A RIEMANN HYPOTHESIS CONDITION FOR METAPLECTIC EISENSTEIN SERIES

DAVID A. CARDON

Abstract. Let A be the adeles of the function field Fq (T ). If E(g, s) is the Eisenstein series associated with the spherical vector in the principal series representation of the double cover of GL2(A ), then the Fourier coefficients (Whittaker functions) of E(g, s) have an Euler product and satisfy a ‘Riemann Hypothesis’ condition. Namely, the zeros occur only on the line ¡(s) = 0. These Whittaker functions are essentially quadratic L-functions associated with hyperelliptic curves.

This result adds to the list of known examples for which the Fourier coefficients of Eisenstein series coming from the spherical vector in the principal series representation satisfy a Riemann Hypothesis condition.

Contents

1. Introduction 2 1.1. Example 1 – Classical SL_2(Z) Eisenstein Series 3 1.2. Example 2 – The Double Cover of GL_2(C ) 4 1.3. Some Notation 4 1.4. Example 3 – GL_2(A ) Eisenstein Series 5 2. Whittaker Functions on ~GL_2(A ) 7 2.1. The Metaplectic Group 7 2.2. The Eisenstein Series 9 2.3. Fourier Series and Whittaker Functions 11 2.4. The Main Theorem 13 3. Proof of the Main Theorem 14 3.1. The Euler Product I – The Factors w_v(a, s) 14 3.2. The Euler Product II – The L-function 17 3.3. The Riemann Hypothesis Condition 24 References 25

Date: July 15, 1997; with revisions October 6, 1997.

1991 Mathematics Subject Classification. Primary 11F30, Secondary 11G40, 11M41. Key words and phrases. Eisenstein series, Whittaker function, metaplectic group, Riemann Hypothesis.

Research partially supported by NSERC. 1

1. Introduction

A major theme of modern number theory is the study of L-functions or zeta functions attached to an arithmetic object such as a field or variety. These functions are usually defined as a Dirichlet series of the shape L(s) = ∞∑ n=1 a_nn^{−s} which converges in a right half plane. Then with suitable normalization and choice of meromorphic function ξ(s) one tries to prove the following theorem:

Desired Theorem.

1. L(s) has meromorphic continuation to all s ∈ C .

2. L(s) satisfies the functional equation ξ(s)L(s) = ξ(1 − s)L(1 − s). 3. L(s) has an Euler product ∏ v L_v(s) where the L_v(s) are local factors.

4. The nontrivial zeros of L(s) are on the line ℜ(s) = 1/2.

The Desired Theorem is obviously patterned after the archetypical Riemann zeta function given by ζ(s) = ∑_∞ n=1 n^{−s} for ℜ(s) > 1. The meromorphic continuation, functional equation, and Euler product of ζ(s) are well known. In this case the fourth condition of the Desired Theorem is the celebrated Riemann Hypothesis. The proof that the zeta function has its nontrivial zeros on the line ℜ(s) = 1/2 has so far eluded proof. We will refer to the condition of having zeros on the line ℜ(s) = 1/2 (or sometimes ℜ(s) = 0) as a Riemann Hypothesis condition.

In this paper we will explain how the Fourier coefficients of certain Eisenstein series satisfy some or all of the conditions of the Desired Theorem. Because the general theory of Eisenstein series already guarantees that the Fourier coefficients have meromorphic continuation and functional equations (see [16] and [13]) we are primarily concerned with the existence of the Euler product and Riemann Hypothesis condition.

The remainder of this introductory section will motivate the theme by briefly mentioning three known examples of Eisenstein series whose Fourier coefficients satisfy the Riemann Hypothesis condition.

In Section 2 we will state the Main Theorem of this paper which will provide a fourth example of this interesting phenomenon. That is, if A is the adeles of the function field F_q (T ), then the Fourier coefficients of a certain Eisenstein series on the two fold cover of GL_2(A ) is essentially a quadratic L-function which satisfies all of the conditions of the Desired Theorem.

Finally, in Section 3 we will give the proof of the Main Theorem. We note that other authors have worked with metaplectic Eisenstein series in the function field case. Hoffstein in [8] and [9] and Gupta in [5] have calculated Fourier coefficients of Eisenstein series working with the completion of the function field at the infinite place rather than adelically as in this paper. In [8] and [5] no mention is made about the location of the zeros of these Fourier coefficients or about the possibility of finding an Euler product. In [9] page 83 Hoffstein makes the ‘curious observation’ that the first Fourier coefficient does have its zeros on the line ℜ(s) = 1/2. Although some of the Fourier coefficients calculated in [8], [9], and [5] will satisfy the Riemann Hypothesis condition and have an Euler product generally they do not.

In this paper we do the Fourier analysis with an abelian subgroup of the metaplectic group which is slightly larger than the abelian subgroup used in the corresponding non-adelic case treated by Hoffstein and Gupta. Consequently, we are able to ‘repair’ the Fourier coefficients so that every coefficient both has an Euler product and satisfies the Riemann Hypothesis condition.

1.1. Example 1 – Classical SL_2(Z) Eisenstein Series. The classical nonholomorphic SL_2(Z) Eisenstein series is given by E(z, s) = 1 2 π^{−s}Γ(s) ∑ c,d y^s |cz + d|^{2s} where z = x + iy ∈ C has positive imaginary part and the summation is over all pairs of integers c and d not simultaneously zero. A complete discussion of this Eisenstein series can be found in Bump’s excellent book Automorphic Forms and Representations [1]. The series converges absolutely when ℜ(s) > 1. It can be shown that there is meromorphic continuation to all s ∈ C with the exception of simple poles at s = 0 and s = 1. There is a functional equation E(z, s) = E(z, 1 − s). Of paramount importance is the automorphic property of E(z, s) with respect to the group SL_2(Z). If (^{a b}_{c d} ) ∈ SL_2(Z), then E ( az + b cz + d , s ) = E(z, s). Because (^{1 1}_{0 1} ) ∈ SL_2(Z) it becomes apparent that E(z + 1, s) = E(z, s) so that there is a Fourier series expansion of E(z, s). The nth Fourier coefficient is a_n(y, s) = ∫_1 0 E(x + iy, s)e^{−2πinx} dx = 2 √ y |n|^{s−1/2}σ_{1−2s}(|n|) K_{s−1/2}(2π|n|y) where σ_ν (n) is the divisor function

σ_ν(n) = ∑ d|n d^ν and K_ν (y) is the K-Bessel function

K_ν(y) = 1 2 ∫_∞ 0 e^{−y(t+t} �1_) t^ν dt t .

The Fourier coefficients a_n(y, s) are easily seen to satisfy the functional equation a_y(n, s) = a_y(n, 1 − s). There is an Euler product in the sense that the divisor function factors over primes and the Bessel function may be regarded as the factor coming from the infinite prime. The divisor function σ_ν(n) has zeros only if ℜ(ν) = 0, and Pólya has shown in [17] that K_ν(y) has its zeros on the line ℜ(ν) = 0. Hence, if n ≠ 0, then a_n(y, s) satisfies all the conditions of the Desired Theorem.

1.2. Example 2 – The Double Cover of GL_2(C ). The Eisenstein series on a double cover of GL_2(C ) associated with the imaginary quadratic extensions of Q(i) and their Fourier coefficients were studied by Kubota in [11] and [12]. Hoffstein has summarized Kubota’s results in [9]. Kubota found that certain Fourier coefficients are expressible in terms of some gamma factors, a Riemann zeta function factor, a quadratic L-function, and a K-Bessel function. If the generalized Riemann Hypothesis holds then some of these Fourier coefficients will have their zeros on the half line ℜ(s) = 1/2.

1.3. Some Notation. Before giving the third example we will define some important notation that will be used throughout the rest of the paper.

The finite field of q elements is F_q , R = F_q [T ] is the polynomial ring in the indeterminate T with coefficients in F_q , and F = F_q (T ) is the field of fractions of R. F is a global function field with adele ring A . A place of F and its corresponding valuation will both be denoted by v. The completion of F at v is F_v and its ring of integers is O_v. If v is a finite place we may choose a local uniformizing parameter π_v to correspond to a monic irreducible polynomial in F_q [T ] regarded as an element of A in the standard way. If v is the infinite place we will sometimes write v = ∞ and we may choose the uniformizing parameter π_∞ in F_∞ to be 1/T . The group K_v = GL_2(O_v) is a maximal compact subgroup of G_v = GL_2(F_v), and K = ∏ v K_v is a maximal compact subgroup of G = GL_2(A ). B will be the group of upper triangular matrices in G. G_F is GL_2(F ) and B_F is the upper triangular subgroup of G_F . The idele with π_∞ at the infinite place and ones elsewhere is τ = τ_∞ = (π_∞, 1, 1, . . . ), and for finite v we define τ_v as

τ_v = (π_v, π_v, π_v, . . . )τ^{deg(πv)}

where deg(π_v) is the degree of π_v as a polynomial in F_q [T ]. It will be convenient to say that deg(π_∞) = 1. We will let q_v = q^{deg(πv)}, x = q^{−2s}, and x_v = q^{−2s}_v where s is complex.

Because we will be doing Fourier analysis on adele groups we will need an additive unitary character ψ on A which is trivial on F . By restricting ψ we obtain characters ψ_v on the local fields F_v so that ψ = ∏ v ψ_v. It is possible to choose ψ in such a way that for v < ∞ the conductor of ψ_v is

Ov while for v = ∞ the conductor of ψ∞ is T^{−2}O∞. In particular, for finite

v, ψ_v will be the composition F_v → F_v/O_v^∼−→ R[1/π_v]/R → F/R → F_∞/R^λ−→ Z/pZ → C^× . The first arrow is the quotient map. The second, third, and fourth arrows are canonical injections. If x ∈ F_∞/R is represented as ∑_∞ i=1 a_iT^{−i} where a_i ∈ F_q then λ(x) = Trace^{Fq}_{Fp} (a_1) where p is the characteristic of F_q . The last arrow is the exponential map a → e^{2πia/p}. At the infinite place ψ_∞ is the composition F_∞ → F_∞/R^{−λ}−−→ Z/pZ → C^× . This additive character will be used throughout the rest of the paper. If ψ^′ is any other unitary character on A /F , then ψ^′(x) = ψ(αx) for some α ∈ F^×. The additive measure on F_v will be normalized to be self dual with respect to the character ψ_v mentioned in the preceding paragraph. A simple calculation using the characteristic function of O_v shows that the correct normalization for v < ∞ is vol(O_v) = 1 while for v = ∞ it is vol(O_∞) = q.

If v is a finite place and x ∈ F^×_v , let g_v(x) denote the Gauss sum

g_v(x) = ∑ e∈F�_{qv} (e, x)_vψ_v(eπ^{−1}_v ), and if v is the infinite place let

g_∞(x) = ∑ e∈F�_q (e, x)_∞ψ_∞(eπ_∞) where for a, b ∈ F^×_v , (a, b)_v is the local Hilbert symbol.

Let ξ(s) be the meromorphic function

ξ(s) = q^{−2s}(1 − q^{−2s})^{−1}(1 − q^{−1−2s})^{−1}.

ξ(s) will be used as a normalizing factor for the Whittaker functions (defined later) just as the gamma function Γ(s) is used to normalize the Riemann zeta function to obtain a simple functional equation.

Sometimes entries of matrices that are zero will be left blank, and sometimes if a is an adele but ϕ is a function on the local field F_v we will still write ϕ(a). This means to evaluate ϕ at the vth component of a.

1.4. Example 3 – GL_2(A ) Eisenstein Series. Let f_s be the right Kinvariant function on GL_2(A ) such that f_s((^{a ∗}_d )k) = |a/d|^{s+1/2} for all k ∈ K and a, d ∈ A^× . Thus, if χ_s : B → G is the character defined by χ_s(^{a ∗}_d ) = |a/d|^s, then f_s is the so-called spherical vector in the induced representation Ind^G_B(χ_s) which is the space of smooth functions f on G with the property that f(bg) = (μ^{1/2}χ_s)(b)f(g) for every b ∈ B and g ∈ G. We have normalized the induction by the modular character μ where μ(^a_d ) = |a/d|. An Eisenstein series may be constructed by summing translates of f_s as follows: E(g, s) = ∑ γ∈B_F \G_F f_s(γg). (1) Notice that because E((^{1 x}_1 )g, s) = E(g, s) whenever x ∈ F , there is a Fourier expansion of the Eisenstein series: E((^{1 x}_1 )g, s) = ∑ α∈F W_α(g, s) ψ̄(αx) (2) where W_α(g, s) = ∫ A /F E((^{1 x}_1 )g, s) ψ(αx) dx and where ψ : A /F → C^× is a nontrivial additive unitary character. We define the Whittaker function, W (g, s), to be W (g, s) = ∫ A /F E((^{1 x}_1 )g, s) ψ(x) dx = ∫ A f_s((^1_{1 x} )g) ψ(x) dx.

In terms of the Whittaker function, the Fourier coefficients (for α ≠ 0) in equation (2) are W_α(g, s) = W ((^α_1 )g, s).

Because χ_s = ∏ v χ_{v,s} and ψ = ∏ v ψ_v the integral for the Whittaker function factors as W (g, s) = ∏ v ∫ Fv f_{v,s}((^1_{1 x} )g) ψ_v (x) dx. (3) This gives an Euler product for W (g, s).

An immediate consequence of the definition of W (g, s) is that W (g, s) = α W ((^a_1 ), s) for some idele a ∈ A and constant α which both depend on g. Thus, for the purpose of studying zeros there is nothing lost is supposing g is a diagonal matrix as in the previous equation.

For a ∈ A^× let r_v = v(a) be the valuation of a at the vth place. Let x_v = q^{−2s}_v and define the local factor W_v as

W_v(diag(aτ^2, 1), s) = q^{−rv/2}_v x^{−rv/2}_v (1 + x_v + · · · + x^{rv}_v ) and let ξ(s) be the meromorphic function defined in Section 1.3. By the normalized Whittaker function, W(g, s), we mean W(g, s) = ξ(s) W (g, s). We then have the following proposition:

Proposition. If a ∈ A^× and |a|_v ≤ 1 for all v, then the normalized Whittaker function has an Euler product

W(diag(aτ^2, 1), s) = ∏ v W_v(diag(aτ^2, 1), s)

and all of its zeros are on the line ℜ(s) = 0. If |a|_v > 1 for some v, then W(diag(aτ^2, 1), s) = 0. Thus the nontrivial Whittaker functions satisfy the Riemann Hypothesis condition.

The proposition shows that W(g, s) satisfies all the conditions of the Desired Theorem. The meromorphic continuation is clear because each of the W_v(g, s) is meromorphic and because W_v(g, s) = 1 for all but finitely many v. The functional equation W(g, s) = W(g, −s) is also immediate from the proposition. The proof is an easy exercise in calculating the local integrals in equation (3). Similar integral are evaluated in Bump [1] chapter 3. The τ^2 that appears in the proposition simplifies the condition imposed on a. It is a reflection of the fact that the conductor of ψ_∞ is π^2_∞O_∞ rather than

O∞ as mentioned in Section 1.3.

2. Whittaker Functions on ~GL_2(A )

We will now consider Whittaker functions on the double cover of GL_2(A ) where A is the adele ring of the function field F_q (T ). We will assume that q is a power of an odd prime and that −1 is a square in the finite field F_q . So that we may state the Main Theorem precisely we will recall the definition of the metaplectic group in Section 2.1. The Eisenstein series is defined in Section 2.2, and its Fourier coefficients, the Whittaker functions, are defined in Section 2.3. Then we state the Main Theorem in Section 2.4.

2.1. The Metaplectic Group. Let G_v = GL_2(F_v). The local metaplectic group will be a two-fold cover of G_v which is a central extension of G_v by the subgroup {±I} where I is the identity matrix. Using a 2-cocycle β_v : G_v × G_v → {±1} in H^2(G_v, {±1}) which is not a coboundary one may construct a central extension G̃_v (see Hall [6] chapter 15). As a set G̃_v = G_v × {±1}, and the multiplication is defined by

⟨g_1, ζ_1⟩⟨g_2, ζ_2⟩ = ⟨g_1g_2, ζ_1ζ_2β_v(g_1, g_2)⟩. (4) The group G̃_v is called a two-fold metaplectic cover or a double cover of G_v.

Kubota [11] constructed an explicit cocycle for G_v. Kazhdan and Patterson [10] modified Kubota’s cocycle giving a formula for β_v as follows:

Assume the local field F_v contains distinct second roots of unity. Because the global field is F = F_q (T ) this means that q must be odd. Let X (( a b c d )) = { c if c ≠ 0 d if c = 0.

In terms of the local Hilbert symbol the cocycle is

β_v(g, g^′) = ( X(gg^′) X(g) , X(gg^′) X(g^′) det(g) ) v . Some important properties of the (local nth power) Hilbert symbol used in this paper are:

1. (aa^′, b)_v = (a, b)_v(a^′, b)_v; 2. (a, bb^′)_v = (a, b)_v(a, b^′)_v;

3. (a, b)_v = 1 if and only if b is a norm from F_v(a^{1/n}); 4. (a, −a)_v = (a, 1 − a)_v = 1; 5. (a, b)_v = (b, a)^{−1}_v ;

6. If (a, b)_v = 1 for all b ∈ F^×_v , then a ∈ F^{×n}_v .

This is proposition 14.7 in Serre [19]. In our application n = 2.

For ideles a and b the global Hilbert symbol is the product (a, b) = ∏ v(a, b)_v. If a, b ∈ F^×, then (a, b) = 1. Because −1 is assumed to be a square in F_q we also have (a, a) = 1 for all a ∈ A^× .

Kazhdan and Patterson [10] have considered ‘twisted’ metaplectic covers G̃(c) for c ∈ Z/nZ. In this paper it will suffice to use the definition described above which corresponds to the case c = 0 and n = 2.

The definition of the global metaplectic group, ~GL_2(A ), is similar to that of the local group ~GL_2(F_v). Essentially a cocycle ~GL_2(A )×~GL_2(A ) → {±1} is formed by taking the product of local cocycles. However the local cocycle requires modification by a coboundary to ensure that the product will be defined. Let K_v = GL_2(O_v) where O_v is the ring of integers in F_v. A new local cocycle σ_v which is trivial on K_v × K_v will be defined by multiplying by an appropriate coboundary α_v as follows

σ_v(g_v, g^′_v) = β_v(g_v, g^′_v)α_v(g_vg^′_v)^{−1}α_v(g_v)α_v(g^′_v)

where

α_v(g_v) = { κ_v(g_v) if g_v ∈ K_v 1 if g_v ∉ K_v

and k → ⟨k, κ_v(k)⟩ is the lifting of K_v to the local metaplectic group given by Kubota in [11] as

κ_v(k) = { (c, d/ det(k)) if k = (^{a b}_{c d} ) and 0 < |c|_v < 1, 1 if |c|_v = 1 or 0.

The product of the new cocycles σ_v does converge so that an adelic cocycle is defined by σ(g, g^′) = ∏ v σ_v(g_v, g^′_v). Let p be the projection map from G̃ onto G given by ⟨g, ζ⟩ → g, and let s be the section from G into G̃ given by s(g) = ⟨g, 1⟩. If G^′ is a subgroup of G, then G^′ lifts to G̃ if there is a homomorphism h : G^′ → G̃ such that p ∘ h is the identity map on G^′. As pointed out in [10], GL_2(F ) and N lift to G̃ via the preferred section s. There is also a lifting κ of the maximal compact subgroup K = ∏ v GL_r(O_v) to G̃. The liftings s and κ are ‘compatible’ in the sense that κ|_{H∩K} = s|_{H∩K} κ|_W = s|_W κ|_{N∩K} = s|_{N∩K} . This is proposition 0.I.3 of [10]. Because of these liftings GL_r(F ), N, and K will routinely be regarded as subgroups of G̃.

Although we are restricting this discussion to the two fold cover of GL(2) we point out that Matsumoto [15] generalized Kubota’s cocyle allowing the n-fold metaplectic cover of SL_r(F_v) to be constructed. Kazhdan and Patterson [10] by regarding GL_r(F_v) ⊂ SL_{r+1}(F_v) define the n-fold metaplectic cover of GL_r(F_v) and construct Eisenstein series on these groups. This construction of the metaplectic group is also mentioned in Bump and Hoffstein [2]. Bump has pointed out that the construction given in [2] does require −1 to be an nth power in F_q .

2.2. The Eisenstein Series. In order to define the Eisenstein series we must first define a certain induced representation. For a subgroup Y of the ideles let Z(Y ) denote the scalar matrices in GL_2(Y ) and let Z̃(Y ) be the preimage of Z(Y ) in G̃ under the projection map. Let H(Y ) denote the diagonal matrices in GL_2(Y ). Via the standard section H(F^×) is a subgroup of G̃. As mentioned in [10] the group

M̃_a = H(F^×)Z̃(A^{×2} )

is a maximal abelian subgroup of G̃, and another maximal abelian subgroup of G̃ is T̃_a = {⟨diag(x_1, x_2), ϵ⟩ ∈ G̃ | v(x_i) is even for all v}

where v(x_i) denotes the valuation of x_i at the place v. (T̃_a is the same as H̃_∗ with c = 0 and n = 2 in [10] page 59.)

We define a genuine character χ_s on M̃_a and T̃_a by the formula χ_s ( ⟨(^a_d ), ϵ⟩ ) = ϵ|a/d|^s.

If N is the subgroup of element of G̃ of the form ⟨(^{1 ∗}_1 ), 1⟩, then we extend the definition of χ_s to M̃_aN and T̃_aN by χ_s ( ⟨(^{a ∗}_d ), ϵ⟩ ) = ϵ|a/d|^s. By μ we will mean the character which has the effect μ ( ⟨(^a_d ), ϵ⟩ ) = |a/d|. We define the induced representation Ind^{G̃}_{M̃aN} (χ_s) to be the vector space of smooth complex valued functions f on G̃ such that if m ∈ M̃_aN and g ∈ G̃, then f(mg) = (χ_sμ^{1/2})(m)f(g). The space Ind^{G̃}_{T̃aN} (χ_s) is similarly defined. These two induced representations are related through intertwining operators. If f^′ ∈ Ind^{G̃}_{T̃aN} (χ_s) then we obtain a corresponding f ∈ Ind^{G̃}_{M̃aN} (χ_s) by the equation f(g) = ∑ h∈H(F �2)\H(F �) 1/4 · f^′(hg). (5)

Equation (5) is a special case of the intertwining operator given in [10] page 109.

The most interesting vector in Ind^{G̃}_{T̃aN} (χ_s) is the spherical vector f^′_s. It is the unique right K-invariant vector normalized so that f^′_s(⟨(^1_1 ), 1⟩) = 1, and its formula is f^′_s ( ⟨(^{a ∗}_d ), ϵ⟩k ) = χ_s ( ⟨(^{a ∗}_d ), ϵ⟩ ) = ϵ|a/d|^{s+1/2} for all ⟨(^{a ∗}_d ), ϵ⟩ ∈ T̃_aN and k ∈ K. The corresponding spherical vector f_s ∈ Ind^{G̃}_{M̃aN} (χ_s) is give by equation (5). The factor 1/4 in (5) gives the normalization f_s(⟨(^1_1 ), 1⟩) = 1.

Definition 1. For f ∈ Ind^{G̃}_{M̃aN} (χ_s) the Eisenstein series E(g, f, s) is E(g, f, s) = ∑ γ∈B_F \G_F f(γg)

where G_F = GL_2(F ) and B_F is the subgroup of upper triangular elements of G_F . In the case of the spherical vector we will write E(g, s) = E(g, f_s, s).

We are primarily interested in the Eisenstein series coming from the spherical vector.

2.3. Fourier Series and Whittaker Functions. From definition 1 it is clear that for all g^′ ∈ GL_2(F ) the Eisenstein series satisfies E(g^′g, s) = E(g, s). As a special case, if x ∈ F then E ( ⟨(^{1 x}_1 ), 1⟩g, s ) = E(g, s) so that there is a Fourier series with respect to the variable x and the additive character ψ : A /F → C^× . That is, E ( ⟨(^{1 x}_1 ), 1⟩g, s ) = ∑ α∈F W_α(g, s) ψ̄(αx) where W_α(g, s) = ∫ A /F E ( ⟨(^{1 y}_1 ), 1⟩g, s ) ψ(αy) dy. Definition 2. The pre-constant term is the integral C(g, s) = ∫ A /F E ( ⟨(^{1 x}_1 ), 1⟩g, s ) dx, and the pre-Whittaker function is the integral W (g, s) = ∫ A /F E ( ⟨(^{1 x}_1 ), 1⟩g, s ) ψ(x) dy. Notice that the Fourier coefficients are really pre-Whittaker functions so that E(g, s) = C(g, s) + ∑ α∈F α≠0 W ( ⟨(^α_1 ), 1⟩g, s ) .

The sum defining the Eisenstein series may be combined with the integration to give W (g, s) = ∫ A f_s ( ⟨(^1_{1 x} ), 1⟩g ) ψ(x) dx. The pre-Whittaker function roughly corresponds to the non-metaplectic Whittaker function from Example 3 because in both cases we have integrated on the group N. However, in the metaplectic case the pre-Whittaker function does not meet the requirements of the Desired Theorem. Generally, there is no Euler product and the Riemann Hypothesis condition is not satisfied. We will need to do Fourier analysis on a larger group than N in order to achieve satisfactory results.

To this end, let Z_1 = Z(A^× ) and Z_0 = Z(F^×A^{×2} ). Then the subgroup Z_1 of G lifts to G̃. A map γ : Z_1 → {±1, ±i} defining the lift z → ⟨z, γ(z)⟩ was given explicitly in Weil [20] where he used a slightly larger metaplectic group than that used here. However, the assumption that −1 is a square in

F_q allows the map γ to take values in {±1}. Notice that γ must satisfy the

relation γ(xy) = (x, y)γ(x)γ(y).

There is some freedom in the definition of γ and it is possible to choose γ to be trivial on ∏ v O^×_v , trivial on F^×, and trivial on the element τ∞ which

will be assumed in what follows. Inside the metaplectic group Z_1 commutes with N. Also Z_1/Z_0 is both compact and Hausdorff. If z ∈ Z_0, then the Eisenstein series satisfies E(zg, s) = E(g, s). We may now do Fourier analysis on E(g, s) using unitary characters on the abelian group Z_1N. For a given character θ on Z_1/Z_0 we make the following definition:

Definition 3. The constant term is the integral C(g, s) = ∫ A �_{/F} �_A �2 ∫ A /F E ( ⟨(^{1 x}_1 ), 1⟩⟨(^z_z ), γ(z)⟩g, s ) dx dz and the Whittaker function is the integral W(g, s) = ∫ A �_{/F} �_A �2 ∫ A /F E ( ⟨(^{1 x}_1 ), 1⟩⟨(^z_z ), γ(z)⟩g, s ) ψ(x) θ(z) dx dz. Several useful properties that follow immediately from the definition are:

W(⟨(^a_a ), 1⟩g, s) = W(g, s) for any a ∈ F^×A^{×2} ,

(6a) W(⟨(^{a b}_d ), 1⟩g, s) = ψ(−b/d)W(⟨(^a_d ), 1⟩g, s), (6b) W(gk, s) = W(g, s) for k ∈ K, (6c) θ(z)^{−1}ψ(x)^{−1}W(g, s) = W(⟨(^z_z ), γ(z)⟩⟨(^{1 x}_1 ), 1⟩g, s). (6d)

Relations (6a) through (6c) imply that W(g, s) = α W ( ⟨(^{aτ 2+c}_{τ c} ), 1⟩, s ) (6e)

where α and a = ∏ v τ^{ev}_v depend on g. Then relations (6b) and (6c) lead to

W(⟨(^{aτ 2+c}_{τ c} ), 1⟩, s) = 0 if e_v < 0 for any v.

(6f)

Furthermore, in the course of proving the Main Theorem we will show in Lemma 5 that W ( ⟨(^{aτ 2+c}_τ c ), 1⟩, s ) = 0 (7) unless ∑ v deg(π_v)e_v ≡ 0 (mod 2).

Note that equations (6e) and (6f) contain the element τ = τ_∞. In order to obtain a simple condition on the e_v we have included 2 in the exponent of τ. This is a reflection of the fact the the conductor of ψ_∞ is π^2_∞O_∞ while for finite v the conductor of ψ_v is simply O_v.

Equation (6d) shows that W(g, s) belongs to a space of functions called the Whittaker model as defined in Gelbart, Howe, and Piatetski-Shapiro [4]. Their work on the existence and uniqueness of the Whittaker model for the metaplectic group predicts the existence of an Euler product for W(g, s). In the next section we will explicitly give the Euler product.

Because our purpose is to study the Euler product and Riemann Hypothesis condition for W(g, s) the preceding discussion shows that it will suffice to assume that g is of the form ⟨(^{aτ 2+c}_τ c ), 1⟩ where a = ∏ v τ^{ev}_v , e_v ≥ 0 for all v, and ∑ v deg(π_v)e_v is even. Equation (6a) shows that c may always be taken to be 0 or 1. To avoid the matrix notation we will write W(a, c, s) = W(⟨(^{aτ 2+c}_{τ c} ), 1⟩, s). (8) Lemma 3 (given below) will show that W(a, 1, s) = θ(τ)W(a, 0, s). Therefore, it will be sufficient to study the Whittaker function W(a, 0, s).

2.4. The Main Theorem. In this section we will state the Main Theorem. The normalized Whittaker function is Ŵ(g, s) = ξ(2s) W(g, s). Recall that ξ(s), g_v(y), π_v, τ_v, q_v, x_v, and x were defined in Section 1.3. Let a = ∏ v τ^{ev}_v be an idele with e_v ≥ 0 for all v and â = ∏ v<∞ π^{ev}_v . Let b be the idele whose vth component is b_v = θ(τ)^{deg(πv)}q^{−1/2}_v g_v(π_v). Then b_v = ±1. We define some local factors w_v(a, s): If e_v is odd, then w_v(a, s) = q^{−(ev−1)/2} v x^{−(ev−1)/2} v ( 1 + x^2_v + · · · + x^{ev−1}_v ) , and if e_v is even, then w_v(a, s) = q^{ev/2}_v x^{−ev/2}_v ( 1 − b_vq^{−1/2}_v x_v + x^2_v − b_vq^{−1/2}_v x^3_v + · · · + x^{ev}_v ) . Denote by L_{F (}^√_{â)/F} (s) the L-function associated with the field extension F ( √ â)/F : L_{F (}^√_{â)/F} (s) = ∏ v∉X(â) ( 1 − (π_v, â)_vq^{−s}_v )_{−1}

where X(â) = {v | v(â) ≡ 1 (mod 2)}. In the event that X(â) is empty then this L-function is just the zeta function of the projective line P^1(F_q ). Otherwise, it is the L-function of the hyperelliptic curve y^2 = ∏ v∈S π_v where S = X(â) − {∞} and each π_v is the monic irreducible polynomial in F_q [T ] associated with the place v.

Now we may state the theorem:

Main Theorem. Let a = ∏ v τ^{ev}_v . Suppose that e_v ≥ 0 for all v, that ∑ v deg(π_v)e_v is even, and that b_∞ = 1. Then the normalized Whittaker function has an Euler product which may be expressed as Ŵ(a, 0, s) = x ∏ v∈X(a) q^{−1/2}_v x^{−1/2}_v · ∏ v w_v(a, s) · L_{F (}^√_{â)/F} (2s +^1_2 ).

Also Ŵ(a, 0, s) satisfies the Riemann Hypothesis condition because all of its zeros are on the line ℜ(s) = 0.

If e_v < 0 for some v or if ∑ v deg(π_v)e_v is odd, then Ŵ(a, 0, s) vanishes for all s. In the case that b_∞ = −1 then the Whittaker function is as above except that q^{−2s} must be replaced by −q^{−2s} where Ŵ(a, 0, s) is regarded as a power series in q^{−2s}. In this case the Riemann Hypothesis condition and Euler product still hold.

Thus, the metaplectic Whittaker function W(a, 0, s) satisfies all of the conditions of the Desired Theorem as stated in the Introduction!

From the general theory of Eisenstein series we already know that Ŵ(a, 0, s) has meromorphic equation and functional equation; however, the proof of the Main Theorem reveals exactly what the functional equation is. Hence, we state this as a corollary.

Corollary. Ŵ (a, 0, s) has meromorphic continuation and satisfies the functional equation: Ŵ(a, 0, s) = Ŵ(a, 0, −s). 3. Proof of the Main Theorem

We will prove the Main Theorem in three main steps. First, in Section 3.1 we will use the technique of Hecke operators to obtain the factors w_v(a, s) in the Euler product. Second, in Section 3.2 we will obtain the L-function part of the Euler product. Third, in Section 3.3 we will establish the Riemann Hypothesis condition.

3.1. The Euler Product I – The Factors w_v(a, s). We will show that the Whittaker function has the required Euler product. Using Hecke operators we will prove Lemma 4 which will extract the local factors w_v(a, s) mentioned in the Main Theorem. This will reduce the problem to the determination of W(a, c, s) when a is squarefree. We assume that a = ∏ v τ^{ev}_v where e_v ≥ 0 for all places v.

Let ξ_{v,i} be coset representatives of the double coset

K⟨(^{τ 2v}_1 ), 1⟩K = ⋃ i ξ_{v,i}K. We define a Hecke operator T_v for each place v on the space of right Kinvariant functions on G̃ by

(T_vf)(g) = ∑ i f(gξ_{v,i}). A complete set of coset representatives ξ_{v,i} is given by the following three types of elements:

⟨(^{τ 2v α}_1 ), 1⟩, ⟨(^1_τ 2_v ), 1⟩, ⟨(^{τv β}_{τv} ), (β_v , π_v)_v⟩ (9) where α_v ∈ O_v/π^2_v O_v and α_w = 0 for w ≠ v, and where β_v ∈ O_v/π_vO_v, |β_v|_v = 1, and β_w = 0 for w ≠ v.

The subspace of Ind^{G̃}_{M̃N} (χ_s) that is K-fixed is one dimensional. Thus the spherical vector f_s is an eigenfunction of T_v. That is, T_vf_s = λ_vf_s. Because f_s(⟨(^1_1 ), 1⟩) = 1 we may compute the eigenvalue λ_v as follows:

λ_v = ∑ i f_s(ξ_{v,i}) = ∑ α f_s(⟨(^{τ 2v α}_1 ), 1⟩) + f_s(⟨(^1_τ 2_v ), 1⟩) + ∑ β f_s(⟨(^{τv β}_{τv} ), (β_v, π_v)_v⟩)

= q_v(x_v + x^{−1}_v ) where x_v = q^{−2s}_v .

Because the formation of both the pre-Whittaker function and the Whittaker function involve an operation on the left on f_s while the Hecke operator T_v acts on f_s on the right we obtain λ_v W (g, s) = ∑ i W (gξ_{v,i}, s). (10)

Note that (10) also holds for the Whittaker function W(a, c, s).

If ℓ ≥ 0 let Φ_v(ℓ, s) = q^{−ℓ}_v x^{−ℓ}_v (1 + x^2_v + · · · + x^{2ℓ}_v ), and if ℓ < 0, let Φ_v(ℓ, s) = 0. Then for ℓ ≥ 0 Φ_v(ℓ, s) Φ_v(1, s) − q^{−2}_v Φ_v(ℓ − 1, s) = Φ_v(ℓ + 1, s).

(11) Lemma 1. If v(a) > 2, then the recursion formula (10) takes the form W (a, c, s) = Φ_v(1, s) W (aτ^{−2}_v , c, s) − q^{−2}_v W (aτ^{−4}_v , c, s). (12) If v(a) = 2, then (10) becomes

W (a, c, s) = Φ_v(1, s) W (aτ^{−2}_v , c, s) − q^{−2}_v g_v(π_v) W (aτ^{−2}_v , c + deg(π_v), s).

(13)

Proof. Let A(e_v) = 1 if e_v ≥ 0 and A(e_v) = 0 is e_v < 0. Let B(e_v) = 1 if e_v = 0 and B(e_v) = 0 if e_v ≠ 0. With ξ_{v,i} as in (9), equation (10) becomes λ_v W (a, c, s) = ∑ α W ( ⟨(^{aτ 2+c}_τ c ), 1⟩⟨(^{τ 2v α}_1 ), 1⟩ ) + W ( ⟨(^{aτ 2+c}_τ c ), 1⟩⟨(^1_τ 2_v ), 1⟩ )

+ ∑ β W ( ⟨(^{aτ 2+c}_{τ c} ), 1⟩⟨(^{τv β}_{τv} ), (β_v, π_v)_v⟩ )

= ∑ α ψ_v(−αaτ^2) · W (aτ^2_v , c, s) + W (aτ^{−2}_v ) + ∑ β (β_v, π_v)_vψ_v(−βaτ^{−1}_v τ^2) · W (a, c + deg(π_v), s)

= A(e_v) q^2_v W (aτ^2_v , c, s) + W (aτ^{−2}_v , c, s) + B(e_v) g_v(π_v) W (a, c + deg(π_v), s).

Solving the last equation for W (aτ^2_v , c, s) and replacing aτ^2_v with a gives the lemma.

Lemma 2. Suppose ℓ ≥ 0 and v(a) = 0. Then W (aτ^{2ℓ+1}_v , c, s) = Φ_v(ℓ, s)W (aτ_v, c, s) (14) and W (aτ^{2ℓ}_v , c, s) = (15)

Φ_v(ℓ, s) W (a, c, s) − q^2_v Φ_v(ℓ − 1, s) g_v(π_v) W (a, c + deg(π_v), s). Proof. Suppose d = 0 or 1 and ℓ ≥ 1. Applying equation (12) from Lemma 1 repeatedly gives W (aτ^{2ℓ+d}_v , c, s) = Φ_v(1, s) W (aτ^{2(ℓ−1)+d} v , c, s) − q^2_v Φ_v(0, s) W (aτ^{2(ℓ−1)+d}_v , c, s) = Φ_v(2, s) W (aτ^{2(ℓ−2)+d} v , c, s) − q^2_v Φ_v(1, s) W (aτ^{2(ℓ−3)+d}_v , c, s) . . = Φ_v(ℓ − 1, s) W (aτ^{2+d}_v , c, s) − q^2_v Φ_v(ℓ − 2, s) W (aτ^d_v , c, s)

If d = 1 we may apply equation (12) once more to obtain equation (14). Otherwise, we apply equation (13) to obtain equation (15). Lemma 3. Let g = ⟨diag(aτ^{2+c}, τ^c), 1⟩, and let θ be one of the two characters on Z_1/Z_0 determined by θ(z) = (a, z) for z ∈ ∏ v O^×_v and θ(τ) = ±1.

Then the Whittaker function W(g, s) = W(a, c, s) is the sum of two pre- Whittaker functions: W(a, c, s) = W (a, c, s) + θ(τ) W (a, c + 1, s). If θ is any other character, then W(g, s) vanishes. Proof. W(g, s) = ∫ A �_{/F} �_A �2 W (⟨(^z_z ), γ(z)⟩g, s) θ(z) dz = ∑ j∈{0,1} ∫ Q_v O_{�v /} Q_v O_{�2v}^{W (⟨( zτ j} zτ j^{), γ(zτ j )⟩g, s)θ(zτ j) dz.} Because ⟨diag(z, z), 1⟩ is in the maximal compact subgroup K factoring it to the right and removing it gives W(g, s) = ∑ j∈{0,1} θ(τ^j)W ( ⟨(^{τ j}_{τ j} ), γ(τ^j)⟩g, s )

· ∫ Q_v O_{�v /} Q_v O_{�2v}^{γ(z) (a, z) θ(z) dz.}

As γ restricted to ∏ v O^×_v is trivial the integral in the last expression becomes ∫ Q_v O_{�v /} Q_v O_{�2v}^{(a, z)θ(z) dz.}

This integral is zero unless θ restricted to ∏ v O^×_v is θ(z) = (a, z). There

are only two such characters. For one of them θ(τ) = 1 while for the other θ(τ) = −1. Thus, the Whittaker function W(a, c, s) can be nonzero only if θ is one of these characters. Assuming θ is one of these characters and normalizing the measure so that vol( ∏ v O^×_v /^∏_v O^{×2}_v ) = 1 gives the

lemma.

Lemma 4. Suppose ℓ ≥ 0 and v(a) = 0. Then W(aτ^{2ℓ+1}_v , c, s) = w_v(aτ^{2ℓ+1}, s) W(aτ_v, c, s) (16) and W(aτ^{2ℓ}_v , c, s) = w_v(aτ^{2ℓ}, s) W(a, c, s). (17)

Proof. Recall that the local factor w_v(a, s) was defined in Section 2.4. Equation (16) is immediate from Lemmas 2 and 3 because in this case Φ_v(ℓ, s) = w_v(aτ^{2ℓ+1}, s). Equation (17) follows similarly: W(aτ^{2ℓ}_v , c, s) = Φ_v(ℓ, s) W (a, c, s) − q^2_v Φ_v(ℓ − 1, s) g_v(π_v) W (a, c + deg(π_v), s) + θ(τ) { Φ_v(ℓ, s) W (a, c + 1, s) − q^2_v Φ_v(ℓ − 1, s) g_v(π_v) W (a, c + 1 + deg(π_v), s) } = Φ_v(ℓ, s) W(a, c, s) − q^2_v Φ_v(ℓ − 1, s) g_v (π_v) W(a, c + deg(π_v), s) = { Φ_v(ℓ, s) − θ(τ)^{deg(πv)}q^2_v g_v(π_v) Φ_v(ℓ − 1, s) } W(a, c, s) = w_v(aτ^{2ℓ}, s) W(a, c, s).

Lemma 4 shows that the question of the Riemann Hypothesis condition for any Whittaker function W(a, g, s) with a = ∏ v τ^{ev}_v is reduce to the same question for the local factors w_v(a, s) and for W(a, g, s) where e_v = v(a) is 0 or 1 for all places v. Thus we will need to evaluate the Whittaker function only at squarefree elements of the monoid generated by the τ_v. This will be accomplished in the next section.

3.2. The Euler Product II – The L-function. We will now convert the integral for the pre-Whittaker function into a Dirichlet series in Lemmas 5 through 8 below. Then Lemma 9 will express the Whittaker function in terms of the L-function of a hyperelliptic curve.

For a finite set S of places define h_S(a) to be

h_S (a) = ∏ v∈S−{∞} π^{ev+1}_v . Lemma 5. Let a = ∏ v τ^{ev}_v where 0 ≤ e_v ≤ 1 for all v. Let r = ∑ v deg(π_v)e_v, and suppose r is even. Then W (a, c, s) = q|aτ^2|^{1/2−s} ∑_{(c)} S ∏ v∈S (h_S (a), aπ_v)_v g_v(π^{ev+1}_v ) q^{−1−2s(ev +1)} v (18) where the summation is over finite sets S of places v but where the (c) indicates that each set S must satisfy ∑ v∈S deg(π_v)(e_v + 1) ≡ c (mod 2).

If r is odd, then the pre-Whittaker function vanishes.

Proof. Let â = ∏ v<∞ π^{ev}_v . Then â ∈ F_q [T ] and a = âτ^r. We have W (a, c, s) = ∫ A f_s ( ⟨(^{0 1}_{1 x} ), 1⟩⟨(^{âτ 2+r+c 0}_{0 τ c} ), 1⟩ ) ψ(x) dx = ∫ A f_s ( ⟨(^{1 0}_{0 â} ), 1⟩⟨(^{τ c 0}_{0 τ 2+r+c} ), 1⟩⟨(^{0 1}_{1 a}�1_τ�2_x ), 1⟩ ) ψ(x) dx = ∫ A f_s ( ⟨(^{τ c 0}

0 τ 2+^r+^c ), 1⟩⟨( 0 1 1 a�1_τ�2_x ), 1⟩ ) ψ(x) dx which by the intertwining operator (5) is = ∑ h∈H2_F \H_F 1 4 ∫ A f^′_s ( h⟨(^{τ c 0} 0 τ 2+^r+^c ), 1⟩⟨( 0 1 1 a�1_τ�2_x ), 1⟩ ) ψ(x) dx. For a fixed h consider the integral in the last expression. Because f^′_s is right invariant by K we may insert an element ⟨(^{α 0}_{0 α} ), 1⟩ with α ∈ ∏ v O^×_v . We

pass it to the left and remove it using the fact that f^′_s is in Ind^{G̃}_{T̃aN} (ξ_s). This produces an extra Hilbert symbol that must be trivial unless the integral vanishes. That is, if h = ⟨(^{h1 0}_{0 h2} ), 1⟩ then the integral is zero unless

(h_1h_2τ^r, α) = 1

for all α in ∏ v O^×_v . Thus, assuming the integral is not zero forces the

condition that r is even and allows us to suppose h_1 = bh^{−1}_2 where b is in

F^×_q /F^{×2}_q . Thus W (a, c, s) = ∑ h∈H ∏ v W_v(h, a, c, s) (19)

where H is a set of monic representatives of polynomials in F_q [T ] modulo squared polynomials and where W_v(h, a, c, s) = ∫ Fv f^′_{v,s} ( ⟨(^{hτ c 0} 0 h�1_τ 2+r+c ), 1⟩⟨(^{0 1}_{1 a}�1_τ�2_x ), 1⟩ ) ψ_v(x) dx. We may evaluate f^′_{v,s} in the integrand by upper triangularizing its argument with an appropriately chosen element of K_v = GL_2(O_v). If |x|_v ≤ |aτ^2|_v, then (considering only the vth components)

⟨(^{0 1}

1 a�1_τ�2_x ), 1⟩ ⟨(^{−a}

�1_τ�2_{x 1} 1 0 ), 1⟩ ∈Kv = ⟨(^{1 0}_{0 1} ), 1⟩,

(20) and if |x|_v > |aτ^2|_v,

⟨(^{0 1}

1 a�1_τ�2_x ), 1⟩ ⟨(^{1 0} −aτ 2x�1 1 ), 1⟩ ∈Kv = ⟨(^{−aτ 2x}�^{1 1} 0 a�1_τ�2_x ), 1⟩.

(21)

Because of (20) and (21) it is natural to split the local integral as W_v(h, a, c, s) = I_v(h, a, c, s) + II_v(h, a, c, s) where I_v(h, a, c, s) is the integral on the set |x|_v ≤ |aτ^2|_v and II_v(h, a, c, s) is the integral on the set |x|_v > |aτ^2|_v. Then W (a, c, s) = ∑ h∈H S ∏ v∉S I_v(h, a, c, s) ∏ v∈S II_v(h, a, c, s). (22)

where the summation is over h ∈ H and finite sets S of places v. Let ϵ_v(x) = { 1 if v(x) is even, 0 if v(x) is odd.

Because ψ_v(x) is trivial on |x|_v ≤ |aτ^2|_v we obtain I_v(h, a, c, s) = ∫ |x|≤|aτ 2| f_{v,s} ( ⟨(^{hτ c 0} 0 h�1_τ 2+r+c ), 1⟩ ) ψ_v(x) dx = ϵ_v(hτ^c) |h|^{2s+1}_v |τ^{−r−2}|^{s+1/2}_v |aτ^2|_v vol(O_v).

(23)

Now, II_v(h, a, c, s) is the integral ∫ |x|v>|aτ 2| f^′_{v,s} ( ⟨(^{hτ c 0} 0 h�1_τ 2+r+c ), 1⟩⟨(^{−aτ 2 x}

�1_1 0 a�1_τ�2_x ), 1⟩ ) ψ_v(x) dx. Due to the additive character the integral vanishes on the set |x|_v > q_v|τ^2|_v. Then because v(a) is 0 or 1 it is only necessary to integrate on the set |x|_v = q_v|τ^2|_v. We obtain (24) II_v(h, a, c, s) = ϵ_v(haπ_vτ^c) |h|^{2s+1}_v |τ^{−2−r}|^{s+1/2}_v |aπ_v|^{2s+1}_v (h, aπ_v)_v g_v(aπ_v) |τ^2|_v vol(O_v).

According to equations (23) and (24) the products in equation (22) will vanish unless certain conditions are met. For a given S there is exactly one h such that ∏ v∉S∪{∞} ϵ_v(hτ^c) ∏ v∈S−{∞} ϵ_v(haπ_vτ^c) = 1.

(25)

The h corresponding to S is

h_S (a) = ∏ v∈S−{∞} π^{ev+1}_v .

Thus, we may simply sum over finite sets S with the corresponding h_S. However, including the term corresponding to the infinite place in (25) gives a constraint on S: ∑ v∈S deg(π_v)(e_v + 1) ≡ c (mod 2).

Therefore we may re-index the summation as W (a, c, s) = ∑_{(c)} S ∏ v∉S I_v(h_S (a), a, c, s) ∏ v∈S II_v(h_S(a), a, c, s) (26)

where the (c) on the summation indicates that the summation is taken over all finite sets S of places such that ∑ v∈S deg(π_v)(e_v + 1) ≡ c (mod 2). Note that the expression for W (a, c, s) is almost an Euler product.

Next, by using the explicit formulas (23) and (24) for I_v(h, a, c, s) and II_v(h, a, c, s) we may reduce equation (26) to W (a, c, s) = q|aτ^2|^{1/2−s} ∑_{(c)} S ∏ v∈S (h_S (a), aπ_v)_v g_v(aπ_v) q^{−1−2s(ev +1)} v . This completes the proof of Lemma 5.

It will be important to simplify the products of Hilbert symbols and Gauss sums that appear in Lemma 5. To do this we will use the functional equation of the Whittaker function. This is given in the next lemma. As with the pre-Whittaker function, the pre-constant term C(g, s) is a multiple of C(⟨(^{aτ 2+c}_{τ c} ), 1⟩, s) for some a = ∏ v τ^{ev}_v and c. Let

ξ(s) = q^{−2s}(1 − q^{−2s})^{−1}(1 − q^{1−2s})^{−1},

and let the normalized pre-constant term be Ĉ(g, s) = ξ(2s)C(g, s).

Lemma 6. Let a = ∏ v τ^{ev}_v and r = ∑ v deg(π_v)e_v. If r and c are both even then

Ĉ(⟨( aτ^{2+c}_{τ c} ), 1⟩, s) = q^{(2+r)(−s−1/2)}ξ(2s) + q^{(2+r)(s−1/2)}ξ(−2s).

If either r or c is odd, then Ĉ(a, c, s) = 0. Thus there is a functional equation Ĉ(g, s) = Ĉ(g, −s) which by the general theory of Eisenstein series implies that Ŵ (g, s) = Ŵ (g, −s). Proof. The integral for the pre-constant term is similar to the integral for the pre-Whittaker function. However, the lack of the additive character makes the computation simpler than the one in Lemma 5. For brevity we omit the details. The fact that the pre-Whittaker functions satisfy the same functional equation as the constant term is explained in Moeglin and Waldspurger [16] which has become a standard reference on the theory of Eisenstein series. Their work is heavily influenced by the seminal work of Langlands [13] on Eisenstein series.

We are now ready to simplify the product of Gauss sums and Hilbert symbols in the Dirichlet series for W (a, c, s) in Lemma 5. The next two lemmas will accomplish this.

For a finite set of places the degree of S, deg(S), is defined to be deg(S) = ∑ v∈S deg(π_v).

Lemma 7. Let X denote the set of places for which e_v = v(a) is odd, let S be a finite set of places, and let P (S) = ∏ v∈S (h_S (a), aπ_v)_vg_v(π^{ev+1}_v ).

Then if deg(S − X) is even P (S) = ∏ v∈S∩X (−1) ∏ v∈S−X (π_v, a)_vq^{1/2}_v

while if deg(S − X) is odd P (S) = ∏ v∈S∩X (−1) ∏ v∈S−X (π_v, a)_vq^{1/2}_v · g_∞(π_∞)q^{−1/2}.

Proof. We will begin by first proving a special case. Let b(S) = ∏ v∈S (h_S (1), π_v)_v g_v(π_v) q^{−1/2}_v .

Then we will show b(S) = { 1 if deg(S) ≡ 0, g_∞(π_∞) q^{−1/2} if deg(S) ≡ 1.

(27)

The key to proving equation (27) is to consider the pre-Whittaker functions W (1, 0, s) and W (1, 1, s). In this case e_v = 0 for all v allowing the pre- Whittaker function to be expressed in terms of b(S) as follows:

W (1, 0, s) = q^{2s} ∞∑ i=0 c_iq^{−2si} where if i is odd c_i = 0 and if i is even c_i = ∑ deg(S)=i b(S)q^{− deg(S)/2}. Now let α(s) = q^{2s}(1 − q^{1−4s}). Then the functional equation ξ(2s)W (g, s) = ξ(−2s)W (g, −s) from Lemma 6 implies α(s)W (g, s) = −α(−s)W (g, −s). The advantage of this second functional equation is that α(s)W (g, s) has no poles. This is because the order of a pole of a pre-Whittaker function cannot exceed the order of a pole of the pre-constant term and α(s)C(g, s) has no pole. Writing x = q^{−2s} we have

α(s)W (1, 0, s) = c_0x^{−2} + (c_2 − qc_0) + (c_4 − qc_2)x^2 + · · ·

(28) which by the functional equation is also equal to

−c_0x^2 − (c_2 − qc_0) − (c_4 − qc_2)x^{−2} − · · · .

(29)

Equating coefficients from (28) and (29) gives ∑ deg(S)=2i b(S) = { q^2 if i = 1, q^{2i} − q^{2i−2} if i > 1.

(30)

Now we will show there is no cancellation in the summation involving b(S). Each set S such that deg(S) = 2i will contribute to the sum. The number of such sets is the coefficient of x^{2i} in the series ∏ v (1 + x^{deg(πv)}) = 1 + (q + 1)x + q^2x^2 + (q^3 − q)x^3 + (q^4 − q^2)x^4 + · · · .

There are q^2 distinct sets of degree 2 and q^{2i} − q^{2i−2} distinct sets of degree 2i. Because |b(S)| = 1 there can be no cancellation in equation (30), which implies that if deg(S) is even then b(S) = 1. This proves half of the the special case given in equation (27). A similar argument with the pre-Whittaker function W (1, 1, s) gives the other half.

Now consider

P (S) = ∏ v∈S (h_S (a), aπ_v)_vg_v(π^{ev+1}_v ).

Squared factors of h_S(a) = ∏ v<∞ π^{ev+1}_v may be removed without affecting P (S). This gives

P (S) = ∏ v∈S∩X (h_{S−X} (1), aπ_v)_vg_v(π^{ev+1}_v ) ∏ v∈S−X (h_{S−X} (1), aπ_v)_vg_v(π^{ev+1}_v ).

For v ∈ S ∩ X, (h_{S−X} , aπ_v)_v = 1 and g_v(π^{ev+1}_v ) = −1. Thus

P (S) = ∏ v∈S∩X (−1) ∏ v∈S−X (h_S(1), aπ_v)_v · b(S − X)q^{deg(S−X)}. Then because ∏ v∈S−X (hS−X (1), a)v = 1 and because we already found the

value of b(S − X) in equation (27) we obtain the lemma.

Lemma 8. Suppose a = ∏ v τ^{ev}_v where 0 ≤ e_v ≤ 1, let x_v = q^{−2s}_v , and let X be the finite set of places for which e_v = 1. The pre-Whittaker function W (a, c, s) may be written as W (a, c, s) = α_c q|aτ^2|^{1/2−s} ∑ S deg(S−X)≡c ∏ v∈S∩X (−1) ∏ v∈S−X (π_v, a)_vq^{1/2}_v ∏ v∈S q^{−1}_v x^{ev+1}_v

where the summation is over all finite sets S such that deg(S − X) is congruent to c modulo 2 and where

α_c = { 1 if c is even, g_∞(π_∞)q^{−1/2} if c is odd.

Proof. Summing over finite sets S such that deg(S) ≡ c is equivalent to summing over finite sets S such that deg(S −X) ≡ c. Combining the results of Lemmas 5 and 7 gives the lemma.

Suppose a = ∏ v τ^{ev}_v and that 0 ≤ e_v ≤ 1 for all v. Also suppose that r = ∑ v deg(π_v)e_v is even. Then the normalized Whittaker function Ŵ(a, 0, s) is an L-function. Ŵ(a, 1, s) is also an L-function because Ŵ(a, 0, s) = θ(τ)Ŵ(a, 1, s). More precisely we have following lemma.

Lemma 9. With the assumptions given above, if θ(τ)g_∞(π_∞)q^{−1/2} = 1, then Ŵ(a, 0, s) = q|aτ^2|^{1/2−s} ∏ v∉X (1 − (π_v, â)_vq^{−1/2−2s} v )^{−1} = q|aτ^2|^{1/2−s}L_{F (â)/F} (1/2 + 2s). If θ(τ)g_∞(π_∞)q^{−1/2} = −1, then the Whittaker function is as above except that q^{−2s} must be replaced q^{−2s} by −q^{−2s} where the expression above is regarded as a power series in q^{−2s}.

Proof. Let β = θ(τ)g_∞(π_∞)q^{−1/2}. Then β = ±1. We will write y = βx = βq^{−2s} and y_v = y^{deg(πv)}. X will mean X(a). Then by Lemma 3 we have W(a, 0, s) = W (a, 0, s) + θ(τ)W (a, 1, s) and then by Lemma 8 this is α_c q|aτ^2|^{1/2−s} { ∑ S deg(S−X)≡0 ∏ v∈S∩X (−1) ∏ v∈S−X (π_v, a)_vq^{1/2}_v ∏ v∈S q^{−1}_v x^{ev+1}_v

+ β ∑ S deg(S−X)≡1 ∏ v∈S∩X (−1) ∏ v∈S−X (π_v, a)_vq^{1/2}_v ∏ v∈S q^{−1}_v x^{ev+1}_v } .

The two summations combine giving α_c q|aτ^2|^{1/2−s} ∑ S ∏ v∈S∩X (−1) ∏ v∈S−X (π_v, a)_vq^{1/2}_v ∏ v∈S q^{−1}_v y^{ev+1}_v = α_c q|aτ^2|^{1/2−s} ∏ v∈X { 1 − q^{−1}_v y^{ev+1}_v } ∏ v∉X { 1 + (π_v, a)_vq^{−1/2}_v y^{ev+1}_v }

= α_c q|aτ^2|^{1/2−s} ∏ v { 1 − q^{−1}_v x^{ev+1}_v } ∏ v∉X ( 1 − (π_v, a)_vq^{−1/2}_v y^{ev+1}_v )_{−1}

= α_c q|aτ^2|^{1/2−s}ξ(2s)^{−1} ∏ v∉X ( 1 − (π_v, a)_vq^{−1/2}_v y^{ev+1}_v )_{−1}

If β = 1 then the product in the last expression is the desired L-function. If β = −1, then it is the L-function with q^{−2s} replaced by −q^{−2s}. This completes the proof of the lemma.

Lemmas 4 and 9 show that the Whittaker function has the Euler product given in the Main Theorem. Now we turn to the Riemann Hypothesis condition.

3.3. The Riemann Hypothesis Condition. We must verify that the zeros of the Whittaker function lie on the line ℜ(s) = 0. First consider the local factor w_v(a, s). We will need the following lemma.

Lemma 10. Let r(z) = a_0 + a_1z + · · · + a_mz^m where the coefficients are complex. Let r̄(z) represent the polynomial obtained by replacing each coefficient of r(z) by its conjugate, and define r^∗(z) = z^mr̄(z^{−1}). If all the zeros of r(z) are inside the unit circle |z| < 1 and |γ| = 1, then all the zeros of r(z) + γr^∗(z) are on the unit circle |z| = 1.

Proof. This fact is found in the excellent book of Pólya and Szegö [18]. If α_1, . . . , α_m are the zeros of r(z), then we may write r(z) = a_m(z − α_1)(z − α_2) · · · (z − α_m), r^∗(z) = ā_m(1 − ᾱ_1z)(1 − ᾱ_2z) · · · (1 − ᾱ_mz).

If r(z) + γr^∗(z) = 0 for some z, then m∏ i=1 |z − α_i| = m∏ i=1 |1 − ᾱ_iz|. If |z| < 1, then |z − α_i| < |1 − ᾱ_iz| for all i. Similarly, if |z| > 1, then |z − α_i| > |1 − ᾱ_iz| for all i. Hence, |z| = 1.

Now we can deal with the local factors w_v(a, s).

Lemma 11. The factors w_v(a, s) satisfy the Riemann Hypothesis condition. Proof. Recall that a = ∏ v τ^{ev}_v where e_v ≥ 0 for all e_v. In the case that e_v is odd w_v(a, s) is a power of q^{−2s}_v times a cyclotomic polynomial in q^{−4s}_v which is zero only if ℜ(s) = 0.

The case in which e_v is even requires lemma 10. Consider the polynomial (1 − x^2)(1 − q^{−1/2}x + x^2 − q^{−1/2}x^3 − · · · + x^e) = p(x) − x^{e+2}p(x^{−1}) where p(x) = q^{−1/2}x^{e+1} − x^{e+2}.

All the zeros of p(x) have absolute value less than 1. By lemma 10 the zeros of p(x) − x^{e+1}p(x^{−1}) have absolute value 1. Replace x by ±q^{−2s}_v and e by e_v. Then when e_v is even the zeros of w_v(a, s) are on the line ℜ(s) = 0.

Lemma 12. L_{F (}^√_{a)/F} (2s +^1_2 ) satisfies the Riemann Hypothesis condition. Proof. Weil’s celebrated theorem [21] for the zeta functions of curves over finite fields says that the zeros of L_{F (}^√_{a)/F} (s) are on the line ℜ(s) = 1/2. Thus the zeros of L_{F (}^√_{a)/F} (2s +^1_2 ) are on the line ℜ(s) = 0. For discussions of the Riemann Hypothesis for zeta functions of curves see [7] or [14].

Lemmas 11 and 12 show that the Whittaker function satisfies the Riemann Hypothesis condition. This completes the proof of the Main Theorem.

Acknowlegdement. I would like to thank Daniel Bump of Stanford University for his many conversations with me about metaplectic Whittaker functions which ultimately lead to my dissertation [3] and this paper. Also Jeffrey Hoffstein of Brown University while visiting MSRI in Berkeley provided several useful suggestions as I researched this topic. I would like to thank the referee for carefully reviewing this text and making a number of suggestions for its improvement.

References

[1] Daniel Bump, Automorphic Forms and Representations, Cambridge University Press, 1997.

[2] Daniel Bump and Jeffrey Hoffstein, On Shimura’s Correspondence, Duke Math. J.

55 (1987), no. 3, 661-691.

[3] David A. Cardon, Zeros of Fourier Coefficients of Metaplectic Eisenstein Series – The Function Field Case, Stanford University Ph.D. Dissertation, 1996.

[4] Stephen Gelbart, Roger Howe, and Ilya Piatetski-Shapiro, Uniqueness and existence of Whittaker models for the metaplectic group, Israel J. Math. 34 (1979), no. 1-2, 21-37.

[5] Shamita Dutta Gupta, Mean Values of L-functions over Function Fields, Journal of Number Theory 63 (1997), 101-131.

[6] Marshall Hall, Jr., The Theory of Groups, Macmillan Company, New York, 1959. [7] Robin Hartshorne, Algebraic Geometry, Graduate Texts in Math. 52, Springer-Verlag, 1977.

[8] Jeffrey Hoffstein, Theta functions on the n-fold metaplectic cover of SL(2) - the function field case, Invent. Math. 107 (1992), 61-86.

[9] Jeffrey Hoffstein, Eisenstein Series and Theta Functions on the Metaplectic Group, Theta Functions From the Classical to the Modern (M. Ram Murty, editor), CRM Proceedings and Lecture Notes, AMS, 1993.

[10] D. A. Kazhdan and S. J. Patterson, Metaplectic Forms, Inst. Hautes Études Sci. Publ.

Math. 59 (1984), 35-142.

[11] Tomio Kubota, Automorphic Forms and Reciprocity in a Number Field, Kiyokuniya Book Store, 1969.

[12] Tomio Kubota, Some Results Concerning Reciprocity Law and Real Analytic Automorphic Forms, 1969 Number Theory Institute, Proceedings of Symposia in Pure Mathematics, Volume XX, American Mathematical Society, Providence, Rhode Island, 1971.

[13] Robert P. Langlands, On the functional equations satisfied by Eisenstein Series, Lecture Notes in Math. 1041, Springer-Verlag, 1976.

[14] Dino Lorenzini, An Invitation to Algebraic Geometry, Graduate Studies in Math., Vol. 9, American Mathematical Society, 1996.

[15] Hideya Matsumoto, Sur les sous-groupes arithmétiques de groupes semi-simples déployés, Ann. scient. Éc. Norm. Sup 4^e série (1969), 1-62.

[16] C. Moeglin and J.-L. Waldspurger, Spectral Decomposition and Eisenstein Series, Cambridge University Press, 1995.

[17] George Pólya, Bemerkung über die Integraldarstellung der Riemannsche ξ-Funktion, Acta Mathematica 48 (1926), 305-317.

[18] George Pólya and Gábor Szegö, Problems and Theorems in Analysis, Vol. I, Springer, 1972. (Exercise 26, page 108)

[19] J.-P. Serre, Local Fields, Springer-Verlag, 1979.

[20] André Weil, Sur certains groupes d’opérateurs unitaires, Acta Mathematica 111 (1964), 143-211, Collected Works, Vol. 3.

[21] André Weil, Numbers of solutions of equations in finite fields, Bull. Amer. Math. Soc.

55 (1949), p.497-508.

Current address: Dept. of Math. and Stat., Queen’s University, Kingston, Ontario K7L 3N6

E-mail address: cardon@mast.queensu.ca