Sympos. Pure Math., Vol. XXIV, St. Louis Univ., St. Louis, Mo., 1972), Amer. Math. Soc., Providence, R.I., 1973, pp. 181–193.

[Odl87] A. M. Odlyzko, On the distribution of spacings between zeros of the zeta function, Math. Comp. 48 (1987), no. 177, 273–308.

[Odl00] A. M. Odlyzko, The 10^{22}-nd zero of the Riemann zeta function, (preprint). [Pat88] S. J. Patterson, An introduction to the theory of the Riemann zeta-function, Cambridge studies in advanced mathematics, vol. 14, Cambridge University Press, Cambridge, 1988.

[Pól26] George Pólya, Bemerkung über die Integraldarstellung der Riemannsche ξ- Funktion, Acta Math. 48 (1926), 305–317.

[Pól27] George Pólya, Über trigonometrische Integrale mit nur reellen Nullstellen, J. Reine Angew. Math. 158 (1927), 6–18.

[Rie59] B. Riemann, Über die Anzahl der Primzahlen unter einer gegenbenen Grösse, Monat. der Königl. Preuss. Akad. der Wissen. zu Berlin aus der Jahre (1859), 671–680, also, Gesammelte math. Werke und wissensch. Nachlass, 2. Aufl. (1892), 145–155.

[Rub98] M. Rubinstein, Evidence for a spectral interpretation of the zeros of Lfunctions, Ph.D. thesis, Department of Mathematis, Princeton University, 1998.

[Sze75] Gábor Szegö, Orthogonal polynomials, fourth ed., American Mathematical Society, Providence, R.I., 1975, American Mathematical Society, Colloquium Publications, Vol. XXIII (originally published in 1939).

[Tit86] E. C. Titchmarsh, The theory of the Riemann zeta-function, second ed., Clarendon Press Oxford University Press, Oxford, 1986, Revised by D. R. Heath-Brown.

Department of Mathematics, Brigham Young University, Provo, UT 84602 E-mail address: cardon@math.byu.edu